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�G�Q�`�2�M�i�x �;�`�Q�m�T�X �A�M �i�?�2 �`�2�K���B�M�B�M�; �b�2�+�i�B�Q�M�b �Q�7 �i�?�B�b �+�?���T�i�2�`�- ���H�H �i�?�2 �G���;�`���M�;�B���M�b �i�?���i �r�2

�2�M�+�Q�m�M�i�2�` ���`�2 �r�`�B�i�i�2�M �B�M �i�2�`�K�b �Q�7 �i�?�2 �Q�#�D�2�+�i�b �/�2�}�M�2�/ �?�2�`�2�- ���M�/ ���`�2 �B�M�p���`�B���M�i �m�M�/�2�` �i�?�2

�i�`���M�b�7�Q�`�K���i�B�Q�M �`�m�H�2 �Q�7 �i�?�2�B�` �+�Q�`�`�2�b�T�Q�M�/�B�M�; �`�2�T�`�2�b�2�M�i���i�B�Q�M�X
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�k�X�R�X�k �:���m�;�2

���M �B�K�T�Q�`�i���M�i �+�Q�M�+�2�T�i�m���H �+�Q�M�i�`�B�#�m�i�B�Q�M �Q�7 �[�m���M�i�m�K �2�H�2�+�i�`�Q�/�v�M���K�B�+�b �U�Z�1�.�V �B�b �i�?�2 �m�M�@

�/�2�`�b�i���M�/�B�M�; �Q�7 �i�?�2 �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �U�1�J�V �7�Q�`�+�2 ���b ���M �B�M�i�2�`���+�i�B�Q�M �K�2�/�B���i�2�/ �#�v �� �p�2�+�i�Q�`

�#�Q�b�Q�M �� �i�?�2 �T�?�Q�i�Q�M�- �B�M �i�?�B�b �+���b�2�X �h�?�B�b �r���b �H���i�2�` �2�t�i�2�M�/�2�/ �i�Q �i�?�2 �r�2���F ���M�/ �b�i�`�Q�M�;

�7�Q�`�+�2�b�- �r�?�B�+�? �?���p�2 �b�Q�K�2 �B�K�T�Q�`�i���M�i �[�m���H�B�i���i�B�p�2 �/�B�z�2�`�2�M�+�2�b �r�?�2�M �+�Q�K�T���`�2�/ �i�Q �i�?�2 �1�J

�Q�M�2�X �>�Q�r�2�p�2�`�- ���H�H �Q�7 �i�?�2�K �`�2�H�v �Q�M �i�?�2 �+�Q�K�K�Q�M �T�`�B�M�+�B�T�H�2 �Q�7�;���m�;�2 �B�M�p���`�B���M�+�2�- �Q�` �i�?�2

�b�v�K�K�2�i�`�v �m�M�/�2�` �+�Q�M�i�B�M�m�Q�m�b �;�`�Q�m�T�b �Q�7 �i�`���M�b�7�Q�`�K���i�B�Q�M�b �r�B�i�? �b�T���+�2�i�B�K�2 �/�2�T�2�M�/�2�M�i �T���@
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�h�Q �b�i���`�i�- �r�2 �T�B�+�F �i�?�2 �G�B�2 �;�`�Q�m�T �l�U�R�V�- ���M�/ �/�B�b�+�m�b�b �?�Q�r �� �T�?�Q�i�Q�M �}�2�H�/ �7�Q�H�H�Q�r�b ���b ��

�+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �;���m�;�2 �B�M�p���`�B���M�+�2�X �A�K���;�B�M�2 �i�?���i �r�2 �b�i���`�i �r�B�i�? �� �7�`�2�2 �7�2�`�K�B�Q�M �G���;�`���M�;�B���M
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�Q�7 �i�?�2 �7�Q�`�K	 0(x) = exp( � ieQ� )	( x)�- �r�?�2�`�2e �B�b �i�?�2 �2�H�2�+�i�`�B�+ �+�?���`�;�2 �Q�7 �i�?�2 �7�2�`�K�B�Q�M�-Q

�B�b �� �`�2���H �M�m�K�#�2�` �i�?���i �;�2�M�2�`���i�2�b �i�?�2 �l�U�R�V �i�`���M�b�7�Q�`�K���i�B�Q�M�- ���M�/� �B�i�b �T���`���K�2�i�2�`�X �q�?���i

�?���T�T�2�M�b �B�7 �M�Q�r �r�2 �+�Q�M�b�B�/�2�`� �i�Q �#�2 �b�T���+�2�i�B�K�2 �/�2�T�2�M�/�2�M�i�\ �h�?�2 �T�`�Q�/�m�+�i �`�m�H�2 �7�Q�` �i�?�2

�/�2�`�B�p���i�B�p�2 �v�B�2�H�/�b ���M ���/�/�B�i�B�Q�M���H �i�2�`�K�- ���M�/ �i�?�2 �G���;�`���M�;�B���M �B�b �M�Q �H�Q�M�;�2�` �B�M�p���`�B���M�i �m�M�/�2�`

�i�?�B�b �F�B�M�/ �Q�7 �H�Q�+���H �i�`���M�b�7�Q�`�K���i�B�Q�M�X �A�M �T���`�i�B�+�m�H���`�- �i�?�2 �G���;�`���M�;�B���M �+�?���M�;�2�b �#�v �i�?�2 ���K�Q�m�M�i

� L 	 = eQ @� � (x)	( x) � 	( x): �U�k�X�j�j�V

�A�M �T�`�B�M�+�B�T�H�2�- �i�Q �B�K�T�Q�b�2 �;���m�;�2 �B�M�p���`�B���M�+�2 �r�2 �r�Q�m�H�/ �H�B�F�2 �i�Q �2�M�b�m�`�2 �i�?�2 �B�M�p���`�B���M�+�2 �Q�7

�i�?�2 �G���;�`���M�;�B���M �7�Q�` ���M�v �7�m�M�+�i�B�Q�M� (x)�X �h�?�2�`�2�7�Q�`�2�- �r�2 ���`�2 �7�Q�`�+�2�/ �i�Q �B�M�+�H�m�/�2 �� �M�2�r

�/�2�;�`�2�2 �Q�7 �7�`�2�2�/�Q�K �B�M �i�?�2 �G���;�`���M�;�B���M�c �� �p�2�+�i�Q�` �#�Q�b�Q�M �i�?���i �r�2 �/�2�M�Q�i�2 �#�vA � (x)�X �h�Q �i�?�2

