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Robust a posteriori error estimation for mixed finite element
approximation of linear poroelasticity
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This work is dedicated to the memory of John W. Barrett, who introduced the concept of inf—sup
stability to the corresponding author in the bar at the MAFELAP conference in 1981.

We analyze a posteriori error estimators for locking-free mixed finite element approximation of Biot’s
consolidation model. Three estimators are described. The simplest of these is a conventional residual-
based estimator. We establish bounds relating the estimated and true errors and show that these are
independent of the physical parameters. The other two estimators require the solution of local problems.
These local problem estimators are also shown to be reliable, efficient and robust. Numerical results are
presented that validate the theoretical estimates and illustrate the effectiveness of the estimators in guiding
adaptive solution algorithms. The IFISS and T-IFISS software packages used for the computational
experiments are available online.

Keywords: Biot’s consolidation model, mixed approximation, locking-free, a posteriori analysis, error
estimation, adaptivity.

1. Introduction

Mathematical models of fluid flow and deformation in porous media have wide-ranging applications in
science and engineering. The focus here is on Biot’s consolidation model. This is the starting point for
modelling human organs in computational medicine and for modelling the mechanics of permeable rock
in geophysics. Finite element methods for Biot’s consolidation model have been widely studied over the
last four decades. We refer to Reed (1984); Vermeer & Verruijt (1981); Zienkiewicz & Shiomi (1984)
for the various primal methods, Murad & Loula (1992, 1994); Murad et al. (1996) for mixed methods,
Korsawe & Starke (2005) for Galerkin least squares methods, Chen et al. (2013) for discontinuous
Galerkin methods and Phillips & Wheeler (2007a,b, 2008); Yi (2013) for combination methods. The
key requirement for any numerical approximation strategy is to ensure inf—sup stability, so that spurious
pressure modes associated with volumetric locking are avoided.

The general locking-free formulation of Biot’s consolidation model analysed in Oyarzia & Ruiz-
Baier (2016) is the starting point for our study. Following their approach, inf—sup stability is assured
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by including an additional scalar unknown into the classical Biot model (the so-called toral pressure),
representing the volumetric part of the total stress. A slightly simplified version is the following three-
field model: for a given body force f and a volumetric source (or sink) g, we seek the displacement

of the elastic medium u, the pore pressure of the fluid pr and the total pressure pr = —AV-u+ apg
satisfying
—V.o=f inQ, (1.1a)
1

—V-u—I(PT—OlpF):O in Q, (1.1b)

1 .
E(O‘PT_Zazl’F)"'V'(KVPF):g in Q, (1.1¢)
on=0 onl,, (1.1d)
pr=h onl, (1.1e)
u=g onl,, (1.1f)
(kVpr)-n=0 onl. (1.1g)

We will assume that the region of interest £, is a bounded Lipschitz polygon in R? (polyhedral in R?)
with a boundary I' = 92 = I, UI, and I; NI, = 0. In this formulation, (1.1a) represents the force
equilibrium (conservation of momentum), (1.1b) represents the pressure balance and (1.1c) represents
conservation of mass. As usual, 6 = 2u€(u) — prl, (where [ is the 2 x 2 matrix) represents the stress
tensor and €(u) = (Vu+ (Vu)")/2 is the strain tensor. We also note that the system (1.1) represents
a static problem associated with a single step of an implicit time integrator applied to the underlying
evolution equations.

The model (1.1) is a simplified version of the standard Biot model in that the constrained specific
storage coefficient (denoted by ¢y in Oyarzia & Ruiz-Baier (2016)) has been replaced by the ratio
o /A. This replacement is justified by Lee ef al. (2017) by consideration of practical situations where
the compressibility of the fluid is close to zero and where u < A. In this simplified model, k¥ = kK is
a scaled hydraulic conductivity, where k; > 0 is the time step; 0 < ¢ < 1 is a parameter representing
a scaled Biot-Willis constant and A, y represent scaled Lamé parameters with gt ~ 1 and 1 < A < oo,
Volumetric locking is associated with practical situations where A > 1. The stability of the formulation
(1.1) is discussed at length in Lee et al. (2017) along with robust preconditioning strategies for solving
the associated spatially-discretised matrix systems.

The focus in this work is on local (a posteriori) error estimation and adaptive solution algorithms.
Our contribution extends the pioneering work of Ern & Meunier (2009). It also complements the recent
studies of Ahmed ez al. (2019, 2020), Li & Zikatanov (2019) and Oyarzua et al. (2019). Three different
types of error estimation strategies are considered herein. The first is the classical residual-based a
posteriori error estimator and the other two are based on solving local problems. Upper and lower
bounds are established ensuring the robustness and efficiency of the three estimation strategies. The key
point is that the constants in these bounds are independent of the local mesh parameters (g and hg),
the Lamé parameters (i and 1), the Biot—Willis parameter (¢¢) and the scaled hydraulic conductivity
parameter (k).

The paper is organised as follows: Section 2 reviews the well posedness of the weak formulation cor-
responding to (1.1) and discusses viable approximation spaces for the component fields. The theoretical
basis for the local error estimation strategies is reviewed in Section 3. The most important contribu-
tion is a rigorous verification that the approximation error can be reliably and efficiently estimated by
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solving three uncoupled scalar elliptic (local) problems. Computational results presented in Section 4
validate the theoretical estimates and illustrate the effectiveness of the estimation strategies in guiding
an efficient adaptive refinement algorithm. In the sequel we use the symbols < and 2 to denote bounds
which are valid up to positive constants that are independent of the parameters hg, hg, W,A, a and k.

2. Mixed approximation

Let H*(®) denote the usual Sobolev spaces with the associated norm || - ||s.o for s > 0. In the case
o = 2, we use H* instead of H*(£2) and || - ||, instead of || - ||5.o. We will denote vector-valued Sobolev

spaces by boldface letters H* (@) = H*(w;R?). We let (-,-) denote the standard L>-inner product, and
we define solution spaces

Hi :={veH' (Q)|v|, =g}, HY ()= {v|v=ul,ucH (Q)},
HL = {qe H'(Q) |qlr, =k}, H>(I):={qlq=pln.p e H'(Q)},
and associated test spaces
Hp, (Q):={veH'(Q)|v|, =0}, M:=L*Q),
HII—P_O(Q) = {qGHl(Q) | q|rp :0}.