�G���;�`���M�;�B���M�- �r�2 ���/�/ �i�?�2 �M�2�r �i�2�`�K

L j = � eQ	( x) � A � (x)	( x); �U�k�X�j�9�V

���M�/ �/�2�K���M�/ �i�?���i �i�?�2 �p�2�+�i�Q�` �#�Q�b�Q�M �i�`���M�b�7�Q�`�K�b ���b

A0� (x) = A � (x) + @� � (x) �U�k�X�j�8�V

�m�M�/�2�` �i�?�2 �H�Q�+���H �l�U�R�V �i�`���M�b�7�Q�`�K���i�B�Q�M�X �h�?�B�b �B�b �2�M�Q�m�;�? �i�Q �K���F�2 �i�?�2 �2�t�i�`�� �i�2�`�K �B�M �U�k�X�j�j�V

�+���M�+�2�H�- ���i �i�?�2 �+�Q�b�i �Q�7 �B�M�i�`�Q�/�m�+�B�M�; �� �M�2�r �}�2�H�/ �i�Q �i�?�2 �i�?�2�Q�`�v�X �>�Q�r�2�p�2�`�- �M�Q�r �i�?���i �r�2
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�U�k�X�j�8�V �B�b �Q�#�p�B�Q�m�b�H�v �`�2�K�B�M�B�b�+�2�M�i �Q�7 �i�?�2 �7�`�2�2�/�Q�K �i�Q �+�?�Q�Q�b�2 �� �7�Q�m�`�@�p�2�+�i�Q�` �T�Q�i�2�M�i�B���H �7�Q�` �i�?�2

�1�J �}�2�H�/ �B�M �J���t�r�2�H�H�ö�b �i�?�2�Q�`�v�X �>�2�M�+�2�- �r�2 �+���M �;�m�2�b�b �i�?���i �B�i�b �F�B�M�2�i�B�+ �i�2�`�K �B�b
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F �� (x)F�� (x) �U�k�X�j�e�V

�r�?�B�+�?�- ���b �B�i �+���M �#�2 �2���b�B�H�v �p�2�`�B�}�2�/�- �B�b �B�M�p���`�B���M�i �m�M�/�2�` �U�k�X�j�8�V�X �S�m�i�i�B�M�; �2�p�2�`�v�i�?�B�M�; �i�Q�@

�;�2�i�?�2�` ���b �i�?�2 �b�m�K �Q�7L 	 + L j + L A �- �r�2 �}�M�/ �i�?�2 �G���;�`���M�;�B���M �Q�7 �Z�1�.�,

L QED = 	( x) ( i � D � � m) 	( x) �
1
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F �� (x)F�� (x): �U�k�X�j�d�V

���#�Q�p�2�- �r�2 �B�M�i�`�Q�/�m�+�2�/ �i�?�2�;���m�;�2 �+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2�- �/�2�}�M�2�/ ���b

D � � @� + ieQA � (x): �U�k�X�j�3�V

���b �b�m�;�;�2�b�i�2�/ �#�v �B�i�b �M���K�2�- �i�?�B�b �/�2�`�B�p���i�B�p�2 �B�b �+�Q�p���`�B���M�i �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �;���m�;�2 �i�`���M�b�@

�7�Q�`�K���i�B�Q�MU(x) = exp [ � ieQ� (x)]�- �B�X�2�X�-

(D � 	( x))0 = U(x)D � 	( x) �U�k�X�j�N�V

�h�?�2 �+�Q�M�+�H�m�b�B�Q�M �7�`�Q�K �i�?�B�b �/�B�b�+�m�b�b�B�Q�M �B�b �i�?���i �;���m�;�2 �B�M�p���`�B���M�+�2 �+���M �#�2 �i���F�2�M ���b ��

�7�m�M�/���K�2�M�i���H �T�Q�b�i�m�H���i�2�X �h�?�2 �K�Q�b�i �;�2�M�2�`���H �G���;�`���M�;�B���M �+�Q�K�T���i�B�#�H�2 �r�B�i�? �i�?�B�b �T�`�B�M�+�B�T�H�2

�+�Q�M�i���B�M�b �� �p�2�+�i�Q�` �#�Q�b�Q�M ���M�/ ���M �B�M�i�2�`���+�i�B�Q�M �i�2�`�K �#�2�i�r�2�2�M �i�?�B�b �#�Q�b�Q�M ���M�/ �K���i�i�2�` �}�2�H�/�b�X

�>�Q�r�2�p�2�`�- �i�?�B�b �+�Q�M�b�i�`�m�+�i�B�Q�M �B�b �M�Q�i �`�2�b�i�`�B�+�i�2�/ �i�Q �i�?�2 ���#�2�H�B���M �l�U�R�V �;�`�Q�m�T�X �"�2�H�Q�r�- �r�2

�;�2�M�2�`���H�B�b�2 �B�i �i�Q �i�?�2 �a�l�UN �V �;�`�Q�m�T�- �r�?�B�+�? �B�b �Q�7 �T���`�i�B�+�m�H���` �`�2�H�2�p���M�+�2 �B�M �T���`�i�B�+�H�2 �T�?�v�b�B�+�b�X

�:�2�M�2�`�B�+���H�H�v�- �r�2 �b���v �i�?���i �r�2 �/�2�K���M�/ �B�M�p���`�B���M�+�2 �m�M�/�2�` ���;���m�;�2�Q��̀b�v�K�K�2�i�`�v �;� �̀Q�m�T�X

�>�2�`�2�- �r�2 �/�2�M�Q�i�2 �B�i �r�B�i�?S�- ���M�/ �7�Q�` �Q�m�` �T�`�2�b�2�M�i �T�m�`�T�Q�b�2�b �B�i�b �2�H�2�K�2�M�i�b �+���M �#�2 �r�`�B�i�i�2�M ���b

S 3 s = exp

 

� ig
dim SX

a=1

� a(x)Ta

!