The standard weak formulation of (1.1) is given by: find (u, pr, pr) € HlFu X M X Hll-p such that

a(u,v) +bi(v,pr) = f(v) WeHL,, (2.1a)
by(u,qr) —c(pr,qr) +b2(pF,q97) =0 Vgr € M, (2.1b)
ba(qr,pr) —d(pr.qr) = g(qr) Yar €HF. , (2.10)

with forms defined so that

“(""’>:2“/ &(u): €(v), bl(vaT):*/ prV-v, f(V):/wa

PT f]T /PTqT7 PFa‘ZT /PFCIT,

d(pr.qr) /qur+/ kVpr-Var, glqr) /gqp

We will assume that the load function f € (L?(£2))?. For convenience, the boundary data g € H 3 (Ia)
and h € H? (I,) will be assumed to be a polynomial of sufficiently high degree in each component—this
will ensure that no error is incurred in approximating the essential boundary condition on I, and I},. We
also assume that k¥ > 0 is a given, scalar, piecewise constant function on . Specifically, k is equal to
the constant kg on each K € .7, where {.7,} denotes a family of shape regular rectangular/triangular
meshes of Q into rectangles/triangles K of diameter hg. Moreover, following convention, we define the
bilinear form

Bu,pr,priv.qr.qr) = a(u,v) +bi(v,pr) +bi(u,qr) — c(pr,qr)
+ba(pr,qr) +b2(pr,qr) —d(pr.qr), (2.2)
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so as to express the formulation (2.1) in a compact form: find (u, pr, pr) € Hll—u X M X H}p such that

B(u,pr,priv,qr.qr) = f(v) +8(ar), V(v,qr.qr) € Hp, x M x H. . (2.3)

The error analysis will be developed in the parameter-dependent (energy) norm

11 o?
1w, pr, )P =20 Va3 + (5 + ) I+ S 1Pl + 12V e 3. 24)

2
We will use the following estimates (Ainsworth & Oden, 2000; Boffi et al., 2013):
a(v,v) > Ck2u||Vv|§ Vv EHL (2.5)

b
inf  sup 2D o (2.6)

07&‘16}”07&‘;6}1}_ . HVV”OHQHO
a(u,v) <24 |[Vulo [Vvllo Vu,v€Hp,,. 2.7)
The following theorem establishes the stability of the three-field formulation (2.1).

THEOREM 2.1 For any (u, pr,pr) € H-, 0 XM x HF , there exists a triplet of functions (v,qr,qr) €
Hp, <M xHy, . with [[|(v.q7.q5)]l| < 1]](, pr.pe)||. satistying

t@(’l7l)TaPF;V7qTaqF) Z H‘(u5pT)pF)|||2'

Proof. The structure of the proof is standard. We include it for completeness and also to keep track of
the constants. First, since pr € M = LZ(Q), a consequence of the condition (2.6) is that there exists a
functionv € H lr,‘ , satisfying

(pr,V-v) = Co(2) Mlprllg,  (21)' 2 1V¥llo < 20) 2| prlo,

where Cq > 0 is the inf—sup constant. Thus, given that u € H 11",, , the bound (2.7) ensures that

%(u, pr, pr;—v,0,0) 2w) I — 21) V2| Vallo (2)' VW o,

2
> Ca (21)lpr g — 21) 21V ullo 20) 2l o,
1

Cq
Ca
2(

for all € > 0. The coercivity bound (2.5) then leads to the following estimate

CQ—>(2M) HlprlIg —e2u)l[Vull3, (2.8)

1 202 a
B(u, pr,priu,—pr,—pr) > Cx 2 ||Vullg + IIIPrII% + THPFH% +1xVprl =25 (pr.pF),
2.9
where Ck is the Korn constant.

Next, looking at the problematic product term, the Cauchy—Schwarz inequality and the arithmetic—
geometric mean inequality imply that

2-(pr,pr) < ||PT||o+81 HPFHm (2.10)

> Q
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for some € > 0. Introducing a parameter 0 and combining (2.8), (2.9) and (2.10) then gives

B(u,pr,pr;u—06v,—pr,—pr) = Bu,pr,pr;u, —pr,—pr) + 6%(u, pr,pr; —v,0,0)
l—g 1\ a?

> eIVl + = el + (2= ) L el

K20 || Vuell5 + T |prllo+ & lllpFllo

1

1 1
+ k2 Vpr|5+6 (Cg 8) EHPTII%*&(ZM)IIWII%,

1\ o?
> (Cx—de)2u |Vulld + (2 ) e

1 1—¢ 1 _
—|—||K2VPF||(2J+<A1+5<C —£>(2u) 1>||PT||(2)-

Finally, the specific choice of parameters € =2/Cq, 8§ = CqCk /4, €1 = 3/4 together with v := u — dv,
qr := —pr and gr = —pr, leads to the desired lower bound

1 Cx CxC5
427 8

B(u,pr,pr;u—0v,—pr,—pr) = min{ }|||(M7PT7PF)||2~ (2.11)

To establish the upper bound we note that

20|V — 8V} < 22 | Vul}3 +28% - 241 [ V3

2(2u) | Vullg +28°- 1)~ Iz [5,

NN

which gives the estimate
[(u=6v, —pr,—pe)|II* = 21 [ Vu = §V|[§ + )~ [l prllg + 2~ lpz 15

o’ 2 1/2 2
+ TllpFHO + %=V prll,

C2C2
< <2+ ’(8‘2>|||(u,m,pp)||2. (2.12)

Note that the constants in (2.11) and (2.12) are independent of the Lamé coefficients, the modified
hydraulic conductivity and the Biot—Willis parameter. (I

To construct a finite element approximation of (2.1), we recall that {.7},} denotes a family of shape
regular rectangular/triangular meshes of  into rectangles/triangles K of diameter hx. We let &, be the
the set of all edges of .7}, hg be the length of the edge E € &), and we define finite-dimensional subsets
Xhc leu, Xh,c leuo, MM, Xl’,‘ cC H}p and X]’j_0 C H}po . The discrete weak formulation is then

given by: find (up, prn, prp) € XZ x M" x X},’ such that
a(up,v) +bi(v,pra) = f(v) WweXh, (2.13a)

by(up,qr) —c(prh,qr) +b2(PERg17) =0 Vgr € M", (2.13b)
ba(qr, pra) — d(pra-gr) = 8(qr) Var € X)y. (2.13¢)



6 of 25 A. KHAN AND D. SILVESTER

Analogously to (2.3), the discrete formulation can also be written as: find (uy, prp, pri) €X Z x M x X ,})’
such that

B, pra, prn:v.qr,qr) = fV) +8(pr)  V(v,qr.qr) € Xpox M" x X} (2.14)

The solution spaces X" and X" are defined as follows:
p u P

My n“+n9u p le+nap
xh = u‘u: Yao,+ Y aje; . X! = p’p Zb 0+ Y, bio;
j=1 Jj=ny+1 J=np+1

wherea;,b; € R, {¢ j};f“ are vector valued basis functions that span b & u0and {¢ ,} L - are scalar valued

basis functions that span X/ ;. The additional coefficients {a J}] . +1 and {b; ¥ i=n i”l are associated
with Lagrange interpolation of the boundary data g on I, and the boundary data % on I, respectively.
The finite-dimensional spaces X" " o» M" and X, I are related to { }.