; �U�k�X�9�y�V

�r�?�2�`�2 �i�?�2 �`�2���H �T���`���K�2�i�2�`g �B�b �i�?�2�;���m�;�2 �+�Q�m�T�H�B�M�;�Ue �B�M �i�?�2 �Z�1�. �2�t���K�T�H�2�V�-� a(x) ���`�2 �i�?�2

�i�`���M�b�7�Q�`�K���i�B�Q�M �T���`���K�2�i�2�`�b�- ���M�/ �i�?�2 �i�`���+�2�H�2�b�b �>�2�`�K�B�i�B���M �K���i�`�B�+�2�bTa ���`�2 �i�?�2�;�2�M�2� �̀��i�Q�`�b

�Q�7 �i�?�2 �G�B�2 �;�`�Q�m�T �UQ �B�M �i�?�2 �T�`�2�p�B�Q�m�b �/�B�b�+�m�b�b�B�Q�M�V�X �L�Q�i�2 �i�?���i �i�?�2 �B�M�/�2�ta �`�m�M�b �7�`�Q�K �R

�i�Q �i�?�2 �/�B�K�2�M�b�B�Q�M �Q�7 �i�?�2 ���H�;�2�#�`�� �Q�7S�- �/�2�M�Q�i�2�/ �#�vdim S�X �6�Q�` �i�?�2 �+���b�2 �Q�7 �i�?�2 �a�l�UN �V

�;�`�Q�m�T�- �i�?�2 �/�B�K�2�M�b�B�Q�M �Q�7 �i�?�2 ���H�;�2�#�`�� �B�bN 2 � 1�X �A�i�b �G�B�2 ���H�;�2�#�`�� �B�b �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2

�+�Q�K�K�m�i���i�B�Q�M �`�2�H���i�B�Q�M�b

[Ta; Tb] = if abcTc; �U�k�X�9�R�V



�*�?���T�i�2�` �k�X �h�?�2 �a�i���M�/���`�/ �J�Q�/�2�H �k�e

�r�?�2�`�2 �i�?�2�b�i�`�m�+�i�m� �̀2 �+�Q�M�b�i���M�i�bf abc ���`�2 �i�Q�i���H�H�v ���M�i�B�b�v�K�K�2�i�`�B�+�X

�q�2 �+���M �`�2�T�2���i �i�?�2 �b�i�2�T�b �B�M�p�Q�H�p�2�/ �B�M�;���m�;�B�M�;�l�U�R�V�- �#�m�i �M�Q�r �;�2�M�2�`���H�B�b�2�/ �i�Q �i�?�2 �a�l�UN �V

�;�`�Q�m�T�X �q�2 �+�Q�M�b�B�/�2�` �� �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �;�`�Q�m�T �2�H�2�K�2�M�is�- �i�?���i �r�2 �+���H�HR(s)�X �a�B�M�+�2

�i�?�2 �/�B�K�2�M�b�B�Q�M �Q�7 �i�?�B�b �`�2�T�`�2�b�2�M�i���i�B�Q�M �+���M �#�2 �;�`�2���i�2�` �i�?���M �Q�M�2�- �r�2 �/�2�}�M�2 ���K�m�H�i�B�T�H�2�i

�Q�7 �}�2�H�/�b �i�?���i �i�`���M�b�7�Q�`�K�b �m�M�/�2�` �b�m�+�? �`�2�T�`�2�b�2�M�i���i�B�Q�M�X �h�?�2�M�- �i�?�2 �;���m�;�2 �i�`���M�b�7�Q�`�K���i�B�Q�M

���+�i�B�M�; �Q�M �� �;���m�;�2 �K�m�H�i�B�T�H�2�i	( x) �i���F�2�b �i�?�2 �7�Q�`�K

[R(s)	( x)]i � Uij (x)	 j (x); �U�k�X�9�k�V

�r�?�2�`�2

	( x) =

0

B
B
B
@

	 1(x)
�X�X�X

	 r (x)

1

C
C
C
A

; �U�k�X�9�j�V

���M�/r �/�2�M�Q�i�2�b �i�?�2 �/�B�K�2�M�b�B�Q�M �Q�7 �i�?�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �;���m�;�2 �;�`�Q�m�T�X �a�B�M�+�2 �i�?�2 �;�2�M�@

�2�`���i�Q�`�b �Q�7 �i�?�2 �;�`�Q�m�T ���`�2 �>�2�`�K�B�i�B���M�- �i�?�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �r�2 �m�b�2 ���`�2 ���H�b�Q �m�M�B�i���`�v�X �A�M �i�?�2

�a�J�- �r�2 �K�Q�b�i�H�v �/�2���H �r�B�i�? �}�2�H�/�b	( x) �i�?���i �i�`���M�b�7�Q�`�K �B�M �i�?�2 �7�m�M�/���K�2�M�i���H �`�2�T�`�2�b�2�M�i���i�B�Q�M

�Q�7 �a�l�UN �V�- �?�2�M�+�2�-r = N �X �h�?�2�`�2�7�Q�`�2�- �r�2 �+�Q�M�b�B�/�2�` �i�?�B�b �`�2�T�`�2�b�2�M�i���i�B�Q�M �7�Q�` �i�?�2 �;�2�M�2�`���i�Q�`�b

Ta�X �q�B�i�? �i�?�B�b �+�?�Q�B�+�2�- �r�2 �/�2�}�M�2 ���H�;�2�#�`���@�p���H�m�2�/ �;���m�;�2 �#�Q�b�Q�M�b ���b

A � (x) �
X

a

Aa
� (x)Ta; �U�k�X�9�9�V

���M�/ �� �+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2

D � � @� + ig
X

a

Aa
� (x)Ta: �U�k�X�9�8�V

�� �.�B�`���+ �Q�` �E�H�2�B�M�@�:�Q�`�/�Q�M �G���;�`���M�;�B���M �r�?�2�`�2 �i�?�2 �/�2�`�B�p���i�B�p�2�b ���`�2 �T�`�Q�K�Q�i�2�/ �i�Q �+�Q�p���`�B���M�i

�Q�M�2�b �B�b �;���m�;�2 �B�M�p���`�B���M�i �T�`�Q�p�B�/�2�/ �i�?���i �i�?�2 �;���m�;�2 �}�2�H�/�b �i�`���M�b�7�Q�`�K ���b

A0
� (x) = U(x)A � (x)U� 1(x) +

i
g

@� U(x) U� 1(x): �U�k�X�9�e�V

�A�M �Q�i�?�2�` �r�Q�`�/�b�- �i�Q �;���m�;�2 �i�?�2 �b�v�K�K�2�i�`�v �Q�7 �� �}�2�H�/ �i�`���M�b�7�Q�`�K�B�M�; �m�M�/�2�` �i�?�2 �7�m�M�/���K�2�M�i���H