The stability of the discrete weak formulatlon (2.14) follows directly from Theorem 2.1 if and only if
the inf—sup condition (2.6) holds uniformly for the spaces X ZAO and M": that is, for mixed approximation

methods that satisfy

inf  sup JoOmanl o (2.15)

tanemtomext [¥¥lolanll

where 7 is bounded away from zero independently of A.
While the analysis in the next section is applicable to any inf—sup stable approximation pair, the
final sections of the paper will focus on the lowest-order conforming Taylor-Hood methods':

e 0,-01-0> (continuous biquadratic approximation of the two components of the displacement
together with a continuous bilinear approximation of the total pressure field and a continuous
biquadratic approximation of the fluid pressure) on a grid of rectangular elements.

e P,—P—P, (continuous guadratic approximation of the two components of the displacement to-
gether with a continuous linear approximation of the total pressure field and a continuous quadratic
approximation of the fluid pressure) on a mesh of triangular elements.

REMARK 2.1 Stabilized lowest-order finite element approximation for a conventional three-field poroe-
lasticity model involving displacement, fluid flux and fluid pressure has been studied by Berger et al.
(2015) and in recent work by Frigo er al. (2020). In our formulation, in place of @,—Q1-Q>/ P,—P—P»,
we could use the lowest-order finite element Q;—Q¢—Q1/P1—Py—P, approximation triplet. Then to sta-
bilize the finite element approximations of the displacement and total pressure, we simply need to add
—(2u)~! (Ipr.al,lgr]) in (2.13b) within macroelements (see Khan et al. (2018); Kechkar & Silvester
(1992) for details).

I These strategies are also inf-sup stable in a three-dimensional setting.
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3. A posteriori error estimation
3.1 The residual error estimator

We start by defining some important parameters for the analysis
1 . _ _ _
ik =hk(21)72 /2, p1 g =he(2u)~" /2, pg = min{1/(A~" +(2u)""),a*A},
pox = min{hgx™'2/2,0 20}, pop =hex /2, (3.1)

with kg = max{kx, Ky}, where E is an interior edge that is shared by two elements K and K’, and
Ke = Kk, if E € dKNJQ. Next, we define a local error indicator ng for each element K € .7},. The
square of this local error indicator is the sum of terms, 7712< = n,%K + ngk + njzk, with

7?1%,( = plzJ(”RKH(%,K+p22,K||RK||(2)J(a nJZK = PdH%K”%.Ka (3.2)
N, = Y, PLelRelie+ Y, prelRello s (3.3)
EcoK EcdK

where the three element residuals are given by

Rg={f+V - (2ue(up)) = Vprat | (3.4)
1 a
A =V -unt pra— : 35
K { uh‘i‘lpT,l lPF,h} p (3.5)
o
Ric = {gn =5 (pra—20prs) = V- (Vpra) } | (36)
and the edge residual is associated with the normal stress jump, so that
s[(prad —2ue(w))n]e E€&\T,
R = ((pr’hI—Z,ue(uh))n)E Ec€é, ﬁ[},, 3.7
0 E € &,NI,.
s[(«Vpen)-nle E€&\T,
Rg=4q ((KVppp)-m)g E€ &N, (3.8)
0 E € &, NI,.

Let f;, and g, denote piecewise polynomial approximations of f and g, respectively, that are possibly
discontinuous across element edges. We associate these functions with the data oscillation term

0% :PlZ,K||f—th(2),K+P22,K||g—th(z),K- (3.9)

The residual error estimator and data oscillation error are then defined as follows:

1/2 1/2
n= ( Y m%) and O = ( Y @%) . (3.10)

Ke., KeJ,

REMARK 3.1 Looking at the definition (3.1), and recalling that the conductivity x has been scaled by
the time step k;, we see that there are two terms p; x and p; g that potentially blow up in the limit k; — 0.
The residual estimator is robust in the small time step limit nevertheless: first, limy, o p2 x = Aot
so the first contribution does not blow up. Second, while p, £ can blow up, the term p £ ||RE H% g =Ck
so the edge estimator 7)g, remains bounded when k; — 0. /
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The reliability and efficiency of the residual estimator may be readily established using standard
arguments involving quasi-interpolation estimates (Clément, 1975). A formal statement is given in the
next two theorems. We note that these estimates hold for any conforming mixed approximation: the
inf-sup stability bound (2.15) is not used in the proofs.?

THEOREM 3.1 (Reliability estimate) Suppose that (u, pr, pr) is the weak solution satisfying (2.1) and
that (wp, pr s, prs) € X0 x MM x X! is a conforming mixed approximation. Defining 1) and © to be the
error estimator and the data oscillation term in (3.10), we have an upper bound on the approximation
error,

|||(u—wn, pr — P, PF — PER)I| SN+ O. (3.11)

Proof. See Appendix A. g

THEOREM 3.2 (Efficiency estimate) Suppose that (u, pr, pr) is the weak solution satisfying (2.1) and
that (up, prs, pra) € Xj x M" x X! is a conforming mixed approximation. Defining 1 and @ to be
the error estimator and the data oscillation term in (3.10), we have a lower bound on the approximation
error,

N < (@ —wp, pr — prppr — PRl +©. (3.12)
Proof. See Appendix A. 0

The reliability and efficiency of the simple residual error estimator 1 provides the motivation for
the introduction of equivalent local problem estimators that give a more accurate measurement of the
actual error. The actual improvement in accuracy is quantified in the numerical results presented later.
Two alternative local problem estimators will be considered here. Working in the framework established
by Verfiirth (2013), these local estimators can be shown to be robust and efficient with respect to the
underlying problem parameters.