�`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �a�l�UN �V�- �r�2 �M�2�2�/ �i�Q �B�M�i�`�Q�/�m�+�2 �Q�M�2 �;���m�;�2 �}�2�H�/ �T�2�` �;�`�Q�m�T �;�2�M�2�`���i�Q�`�-

���M�/ ���/�/ ���K�B�M�B�K���H �+�Q�m�T�H�B�M�;�#�2�i�r�2�2�M �i�?�2 �}�2�H�/ ���M�/ �i�?�2 �;���m�;�2 �#�Q�b�Q�M�b �m�b�B�M�; �i�?�2 �+�Q�p���`�B���M�i

�/�2�`�B�p���i�B�p�2 �U�k�X�9�8�V�X

�C�m�b�i ���b �#�2�7�Q�`�2�- �r�2 �?���p�2 �}�2�H�/ �b�i�`�2�M�;�i�? �i�2�M�b�Q�`�b �7�Q�` �i�?�2 �;���m�;�2 �#�Q�b�Q�M�b�X �A�M �i�?�2 �M�Q�M�@

���#�2�H�B���M �+���b�2�- �i�?�2�b�2 ���`�2 �/�2�}�M�2�/ ���b

F�� (x) = @� A � (x) � @� A � (x) + ig [A � (x); A � (x)] ; �U�k�X�9�d�V



�*�?���T�i�2�` �k�X �h�?�2 �a�i���M�/���`�/ �J�Q�/�2�H �k�d

�r�?�2�`�2 �i�?�2 �+�Q�K�K�m�i���i�Q�` ���+�i�b �Q�M �i�?�2 �b�T���+�2 �Q�7 �i�?�2 �7�m�M�/���K�2�M�i���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �a�l�UN �V�X

�h�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �`�m�H�2

F 0
�� (x) = U(x)F�� (x) U� 1(x) �U�k�X�9�3�V

�+���M �#�2 �2���b�B�H�v �+�Q�M�}�`�K�2�/ �m�b�B�M�; �U�k�X�9�e�V�X �h�?�B�b �K�2���M�b �i�?���i �r�2 �+���M �+�`�2���i�2 �� �;���m�;�2 �B�M�p���`�B���M�i

�F�B�M�2�i�B�+ �i�2�`�K ���b

L A = �
1
2

Tr f F�� (x)F�� (x)g; �U�k�X�9�N�V

�r�?�2�`�2 �r�2 �?���p�2 ���b�b�m�K�2�/ �i�?�2 �m�b�m���H �M�Q�`�K���H�B�b���i�B�Q�M

Tr f TaTbg =
1
2

� ab �U�k�X�8�y�V

�C�Q�B�M�B�M�; ���H�H �i�?�2 �a�l�UN �V �B�M�p���`�B���M�i �T�B�2�+�2�b �i�?���i �B�M�p�Q�H�p�2 �i�?�2 �K���i�i�2�` �}�2�H�/	( x) ���M�/ �i�?�2

�;���m�;�2 �}�2�H�/�b�- �r�2 ���`�`�B�p�2 ���i �i�?�2 �u���M�;�@�J�B�H�H�b �G���;�`���M�;�B���M�,

L YM � �
1
2

Tr f F�� (x)F �� (x)g + 	( x) ( i � D � � m) 	( x)

= �
1
4

F a
�� (x)F a�� (x) + 	( x) ( i � @� � m) 	( x) � g	( x) � A � (x)	( x); �U�k�X�8�R�V

�r�?�2�`�2 �� �b�m�K �Q�p�2�`a �B�b �B�K�T�H�B�2�/ �B�M �i�?�2 �}�`�b�i �i�2�`�K �Q�7 �i�?�2 �b�2�+�Q�M�/ �H�B�M�2�X �6�Q�` �� �b�+���H���`

�i�?���i �i�`���M�b�7�Q�`�K�b �m�M�/�2�` �i�?�2 �7�m�M�/���K�2�M�i���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �a�l�UN �V�- �i�?�2 �b���K�2 �2�t�T�`�2�b�b�B�Q�M

�?�Q�H�/�b �#�v �+�?���M�;�B�M�; �i�?�2 �K�B�M�B�K���H�H�v �+�Q�m�T�H�2�/ �.�B�`���+ �G���;�`���M�;�B���M �7�Q�` �B�i�b �b�+���H���` �+�Q�m�M�i�2�`�T���`�i�X

�� �+�Q�M�b�T�B�+�m�Q�m�b �/�v�M���K�B�+���H �7�2���i�m�`�2 �Q�7 �M�Q�M�@���#�2�H�B���M �K�Q�/�2�H�b �B�b �i�?���i �i�?�2�v �B�M�+�H�m�/�2 �;���m�;�2

�#�Q�b�Q�M �b�2�H�7�@�B�M�i�2�`���+�i�B�Q�M�b�X �h�?�2�b�2 �Q�`�B�;�B�M���i�2 �7�`�Q�K �i�?�2 �;���m�;�2 �#�Q�b�Q�M �F�B�M�2�i�B�+ �i�2�`�K�b �r�?�2�M �i�?�2

�+�Q�K�K�m�i���i�Q�` �B�M �U�k�X�9�d�V �B�b �M�Q�M�@�x�2�`�Q�X ���M �B�K�T�H�B�+���i�B�Q�M �Q�7 �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �i�?�2�b�2 �i�2�`�K�b �B�b

�i�?���i �i�?�2 �+�Q�m�T�H�B�M�; �+���M �;�2�i �b�i�`�Q�M�;�2�` ���i �H�Q�r�2�` �b�+���H�2�b�- �K���F�B�M�; �i�?�B�b �+�H���b�b �Q�7 �i�?�2�Q�`�B�2�b ��

�;�Q�Q�/ �+���M�/�B�/���i�2 �i�Q �/�2�b�+�`�B�#�2 �b�i�`�Q�M�; �B�M�i�2�`���+�i�B�Q�M�b�X �� �/�B�b�+�m�b�b�B�Q�M �Q�M �i�?�2 �[�m���M�i�B�b���i�B�Q�M �Q�7