3.2 Energy-based local error estimator

The Biot problem error estimator

_ 2
N = Z N%.x
Keg,

is assembled from estimates of element contributions to the energy error, given by
2 T F 2
Nk = lll(esx.€5.x.€5.x)lllk, (3.13)

where

Il(ezx €% k€. |||% = 211l € (e, I3k + (21) Nl x5k +2 " llek kI .x

+ ot (A) ek lEk + 12 VeD ¢II6 & (3.14)

To compute the local contributions, we solve the Biot’s consolidation model problem on each element

2While the error estimation is precise in the case of an unstable mixed approximation, if the inf-sup constant in (2.15) is mesh
dependent then the quality of the approximation is likely to be compromised when one is close to the incompressible limit.
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FIG. 1. Q3(K) interpolation nodes for an interior element (left), edge element (middle) and a corner element (right).

13 * ——e—eo— 3 *

) ° . ) ) . . . . . [

) . . ) ® . ° ] . . )
7 3 ?

with selectively reduced correction spaces, see Liao & Silvester (2012), 2k = 03(K) x 02(K) x 03(K)
for @,—01—0> mixed approximation (or Zx = P3(K) x P,(K) x P3(K) for P,—P,—P> mixed approxi-
mation): find (e x, €% . €5, ) € 2k, such that

2u(e(es k), €v))k — (ezk,V-v)k =1((v)), Vve Q3(K) (3.15a)
1 a
—(V-ezk.qr)k — I(SJ%[(W]T)K + I(g,,f/:?,kw]T)K = —(%x,qr)k, Vqr € Q2(K). (3.15b)
a, r 20% P
I(gﬂ,KaqF)K - T(S%,K7(’IF)K - (Kvgﬂ,K7VQF) =1(qr), Vqr € 03(K), (3.15¢)

where

1(v) = (Rg,v)xk— ) (Rg,v)g, and I(gr) = (Rk.qr)k— Y. (Re,qr)E-
EcdK EcdK

The following inf—sup estimate ensures local stability.

LEMMA 3.1 (local inf-sup stability) Suppose that the space Q3(K) is defined with the degrees of free-
dom shown in Figure 1 then there exists a positive constant 7;, satisfying

V.
min |(qn, V-1 >n (3.16)
0£44€02(K) 074v,€05(K) [Val1llgnllo
for all K € .,

Proof. Adapting the strategy introduced in Verfiirth (1989, Lemma 4.1), the result can be established
by a simple eigenvalue computation on the reference element, see Liao & Silvester (2012). (]
The condition (3.16) is a sufficient condition for the following local stability estimate.

LEMMA 3.2 (local Z stability) For all (w,s,t) € 2k, we have that

B(wW,s,t;v,q97,qF
max  ZWSEVATAE) o e (3.17)
s o0 N raroar)lk

Upper and lower bounds of the local problem estimator 14 g are identified in the next theorem.

THEOREM 3.3 In the case of 2k mixed approximation of the Biot’s consolidation problem (2.1), the
local problem estimator 74 x defined by (3.13)—(3.15) is equivalent to the local residual error estimator
Nk associated with (3.10), that is

Nzx SNk SNzk, YK€ T, (3.18)
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Proof. Using Lemma 3.2, we have

Nax = |ll(esx €5k €51l
L Alenn b b arar)
™ (var.ar)e2x I[|(v,q7,9r)||lk
I(v)— X, 1
max (v) — (g7, %) +1(qr)
(vq7.9r)€2K I1|(v,qr,qr)|||x

)

S
Applying the Cauchy—Schwarz inequality and a trace theorem leads to

sk = ll(exx.€% k€5 )lllk < k-

We will establish the upper bound by modifying the bubble-function technique that is used to establish
the efficiency of the residual estimator in Appendix A. First we define w|g = plzl xRk Xx. From (A.S5)
and (3.15a) we conclude that '

P12,KHRKH%,K S (RKvPIZ(XKRK)K
= (Rg,w)k =2u(e(es k) €(Wk))k — (€zk,V -Wk)k- (3.19)
Using the Cauchy—Schwarz inequality in (3.19) gives
PiklIRxllGx S (2rll€(es )l +(20)  lesxllix) /> 2u) ' Wkl k-
Also, using (A.5), we have
PixklIRk 5.5 S Crllelens)fx+ (2um) lemklix) " Mre.

which gives

PiklIRk ok S (2ulle(esx)§x+ (2m) " esklok)- (3.20)

Introducing w|x = p22’ xRk xx and using (A.5) and (3.15c¢) then gives

3 x| Rx[6 x < (R, P37 k Xk Rk )k

= (Rk,w)k
o r 20 F F
:I(E%,mw)K— 2 (ez.k: W)k — (KVEZ g, VW). (3.21)

Applying the Cauchy-Schwarz inequality in (3.21) and using (A.5) implies

2 2 -1 2 24 -1 2 1 2
5 xRk 6.k S (A" leB k5 x + oA el kllo x + 162 Ve kllo k) (3.22)

Next, we introduce
A = pelprpl —21€(uy)] xE,
where yg is an edge bubble function. Then, by (3.15a), it holds

piellRENS £ < ([pral —21e(uy)],A)e
= —2u(e(ez k), €(A))x +(ez.k, V- Ak + (R, A (3.23)
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Applying the Cauchy—Schwarz inequality in (3.23) and using (A.10) and (3.20) implies
PieIReNG s S (21llees)ldn +2n) " lenkldn) > (e IREIG.E)",
which gives the bound
PielREIG s < (2ulle(es )6k + (2™ ez kl.0)- (3.24)
Next, we introduce

A =pre[(KVprp) -n]xe,
where yg is an edge bubble function. Then, by (3.15a), it holds, in particular,

p22,E||RE||(2),E S ([KVpEng) 'nHvA)E
oa, 7 o 202, 5 P .
= _7(8.%,1(7/\)1( + 7(8,%’,K’A)K + (KVSQ%’,K)VA) + (R, A k- (3.25)

A A
Applying the Cauchy-Schwarz inequality in (3.25) and using (A.10) and (3.20) implies
_ _ 1
PreIRelo e S (A ehklgx + A €5 x5k + 1167 Vel kllo x)- (3.26)
Since Zx =V -uj, + %pr_yh — %pp’h € 0>(K), then from (3.15b), it holds, in particular,

1 o
(V-esx, %)k + I(E;;J(w@l()l( - I(Stga,[(,%l()l( = (%Zk, %k )k,

1 o
[k lox S IV - €x+ 585k = 7 Eallox

Finally, using the argument in Lemma A.4 gives

1 o
n}K = Pd||=%K||(%,K SpallV-ezk+ Igé’,K - IE%,KH(%,K

2 Pd .t 2 Pad’ | p 1o
SpPallV-ezkllok+ 5 llezklox + =5 llezkllox
A A
< 2 ||8( 2 l T 2 afz F 2 < 2 3 27
S 2ulle(esx)lloxr + 1 €.k ll6.x + 1 lezxllox SNak- (3.27)
Combining (3.20), (3.22), (3.24), (3.26) and (3.27) gives the desired upper bound. O

REMARK 3.2 If we were to employ the stabilized Q;—Q¢—Q1/P1—Py—P] triplet instead of Taylor—-Hood
approximation then suitable correction spaces would be given by 2 = Q,(K) X Q1(K) x 02(K)/P2(K) x
P] (K) X Pz(K).

3.3 Poisson problem local error estimator

The final estimator that we consider simplifies the local problem in (3.15) in a clever way. It also
circumvents the issue of finding inf—sup stable correction spaces. Recalling the definition of p; from

(3.1), the Poisson problem estimator
ne= | Z 77123,1<
Keg,
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is assembled from local contributions given by
ik =24 Verlfx +pg ' lerxldn + o> (2) " lepxlldx + 11k *Ver |5 &, (3.28)

where (epk, ££K7 85 x) € 2k solve the following set of decoupled problems on each element:

2u(Vepg,Vv)k =1(v), VYve 03(K), (3.29a)
p; ' (ehx.ar)k = (%k,qr)k, Vg€ Qa(K), (3.29b)

202
—T(ggk,lIF)K — (kVehy,Var) =1(qr), Var € Q3(K). (3.29¢)

In compact form, we can write

PBr((epk,€hk-€h); (v.qr.qr)) = 1(v) — (Zx,q1)k +1(qr),

where
1
%RK((eRKﬁ;K,EgK); (v,q1,qr)) =2u (Vepk,Vv)k — E(?«;KWIT)K
202
- T(SgKaQF)K - (KV“?;,K,VQF),
and

1(v) = (Rg,v)k— ) (Re,v)e, and I(qr) = (Rk.qr)k— Y (REqr)E-
EcdK EcdK

The uncoupled formulation (3.29) is attractive from a computational perspective. First, since s;K €
0>(K) it immediately holds that &3 = psZx = pa(V -un+ A~ ' prj— @A~ pg) so (3.28) simplifies
to the following explicit calculation

2 2 2
lo.x + ||’<l/ VSII;KHO,K-

Nix =21 ||Vepk 5.k +PallV-un+2" " prp—ad ™ pralldx +o* A |ehy

A second attractive feature is that the stability of the local problem (3.29) is guaranteed—there is no
need to construct compatible correction spaces. In next theorem, we derive an equivalence result for the
Poisson problem estimator.

THEOREM 3.4 The local problem estimator 1npx defined by (3.28) and (3.29) is equivalent to the energy-
based local error estimator 1) g g defined by (3.13),

Nox SNax SNrk, VK< T, (3.30)
Proof. By (3.15) and (3.29), for any K € 7}, and (v,q7,qr) € Lk, we have

_ 202
21 (Vepk,Vv)k —py ' (ghk qr)k — T(Sﬁ,qu)x — (kVehg, Var)

= (Rgv)— Y, (Rg,v)e— (Zk,qr)+ (Rk,qr)k— Y, (Re,qr)E
EcdK EcdK

1
=2u(elesk),€v))k — (ezk,V-v)k —(V-ezk,qr) — I(S%,K,QT)

a, 5 2% p F
+ I(S,@,K,(JF)K - T(gﬂ,KaQF)K —(kVey k, Var)

= B((enx €5k €5x): (v.ar.qr)). (3.31)
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Using the local 4 stability bound from Lemma 3.2 gives

B((enk €y k€5 x):(V.ar,qr))
T F 'CBKICBK) )
esk:€ax.€2x)llk S max
I1]( 2.k €25l g Tw.ar.ar)ll
PBrx((erk,€hi-€h): (V,q1,qF))
max
(v.qr.9r)€2k |||(quTaQF |||K

Applying the Cauchy—Schwarz inequality implies that

(k€% -5 |llx < Mk (3.32)

To establish the upper bound, we take v € Q5(K). Using (3.15a) and (3.29a) then leads to

2u(Vepk,Vv)k = (Rxv) — ) (Re,v)e
EcdK

=2u(e(esx) €v))k — (e2k,V-v)k. (3.33)

From (3.15b) and (3.29b), for any g7 € Q>(K), it holds

PJI(Szz,K,QT)K = (%Zx,q7)k

1 o
=(V-ezk,qr)k+ I(Eé,quT)K - I(gng,pQF)K- (3.34)

By (3.15¢) and (3.29c¢), for any gr € Q3(K) we have

20

—T(EEKWIF) (KVSPIOV‘IF)

F)

202

=1(q
o F F
=5 (€ DKk AF)K — 1 (ko ar)x — (KVEy . Var).  (3.35)

Using (3.33) gives

ZH(VePK VV)
1/2 \V/ _ )
IV eralon = T a2Vl

p —(ez i, V-
max M (E€ax)-EM)k — (a0 V V). (3.36)
veQs (K) (2u)' 2| €()llox

Applying the Cauchy—Schwarz inequality leads to

(2u) ([ Verkllox < (21)"?[1€(es ) llo.x + (21) " lleds k llo.x- (3.37)
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Using (3.34), we have

le (glz’:Kaq)

—1/2,.T
py Pllebgllox = max “L PO
9€02(K) p "% |qllo.x

(V 'eﬂﬁK7Q)K + %(8537K7Q)K - %(£;7KaQ)K
= max

4605 (K) py P lallox

1/2 —1/2
pl/ IV-esx+1el « — %&b klloxp, Plallox
< max ~1/2
4€0:(K) Py “llallox
1/2 1 & F
<Py enxt yemx — ez klox (338)

By (3.27), it holds

_ 1 o
P ehxlSx <PallV-exn+ g emx — 7 ebklix
Su)leles)loxr+ ) lehkllox+o”(2) €5kl (3.39)

Similarly, it is easily shown that

2 2
o 2 2 2 1 2 o 2 1/2 2
7||8£K||0,K+ [/ erxllix S IH?%K”O,K‘*‘ TH&?Z’,K 1§k + 1l fog,K”o,K- (3.40)
Combining (3.37), (3.39) and (3.40) gives the required upper bound. O

REMARK 3.3 All the constants that arise in the proof of Theorem 3.3 and Theorem 3.4 are independent
of hg, hg, 1, A, a and k. This confirms our assertion that the proposed local error estimators 1 x and
Npk are fully robust.