�i�?�2�b�2 �i�?�2�Q�`�B�2�b �B�b �m�M�M�2�+�2�b�b���`�v �7�Q�` �i�?�2 �T�m�`�T�Q�b�2�b �Q�7 �i�?�B�b �i�?�2�b�B�b�- �?�Q�r�2�p�2�`�- �� �+�Q�K�T�`�2�?�2�M�b�B�p�2

�2�t�T�Q�b�B�i�B�Q�M �+���M �#�2 �7�Q�m�M�/ �B�M �(�9�N�)�X

�k�X�k �h�?�2 �a�i���M�/���`�/ �J�Q�/�2�H �G���;�`���M�;�B���M

�k�X�k�X�R �:���m�;�2 �:�`�Q�m�T ���M�/ �S���`�i�B�+�H�2 �*�Q�M�i�2�M�i

�h�?�2 �;���m�;�2 �;�`�Q�m�T �Q�7 �i�?�2 �a�J �B�b �a�l�U�j�Vc 
 �a�l�U�k�VL 
 �l�U�R�VY �X �h�?�2 �b�m�#�b�+�`�B�T�ic �`�2�7�2�`�b �i�Q

�+�Q�H�Q�m�` �+�?��� �̀;�2�- �r�?�B�+�? �B�b ���b�b�B�;�M�2�/ �i�Q �T���`�i�B�+�H�2�b �i�?���i �T���`�i�B�+�B�T���i�2 �B�M �i�?�2 �b�i�`�Q�M�; �B�M�i�2�`���+�i�B�Q�M�X



�*�?���T�i�2�` �k�X �h�?�2 �a�i���M�/���`�/ �J�Q�/�2�H �k�3

L�- �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�- �B�M�/�B�+���i�2�b �i�?���i �Q�M�H�v �H�2�7�i�@�?���M�/�2�/ �7�2�`�K�B�Q�M�b ���`�2 ���z�2�+�i�2�/ �#�v �i�`���M�b�7�Q�`�@

�K���i�B�Q�M�b �m�M�/�2�` �i�?�2 �a�l�U�k�VL �;�`�Q�m�T�X �G���b�i�H�v�- �i�?�2Y �b�m�#�b�+�`�B�T�i �B�M�/�B�+���i�2�b �?�v�T�2�`�+�?���`�;�2�- �r�?�B�+�?

�B�b �;�2�M�2�`���i�Q�` �Q�7 �l�U�R�VY �i�`���M�b�7�Q�`�K���i�B�Q�M�b�- ���M�/ �+�H�Q�b�2�H�v �`�2�H���i�2�/ �i�Q �2�H�2�+�i�`�B�+ �+�?���`�;�2�X �h�?�m�b�-

�i�?�2 ���+�i�B�Q�M �Q�7 �� �;�2�M�2�`���H �;���m�;�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �Q�M ���M �a�J �T���`�i�B�+�H�2 �r�B�i�? �?�v�T�2�`�+�?���`�;�2Y �B�b

	 0 = exp[� igs a(x)Ta] exp[� igw � i (x)� i ] exp[� igy � (x)Y=2]	 ; �U�k�X�8�k�V

�r�?�2�`�2gs�-gw �- ���M�/gy ���`�2 �i�?�2 �b�i�`�Q�M�;�- �r�2���F�- ���M�/ �?�v�T�2�`�+�?���`�;�2 �;���m�;�2 �+�Q�m�T�H�B�M�;�b�- �`�2�b�T�2�+�@

�i�B�p�2�H�v�X �L�Q�i�2 �i�?���i �?�2�M�+�2�7�Q�`�i�? �r�2 �/�`�Q�T �i�?�2 �b�T���+�2�i�B�K�2 �/�2�T�2�M�/�2�M�+�2 �Q�7 �i�?�2 �}�2�H�/�b�X

�h�?�2 �}�`�b�i �2�t�T�Q�M�2�M�i�B���H �7�m�M�+�i�B�Q�M �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �� �}�M�B�i�2 �a�l�U�j�Vc �i�`���M�b�7�Q�`�K���i�B�Q�M�X �6�Q�`

�i�?�2 �7�Q�H�H�Q�r�B�M�; �/�B�b�+�m�b�b�B�Q�M�- �Q�m�` �K���B�M �+�Q�M�+�2�`�M �B�b �i�?�2 �7�m�M�/���K�2�M�i���H �`�2�T�`�2�b�2�M�i���i�B�Q�M�- �7�Q�` �r�?�B�+�?
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�*�?���T�i�2�` �k�X �h�?�2 �a�i���M�/���`�/ �J�Q�/�2�H �j�j

�6�B�;�m�`�2 �k�X�R�, �o���+�m�m�K �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �T�Q�i�2�M�i�B���H �Q�7 �7�Q�` �� �+�Q�K�T�H�2�t �b�+���H���` �}�2�H�/' �X �h�?�2 �H�2�7�i
�T���M�2�H �b�?�Q�r�b �i�?�2 �+���b�2 �r�?�2�M� 2 �b���i�B�b�}�2�b� 2 > 0�- �r�?�B�H�2 �i�?�2 �`�B�;�?�i �T���M�2�H �b�?�Q�r�b �i�?�2� 2 < 0
�+���b�2�X

�b�v�K�K�2�i�`�v�X �h�?�2�b�2 ���`�2 �ó�2���i�2�M�ô �#�v �i�?�2 �;���m�;�2 �#�Q�b�Q�M�b�- �r�?�B�+�? ���+�[�m�B�`�2 �� �H�Q�M�;�B�i�m�/�B�M���H �/�2�@

�;�`�2�2 �Q�7 �7�`�2�2�/�Q�K �(�j���8�)�- �i�?�2�`�2�#�v �H�2���/�B�M�; �i�Q �i�?�`�2�2 �K���b�b�B�p�2 �;���m�;�2 �#�Q�b�Q�M�b ���M�/ �� �K���b�b�H�2�b�b

�Q�M�2�X �h�Q �B�H�H�m�b�i�`���i�2 �i�?�2 �;�2�M�2�`���i�B�Q�M �Q�7 �;���m�;�2 �#�Q�b�Q�M �K���b�b �i�2�`�K�b�- �r�2 �+�Q�M�b�B�/�2�` �i�?�2 �7�Q�H�H�Q�r�B�M�;