4. Computational results

Some numerical results are presented in this section. These support the theoretical results presented
previously. More specifically, we discuss computational results for the residual estimator 1 defined in
Section 3.1 and the Poisson problem local estimator 1p defined in Section 3.3. In our first test problem
a three-field approximation is computed with Q,—Q-Q> square elements using functionality from the
IFISS toolbox® (see Elman et al. (2014) for a review). Note that, for a uniform mesh with n degrees
of freedom, we have that @ (n~") ~ &(h*"), where r > 0. In our second test problem we use P,—P|—P>
triangular elements. We start from an initial mesh .7 and then run the iterative refinement loop

Solve — Estimate — Mark — Refine

to generate a (nested) sequence of regular meshes {7} using functionality taken from the T-IFISS
toolbox*; see Bespalov et al. (2020) for details. The ingredients are as follows.

3IFISS version 3.6 runs under MATLAB or Octave. It can be downloaded from http://www.manchester.ac.uk/
ifiss/download.html and is compatible with Windows, Linux and MacOS computers.
4 The software can be downloaded from http: //www.manchester.ac.uk/ifiss/tifiss.html.
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Solve : solve the problem (2.14) for each .7} to generate the finite element approximation (u,, pr.j, Pr.)-
Estimate: compute My = Y ke 7, Mk OF Ne = Lxe 7, NPK-

Mark : determine a minimal subset .7, of marked triangles such that Y k¢ 4, n: > 61} (and similarly
with npg), where 8 = 0.5 is the bulk parameter (Dorfler, 1996).

Refine : use the red-green-blue strategy (Verfiirth, 2013) for mesh refinement.’

4.1 Analytic solution

The first problem is posed on a square domain Q = (0, 1) x (0, 1) with a zero essential boundary condi-
tion on dQ = I'. The exact displacement vector # = (u,u>) " and the exact fluid pressure pr are given
by the following expressions

_jm= mcos(my) sin.z(;rx) sin.(ﬂy) e = x(1—2)y(1 —?). @1
up = —mcos(mx) sin”(my) sin(7x)

FIG. 2. Energy error |||e||| and estimated energy errors 1 and 1p computed using Q,—Q-Q> approximation for the first test
problem with A = 1 (left) and A = 10* (right).

10t -©-[lelll ] ©-1llell]
—>1np >
¢ =7
—rate -1
5 5
g 100 g
E T
g kS
107
10° 10*
dof dof
The convergence profile of the energy norm of the exact error e = |||(u — up, pr — pr.p, PF — prn)|||

and the estimates obtained with the alternative error estimation strategies are shown in Figure 2. In this
experiment, U, o, and k are fixed and we choose two representative values of A. In either case, we
observe that the energy norm error decays to zero at the optimal rate & (n;olf) for a smooth solution.
The fact that the convergence plots of the estimators 1) and 1p are parallel to the convergence plot of the
exact error provides confirmation that both estimators are efficient and reliable. The plots also show that
local problem estimator 7]p is a more accurate estimate of the error than 1. This point is reinforced by
the computed effectivity indices tabulated in Table 1. These numbers confirm that the effectivity indices

3 The refinement strategy built into T-IFISS version 1.2 is a variant of the newest vertex bisection (NVB) method.
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of the Poisson problem local estimator are close to unity for a range of different values of o and A.
Other computations (not reported here) show that the effectivity of both estimators is also completely
insensitive to the value of k (we tested k = 1 and k¥ = 107'9). This provides confirmation that the
estimators are robust with respect to all the underlying physical parameters.

4.2 Singular solution

A more realistic test of the error estimation strategies arises with a mixed boundary condition. To
illustrate this, let us consider the square domain Q = (—1,1) x (—=1,1) with I[;, = {{—1} x [-1,1)}U
{[-1,1)x{=1}} and I}, = {{1} x [-1,1]}U{[—1,1] x {1}}. The parameters are fixed so that u = 1,
a =0.01 and k¥ = 107'°. We then solve the problem with f = (1,1)7, g =1, g =0 and & = 0. Since
the solution does not even have H” regularity—there are strong singularities at the two corners where
the boundary condition changes—we anticipate that adaptive refinement will be needed if the optimal
rate of convergence is to be realised.

Table 1. Effectivity indices computed using the residual and local Poisson problem estimators, for fixed g = 1 and k¥ = 1073
together with varying A, o and h.

A=1 A =102 A=10*
h n/e ne/e n/e ne/e n/e ne/e
1/4 2.88 1.33 2.89 1.36 2.89 1.36
o1 1/8 2.69 1.37 2.70 1.40 2.70 1.40
1/16 2.62 1.36 2.63 1.39 2.63 1.39
1/32 2.60 1.35 2.61 1.38 2.61 1.38
1/4 2.88 1.33 2.89 1.36 2.89 1.36
o= 102 1/8 2.69 1.37 2.70 1.40 2.70 1.40
1/16 2.62 1.36 2.63 1.39 2.63 1.39
1/32 2.60 1.35 2.61 1.38 2.61 1.38
1/4 2.88 1.33 2.89 1.36 2.89 1.36
o= 10-4 1/8 2.69 1.37 2.70 1.40 2.70 1.40
1/16 2.62 1.36 2.63 1.39 2.63 1.39
1/32 2.60 1.35 2.61 1.38 2.61 1.38

The results obtained using our adaptive refinement algorithm are compared with those obtained
using uniform refinement in Figure 3. Looking at the error plots it is evident that, independent of A, the
convergence rate of np is limited by the solution regularity when the grid is refined uniformly. We also
see that both 1 and 1p converge to zero with the optimal rate & (n;ol f) when the grid is refined adaptively.
The refinement pattern generated by the adaptive algorithm is slightly different in the two cases that
we consider. While there is local refinement to resolve the strong singularities in both cases, there is
additional local refinement to resolve the weak singularity that is generated at the corner (—1,—1) in
the (compressible) case A = 1.
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FIG. 3. Comparison of estimated energy errors 17 and 1p computed using P,—P;—P, approximation for the second test problem
with A = 1 (left) and A = 10* (right).

4 1‘3._
104 1R
104 F

10'5 L

estimated error
estimated error

—¢np (uniform)
- - rate - 0.32

. -©-np (adaptive) -©-np (adaptive)
107 | <—n (adaptive) 10 f|—n (adaptive)
—rate -1 —rate - 1

—¢np (uniform)
- - rate- 0.3

3 4 5 ‘ ‘
10 10 10 108 10* 10°

5. Concluding remarks

There are two important contributions in this paper. First, we have identified three parameter-robust
error estimators for computing approximations of poroelasticity problems. We have shown that these
estimators give reliable estimates of the approximation error, even when one is arbitrarily close to the
incompressible limit. Second, we have identified a practical error estimation strategy based on solv-
ing three uncoupled Poisson problems that yields effectivity indices close to unity in all cases tested.
Extending this work to enable the adaptive solution of poroelasticity problems with uncertain material
parameters is ongoing research; see Khan & Powell (2020). Ensuring robustness in the error estimation
process is fundamentally important when solving problems with large variability in the measurement of
such parameters.

Funding
Engineering and Physical Sciences Research Council (EP/P013317).
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Appendix A. Residual estimator error bounds

The starting point for showing the reliability of the residual estimator introduced in Section 3.1 is the
following lemma.

LEMMA A.1 (Clément interpolation estimate) Given v € H 11“,, ,andgr €H ; o letv, € X ﬁ‘o and gr, €

X:;,O be the quasi-interpolant of v and gr defined by averaging (Clément, 1975). For any K € .7, we
have

rogs Pagllar —arallox < ()21gr | ax.

prllv—villox < (2u)'|v

where |- |1,a is the H! (@wx) seminorm. Moreover, for all E € K we have

~1/2 —-1/2
pl,E/ lv=vallog < (21)" 2 |V]1.0 Pz,E/ lar —arallo.e < ()'*lar |1
where w is the set of rectangles sharing at least one vertex with K.

THEOREM A.1 (Reliability estimate) Suppose that (u, pr, pr) is the weak solution satisfying (2.1) and
that (uy, prp, prn) € X ﬁ x M" x X},’ is a conforming mixed approximation. Defining 17 and © to be the
error estimator and the data oscillation term, we have an upper bound on the approximation error,

|||(u—wn, pr — P10, PF — PER)I| SN+ O. (A1)

Proof. Since (u— uy, pr — prp, PF — PFh) € leu_o X M x H1'qu then from Lemma 2.1, it holds that

[(u—wn, pr — Prss PF — PER)||* S B~ n, DT — P10y PF — PFAS V4T GF)
with |||(v,qr,qF)||| < |||(w—wp, pr — pr1, PF — Pra)|||. Using (2.3) and (2.14) then gives

B(u—up, pr — Pr.hs PF — PFRV>4TqF)
= B(u—up, pr — Pr.)ts PF — PERY — Vi AT 9F — qF 1)
= (f,v—wp) —2u(e(uy), €(v—vy) +(prp,V-(v—vp))

1 1
—(gr,V-u)+(qr,V-up) — I(QT7PT) + I(CITaPT,h)

o o
+ I(pnqr) - Z(PFJHCIT) +(8.9F —qr)

o
+ T(PF,thF —qrn) + (KV(pen),V(ar —qrn))
=(f—fnv—vn)+(&—gnar —qrn)

+ Z {(V (Que(u)) —Vpra+ f, (v— "h))o,K

Ke9,
+ Z (<REvv_Vh>E+<RE’pF_pFah>E)
EcdK
1 o
+ (qr,V-up + 2 PTh— IPF,h)QK

o
+ (gn— 7 (P —=2aprp) =V - (kVprp).qr — CIF,h)OJ(} (A.2)
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where <RE,v - vh>E = [y Reg-(v—v;) and <RE,pF - ppﬁh>E = [ Re - (pr — prp). Next, using the
Cauchy—Schwarz inequality in (A.2) leads to

PB(U—up, pT — PT 1y PF — PFRVS4T 4T h)

1/2 1/2
c{( y p%7K|f—fh||%7K) pl,,%nv—vm%x)
KeZ),

Ke g,
1/2
+( Y plells— ghm) ( p32llar qFMK)
KeJ, Ke9,
1/2 1/2
-2 2
+( y lenRKHOK) ( y pl,Kuv—vhno,K)
Ke 9}, KeZ),
1/2 1/2
2 —1 2
+( pl.,EnREno,E) (Z Zpl,Ev—vhno,E)
KE%EEBK KeJ, EcoK
1/2 1/2
2 —1 2
+( pz,E||RE|0,E) (Z sz,ﬂqp—mno,ls)
KeJ,EcdK KeJ, EcoK
12 12
—1 2
+( y pdnmnw) (Z o; ||qT||o,K)
Keg, Keg),
1/2 1/2
2 2 -2 2
+(sz,K||RK0,K> (sz,K||qF—qF,h|o,K> } (A3)
Ke7, Keg,

Using Lemma A.1, then leads to the desired upper bound

11(u—wp, pr — pro pr — pea)||?
S B(w—wup, pr — prhs PF— PERV-GTGF)

1/2 1/2
S {( )y @1%> ( )y pl,lz(llv_vh||(2),K+p27[2<||QF_CIF7h|%.K)

Keg, Keg,
1/2 1/2
(£ ) (5 pbtvsle s st
Keg, Ke7,
1/2 1/2
+(Zni) (L T piblo—vliepstlar—ani )
KeZ), KeJ, E€coK
1/2 1/2
(L i) (L eilarlia) |

Ke7, Ke.g,

1 1

< (X enlbvixtes larlBx+IxVarldx}) " ( X (nk+07))" (A4)
Ke9, Ke9),
Thus,
1

2
1=, pr = praspe = pen) 1P S N@arsae)lll (X, (n2+63))°,
Keg),
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as required. g
Next, let K be an element of .7, and suppose that yx is a (quartic) interior bubble function (positive
in the interior of K, zero on dK). Then the following estimates hold (Verfiirth, 2013).

vliox < Ivllox < 1 *vllox, (AS)

IV (ev)llox < hg'Ivllox. (A.6)

where v denotes a scalar-valued polynomial function defined on K. The efficiency of the residual error
estimator is a consequence of the following sequence of lemmas.