�T���`���K�2�i�`�B�b���i�B�Q�M �7�Q�` �i�?�2 �>�B�;�;�b �}�2�H�/�,

�( x) =

0

@
� +

1
p

2
(v + h0 + i� 0)

1

A ; �U�k�X�e�8�V

�r�?�2�`�2� 0 ���M�/� + ���`�2 �i�?�2 �M�2�m�i�`���H ���M�/ �+�?���`�;�2�/ �:�Q�H�/�b�i�Q�M�2 �#�Q�b�Q�M�b�- �`�2�b�T�2�+�i�B�p�2�H�v�- ���M�/h0

�B�b �i�?�2 �>�B�;�;�b �#�Q�b�Q�M�X �q�2 �+���M �2�t�T���M�/ �i�?�2 �F�B�M�2�i�B�+ �i�2�`�K �Q�7 �i�?�2 �>�B�;�;�b �#�Q�b�Q�M �i�Q �}�M�/ �i�?�2

�;���m�;�2 �#�Q�b�Q�M �K���b�b�2�b�X �E�2�2�T�B�M�; �Q�M�H�v �[�m���/�`���i�B�+ �i�2�`�K�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�Qv2�- �r�2 �}�M�/

(D � �) y(D � �) �
1
8

�
�
�
�
�

 
gyB � + gwW 3

� gw(W 1
� � iW 2)

gw(W 1
� + iW 2) gyB � � gwW 3

�

!  
0

v

! �
�
�
�
�

2

�
v2

4
g2

wW +
� W � � +

v2

8

�
g2

yB � B � � 2gwgyW 3
� B � + g2

wW 3
� W 3�

�

�
v2

4
g2

wW +
� W � � +

v2
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�
B � ; W3

�

�
 

g2
y � gygw

� gwgy g2
w

!  
B �

W 3�

!

: �U�k�X�e�e�V

�P�M �i�?�2 �b�2�+�Q�M�/ �H�B�M�2�- �r�2 �/�2�}�M�2�/ �i�?�2 �+�?���`�;�2�/W �#�Q�b�Q�M�b ���bW � = 1p
2

(W 1 � iW 2)�X �h�Q

�/�2���H �r�B�i�? �i�?�2 �b�2�+�Q�M�/ �i�2�`�K�- �r�2 �M�2�2�/ �i�Q �/�B���;�Q�M���H�B�b�2 �i�?�2 �K���b�b �K���i�`�B�t �i�?���i �T���`���K�2�i�`�B�b�2�b



�*�?���T�i�2�` �k�X �h�?�2 �a�i���M�/���`�/ �J�Q�/�2�H �j�9

�i�?�2B � �� W 3
� �K�B�t�B�M�;�X �h�?�2 �K���b�b �2�B�;�2�M�b�i���i�2�b ���`�2 �i�?�2Z �#�Q�b�Q�M ���M�/ �i�?�2 �T�?�Q�i�Q�M�- �`�2�b�T�2�+�@

�i�B�p�2�H�v �2�t�T�`�2�b�b�2�/ ���b �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�K�#�B�M���i�B�Q�M�b �Q�7 �i�?�2 �r�2���F �2�B�;�2�M�b�i���i�2�b�,

Z � =
1

p
g2

y + g2
w

�
gwW 3

� � gyB �
�

�U�k�X�e�d�V

A � =
1

p
g2

y + g2
w

�
gyW 3

� + gwB �
�

: �U�k�X�e�3�V

�_�2�T�H���+�B�M�; �i�?�2�b�2 �/�2�}�M�B�i�B�Q�M�b �B�M �i�?�2 �G���;�`���M�;�B���M �v�B�2�H�/�b

(D � �) y(D � �) �
v2

4
g2

wW +
� W � � +

v2

8

�
g2

y + g2
w

�
Z � Z � + 0 � A � A � : �U�k�X�e�N�V

�6�`�Q�K �?�2�`�2�- �r�2 �+���M �`�2���/ �i�?�2 �i�`�2�2�@�H�2�p�2�H �;���m�;�2 �#�Q�b�Q�M �K���b�b�2�b �;�2�M�2�`���i�2�/ ���7�i�2�` �a�a�"�X �q�2

�/�2�}�M�2 �i�?�2�K ���b

MW =
v
2

gw ; MZ =
v
2

q
g2

y + g2
w ; MA = 0 �U�k�X�d�y�V

�7�Q�` �i�?�2W �#�Q�b�Q�M�-Z �#�Q�b�Q�M�- ���M�/ �i�?�2 �T�?�Q�i�Q�M �(�k�-�d�-�3�)�X �L�Q�i�2 �i�?���i �i�?�2 �H���b�i �i�r�Q �+�Q�m�H�/ �?���p�2

�#�2�2�M �2���b�B�H�v �B�M�7�2�`�`�2�/ �#�v �H�Q�Q�F�B�M�; ���i �i�?�2 �i�`���+�2 ���M�/ �i�?�2 �/�2�i�2�`�K�B�M���M�i �Q�7 �i�?�2 �K���b�b �K���i�`�B�t �B�M

�U�k�X�e�e�V�X ���M �B�K�T�Q�`�i���M�i �T���`���K�2�i�2�` �Q�7 �i�?�2 �2�H�2�+�i�`�Q�r�2���F �b�2�+�i�Q�` �Q�7 �i�?�2 �a�J �B�b �i�?�2 �q�2�B�M�#�2�`�;

���M�;�H�2�- �r�?�B�+�? �B�b �/�2�}�M�2�/ �#�v �i�?�2 �`�2�H���i�B�Q�Mtan � w = gy=gw �X

�.�2�}�M�B�M�;� � = � 1 � i� 2�- �i�?�2 �+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2 �7�Q�` �i�?�2 �2�H�2�+�i�`�Q�r�2���F �b�2�+�i�Q�` �+���M �#�2

�r�`�B�i�i�2�M ���b

D � = @� 12 + i
gwp

2

�
� + W +

� + � � W �
�

�
+ iZ �

�
gw �+w � 3 � gy �bw

Y
2

12

�

+ igw �bwA �

�
� 3 +

Y
2

12

�
; �U�k�X�d�R�V

�r�?�2�`�2 �r�2 �?���p�2 �m�b�2�/ �i�?�22� 2 �B�/�2�M�i�B�i�v �K���i�`�B�t �i�Q �7�m�H�H�v ���/�Q�T�i �i�?�2 �7�m�M�/���K�2�M�i���H �`�2�T�`�2�b�2�M�@

�i���i�B�Q�M �Q�7 �a�l�U�k�VL �i�Q �2�t�T�`�2�b�b �i�?�B�b �1�q �/�B�z�2�`�2�M�i�B���H �Q�T�2�`���i�Q�`�X ���b ���M�i�B�+�B�T���i�2�/ �2���`�H�B�2�`�- �i�?�2

�2�H�2�+�i�`�B�+ �+�?���`�;�2 �;�2�M�2�`���i�Q�` �i�m�`�M�b �Q�m�i �i�Q �#�2 �i�?�2 �+�Q�m�T�H�B�M�; �i�Q �i�?�2 �T�?�Q�i�Q�M�- �r�?�B�+�? �B�b ���b�b�Q�+�B�@

���i�2�/ �i�Q �i�?�2 �`�2�b�B�/�m���H �b�v�K�K�2�i�`�v �l�U�R�Vem�X �A�i �+���M ���H�b�Q �#�2 �p�2�`�B�}�2�/ �i�?���i �i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�b

�;�2�M�2�`���i�2�/ �#�vQ = � 3+ Y=212 �H�2���p�2 �i�?�2 �p���+�m�m�K �B�M�p���`�B���M�i�X ���7�i�2�` ���H�H �i�?�2�b�2 �b�m�#�b�i�B�i�m�i�B�Q�M�b�-

�i�?�2 �1�q �;���m�;�2 �#�Q�b�Q�M �F�B�M�2�i�B�+ �i�2�`�K�b ���`�2

L kin
gauge = �

1
4

F�� F �� �
1
4

Z �� Z �� �
1
4

W +
�� W � �� ; �U�k�X�d�k�V

�r�?�2�`�2F�� �-W �
�� ���M�/W �

� ���`�2 �i�?�2 �}�2�H�/ �b�i�`�2�M�;�i�? �i�2�M�b�Q�`�b �Q�7 �i�?�2 �T�?�Q�i�Q�M�-Z �#�Q�b�Q�M ���M�/ �i�?�2



�*�?���T�i�2�` �k�X �h�?�2 �a�i���M�/���`�/ �J�Q�/�2�H �j�8

�+�?���`�;�2�/W �#�Q�b�Q�M�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�b�2 �i�2�M�b�Q�`�b ���`�2 �/�2�}�M�2�/ ���b

F�� � @� A � � @� A � ; �U�k�X�d�j�V

Z �� � @� Z � � @� Z � ; �U�k�X�d�9�V

W �
�� � @� W �

� � @� W �
� : �U�k�X�d�8�V

�L�Q�i�2 �i�?���i �i�?�2 �G���;�`���M�;�B���M�b �U�k�X�e�y�V ���M�/ �U�k�X�d�k�V �/�B�z�2�` �b�B�M�+�2 �i�?�2 �H���i�i�2�` �+�Q�M�i���B�M�b �Q�M�H�v �i�?�2

�F�B�M�2�i�B�+ �i�2�`�K�b �7�Q�` �i�?�2 �1�q �;���m�;�2 �#�Q�b�Q�M�b�- �r�?�B�H�2 �i�?�2 �7�Q�`�K�2�` ���H�b�Q �B�M�+�H�m�/�2�b �i�?�2�B�` �+�m�#�B�+ ���M�/

�[�m���`�i�B�+ �b�2�H�7 �B�M�i�2�`���+�i�B�Q�M�b�- ���H�Q�M�;�b�B�/�2 �r�B�i�? �i�?�2 �;���m�;�2 �b�2�+�i�Q�` �7�Q�` �i�?�2 �b�i�`�Q�M�; �B�M�i�2�`���+�i�B�Q�M�X

�k�X�k�X�9 �6�2�`�K�B�Q�M �b�2�+�i�Q�` �Q�7 �i�?�2 �a�J

�h�?�2 �F�B�M�2�i�B�+ �i�2�`�K�b �Q�7 �i�?�2 �a�J �7�2�`�K�B�Q�M�b �+�Q�M�b�B�b�i �Q�7 �� �q�2�v�H �G���;�`���M�;�B���M �r�B�i�? �� �+�Q�p���`�B���M�i

�/�2�`�B�p���i�B�p�2 �B�M�b�i�2���/ �Q�7 �� �T���`�i�B���H �Q�M�2�X �q�`�B�i�B�M�; �2�t�T�H�B�+�B�i�H�v �i�?�2 �b�m�K �Q�p�2�` �~���p�Q�m�` �B�M�/�B�+�2�b�- �i�?�B�b

�G���;�`���M�;�B���M �B�b �;�B�p�2�M �#�v

L fermions = i
3X

i =1

�
Qi �� � D � Qi + L i �� � D � L i + uiR � � D � uiR

+ eiR � � D � eiR + diR � � D � diR

�
: �U�k�X�d�e�V

���#�Q�p�2�- �r�2 �m�b�2�/ �i�?�2 �b���K�2 �b�v�K�#�Q�H �7�Q�` �i�?�2 �+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2 �B�M �2���+�? �i�2�`�K�- ���H�i�?�Q�m�;�?

�B�i �M�2�2�/�b �i�Q �#�2 �B�M�i�2�`�T�`�2�i�2�/ �/�2�T�2�M�/�B�M�; �Q�M �r�?�B�+�? �}�2�H�/ �B�i �B�b ���+�i�B�M�; �Q�M �U�b�2�2 �h���#�H�2�k�X�R�V�X �A�M

���/�/�B�i�B�Q�M �i�Q �i�?�2 �F�B�M�2�i�B�+ �i�2�`�K�b�- �;���m�;�2 �B�M�p���`�B���M�+�2 ���H�H�Q�r�b �i�`�B�H�B�M�2���` �i�2�`�K�b �i�?���i �+�Q�M�i���B�M �i�r�Q

�7�2�`�K�B�Q�M�b ���M�/ �� �b�+���H���`�X �h�?�2�b�2 ���`�2 �F�M�Q�r�M ���b�u�m�F���r���B�M�i�2�`���+�i�B�Q�M�b�- �Q�`�B�;�B�M���H�H�v �/�2�p�2�H�Q�T�2�/

�i�Q �K�Q�/�2�H �i�?�2 �b�i�`�Q�M�; �7�Q�`�+�2 �#�2�i�r�2�2�M �?���/�`�Q�M�b �(�8�k�)�X �h�?�2 �G���;�`���M�;�B���M �i�?���i �+�Q�M�i���B�M�b ���H�H �i�?�2

�T�Q�b�b�B�#�H�2 �;���m�;�2�@ ���M�/ �G�Q�`�2�M�i�x�@�B�M�p���`�B���M�i �i�2�`�K�b �i�?���i �#�2�H�Q�M�; �i�Q �i�?�B�b �+�H���b�b �+���M �#�2 �r�`�B�i�i�2�M

���b

�L Yuk = L h ` � eR + Q hd � dR + Q hu e� uR + H :c: ; �U�k�X�d�d�V

�r�?�2�`�2 �r�2 ���b�b�m�K�2 ���M �B�K�T�H�B�+�B�i �+�Q�M�i�`���+�i�B�Q�M �Q�7 �~���p�Q�m�` �B�M�/�B�+�2�b�X �h�?�23 � 3 �/�B�K�2�M�b�B�Q�M�H�2�b�b

�K���i�`�B�+�2�bh ` �-hd ���M�/hu ���`�2 �+���H�H�2�/ �i�?�2 �H�2�T�i�Q�M�- �/�Q�r�M�@�i�v�T�2 ���M�/ �m�T�@�i�v�T�2 �u�m�F���r�� �+�Q�m�T�H�B�M�;�b

�`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�b�2 ���`�2 �;�2�M�2�`���H �+�Q�K�T�H�2�t �K���i�`�B�+�2�b �B�M �~���p�Q�m�` �b�T���+�2�X �h�Q �r�`�B�i�2 ���M �m�T�@

�i�v�T�2 �[�m���`�F �K���b�b �i�2�`�K�- �r�2 �/�2�}�M�2�/e� = i� 2� � �- �r�?�B�+�? �i�`���M�b�7�Q�`�K�b �B�M �i�?�2 �b���K�2 �r���v ���b�

�m�M�/�2�` �i�?�2 ���+�i�B�Q�M �Q�7 �a�l�U�k�VL �X �A�i �B�b �� �b�B�K�T�H�2 �2�t�2�`�+�B�b�2 �i�Q �p�2�`�B�7�v �i�?���i �i�?�2�b�2 �i�2�`�K�b ���`�2 �;���m�;�2

�B�M�p���`�B���M�i �#�v �m�b�B�M�; �i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �`�m�H�2�b �Q�7 �2���+�? �}�2�H�/�X



�*�?���T�i�2�` �k�X �h�?�2 �a�i���M�/���`�/ �J�Q�/�2�H �j�e

�h�?�2 �>�B�;�;�b �K�2�+�?���M�B�b�K �2�t�T�H���B�M�2�/ �B�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M �+�Q�M�/�m�+�2�b �M�Q�i �Q�M�H�v �i�Q �i�?�2

�;���m�;�2 �#�Q�b�Q�M �K���b�b �i�2�`�K�b�- �#�m�i ���H�b�Q �i�Q �7�2�`�K�B�Q�M �Q�M�2�b�X �*�Q�M�b�B�/�2�`�B�M�; �i�?�2 �H�B�M�2���` �T���`���K�2�i�`�B�@

�b���i�B�Q�M �7�Q�` �i�?�2 �>�B�;�;�b �}�2�H�/ �;�B�p�2�M �B�M �U�k�X�e�8�V�- �r�2 �+���M �2�t�T���M�/ �i�?�2 �u�m�F���r�� �G���;�`���M�;�B���M ���M�/

�F�2�2�T �Q�M�H�v �i�2�`�K�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �>�B�;�;�b �p�2�p�X �A�M �i�?�B�b �r���v�- �r�2 �}�M�/ �i�?�2 �7�Q�H�H�Q�r�B�M�; �K���b�b

�G���;�`���M�;�B���M �7�Q�` �i�?�2 �7�2�`�K�B�Q�M�b�,

�L mass
Yuk =

v
p

2

�
eL h ` eR + dL hd dR + uL hu uR

�
+ H :c: �U�k�X�d�3�V

���b �K�2�M�i�B�Q�M�2�/ ���#�Q�p�2�- �i�?�2 �u�m�F���r�� �K���i�`�B�+�2�b ���`�2 �+�Q�K�T�H�2�t ���M�/ �+���M �#�2 �;�2�M�2�`���H �B�M �b�i�`�m�+�@

�i�m�`�2�X �h�?�2�`�2�7�Q�`�2�- �B�M �Q�`�/�2�` �i�Q �/�B���;�Q�M���H�B�b�2 �i�?�2�K�- �B�i �B�b �M�2�+�2�b�b���`�v �i�Q �7���+�i�Q�`�B�b�2 �i�?�2�K �r�B�i�?

�B�M�/�2�T�2�M�/�2�M�i �m�M�B�i���`�v �K���i�`�B�+�2�b �i�?���i ���+�i �7�`�Q�K �i�?�2 �H�2�7�i ���M�/ �i�?�2 �`�B�;�?�i�X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �r�2

�K�m�b�i �`�2�b�Q�`�i �i�Q �i�?�2 �b�B�M�;�m�H���` �p���H�m�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �U�a�o�.�V �Q�7 �i�?�2 �K���i�`�B�t�- �r�?�B�+�? �B�M�i�`�Q�/�m�+�2�b

�i�r�Q �m�M�B�i���`�v �K���i�`�B�+�2�bU ���M�/V �i�?���i �b���i�B�b�7�v

h = U bh V � : �U�k�X�d�N�V

���#�Q�p�2�-h �B�b �i�?�2 �i���`�;�2�i �K���i�`�B�t �U�u�m�F���r���- �B�M �Q�m�` �+���b�2�V�- ���M�/bh �B�b �� �/�B���;�Q�M���H �K���i�`�B�t �r�B�i�?

�`�2���H �M�Q�M�@�M�2�;���i�B�p�2 �2�M�i�`�B�2�b�X �:�2�M�2�`�B�+���H�H�v�-h �+���M �#�2m � n�- �B�M �r�?�B�+�? �+���b�2U ���M�/V ���`�2

m � m ���M�/n � n�- �`�2�b�T�2�+�i�B�p