LEMMA A.2 Let K be an element of .7,. The local momentum residual satisfies

leHRK”OK 20 [u— uh|1k+(2#) ||PT—PT,h||%,K+@12(-

Proof. See Khan et al. (2017). Il

LEMMA A.3 Let K be an element of .7},. The local mass conservation residual satisfies

p2K||RKH0K ||K2V(PF th)HOK'i_l”pT PTh||0K+)L||PF PFh||0K+@K

Proof.  For each element K in .7, we have Rx = (g, — 5 (pr.n —20prn) — V- (KVpry))|k. Next,
introducing w|x = p227 xRk Xk and using (A.5) we have

o
P3klIRx 15 x < (R, p3 kxR )k = (81— 7 (P —=20prp) =V (KVpra),w)k.
Using integration by parts with w|yx = 0 and (2.1c) implies

o 202
3 k IRk 5.5 = (kY (pry— pr), Vw)k + I(PT —PTaW)K — T(PF —PFEryW)K +(8h — & W)k-

Applying the Cauchy—Schwarz inequality leads to the bound

P2K||RK||0KN(||KI/2V(PF PFh)||0K+ HPT PThH01<+ ||PF thHOK
1 1
2 _ 2
+p3xle—aillix)” (Ix2Vwlx+prklIwlds)” (A7)
Using (A.5) and (A.6) in (A.7) then gives the bound

1 1 o 1 1
p22,K||RK||(2),K < (Ix2V(pr _PF.,h)||(2),K+ x”PT —PT,hH(z),K + IHPF —PF,h||<%,K+@12<) : (p227K||RK||(2),K> :

as required. O

LEMMA A4 Let K be an element of .7,. The local pressure balance residual satisfies

1 1 o
A e O L Slpe = pralix)-
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Proof. Noting that (V- u+ %pT — 4prF)|k = 0 for the exact solution (u, pr, pr), we have

1 a 1 a
PallV -un+ 5P — IH(Z)J( = pallV- (u—wup) + = (pr = pra) = 5 (pr — )bk

Pa
SPallV - (u—up) |[5 ¢ + pH(PT —pra)llox

2
pac
+ 2 (e — prn) I
< 2 1 ) o 2
S2u [u—upli g+ 7 lpr —prallox+ T |PF — PFAllo k> (A.8)
where the last line follows from the definition of p,; in (3.1). [l

Next, let E denote an interior edge which is shared by two elements K and K’ and suppose that xg
is a polynomial bubble function on E (positive in the interior of the patch wg formed by the union of K
and K’ and zero on the boundary of the patch). The following estimates are also due to Verfiirth (2013),

1/2
lallo.z S N2z allo.e (A.9)
lxeqllox Sh llgllos VK € o, (A.10)
—1/2
IV(xeq)llox S kg llallos VK € wg. (A1)

Here, g is a scalar-valued polynomial function defined on E and g, = xgq can be extended by zero
outside of the patch.

LEMMA A.5 Let K be an element of .7},. The stress jump residual satisfies

Y pielRelGe S Y, ulu—unli o + 207 pr — pralls e, +©ay);
EcdK EcdK

where @3,5 =Y keop @1% is the localised data oscillation term.
Proof. See Khan et al. (2017). (I

LEMMA A.6 Let K be an element of .7},. The fluid flux jump residual satisfies

Y pelRelloe S Y, ulu—uli o, + ) Ip— pull.w, +©s,):
EcoK EcdK

where O3, = Y ke, OF is the localised data oscillation term.

Proof. Suppose E is an interior edge and let ¥ be a polynomial bubble function associated with E as
defined above. We define the localised jump term so that A = pg [(kVpp) - n] xg. Using (A.9) and
(3.7) gives the estimate

p2e|Rell6 2 S (I(KVprs) -], A) . (A.12)

Then, using (2.1c) for every gr € H}po we have

a 20
/ K(xX)V(pr — prn)-Var = I/ PTQF*T/ PFQF*/ gqF*/ Vprn-Var. (A.13)
Q Q Q Q Q
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Integration by parts elementwise gives

/QgCIF-f'/QVPEh'Vé]F: )y /(g_v‘(KVpF,h))qF+

Y [lxVprn)-nlar. a1
ke, es(7)’E

E

Choosing the test function gr = A in (A.13) and (A.14), and then combining (A.12), (A.13) and (A.14),
we have

PelRelie S Y /K{gh*al_l(m,h*ZOCPF,h)*V'(KV(PF,h))}A

Kewg

+ ¥ [Hle—g— o (pr—pra)+ 202 2(pr — pra)}A

Kewg

+ Y /K{_K(VPF_VPF,h)}‘VA

Kewg
ST+ T+T.

These three terms will be bounded separately.
First, using the definition of Rx and applying the Cauchy—Schwarz inequality with Lemma A.3 gives

1 o? 1/2
T < (szT _PT,h”%,wE + THPF _PF.,hH%,wE +[x(Vpr — VpFﬁ)||%,wE +®Z’E>

(¥ pelale)”

Kecwg

Next, given the shape regularity of the grid, using the definition of A and (A.10) gives

21 A 12 —1p—1| A 12 -1 2
prxllAllox < Pophe A lox < PopllP2ERE (|06

Hence, the following estimate holds

1

1 o? 1 2
11 5 (1o = Pralfio + 5 1Pr = Prall o + 116 (Ve = Vpen) 0, +©3, )

(¥ pelrelie) "

Kewg
Second, combining the Cauchy—Schwarz inequality with the above construction gives

1 o? 1/2 B 1/2
B5( ¥ pxlle—enld s+ lor—pralo, + 5 Ipr—pealde,) (X pe2lIAIRK)

Kewgp Kewg

1 o? 3 1/2
2 2 2 2
< (@3, + 7 lpr = prald o, + S lor = praliie )" ( X pelRelRe)

Kewg

The third term can be bounded in a similar way,

1 1/2
T3 5 62 (Vpr = Vprallows ( Y IK72VA[Rk)

Kewg
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where this time the second term is bounded using (A.11),

1 _ _
1K2VA G & S Py phelVAIGk < Pakll p2.eRe 5 5

Combining the upper bounds for 71, 7> and 73, for any interior edge E, we have

1 a? 1
pelRe e S (5107 = Pl + S 1w = pralld o + 162 (VP = k) R + €3, )-
If E € Iy, then the same result holds with wr = K and we recall from (3.7) that Rg = 0 for edges E on
Ip. Hence, summing over all the edges of element K gives the required result. O
Combining Lemmas A.2—A.6 leads to the efficiency bound.

THEOREM A.2 Suppose that (u, pr, pr) is the weak solution satisfying (2.1) and that (u, pr j, pra) €
X Z x M" x XI},' is a conforming mixed approximation. Defining 11 and @ to be the error estimator and
the data oscillation term we have a lower bound on the approximation error,

N < |||(w—wn, pr — prp, pF — PER)||| +O. (A.15)



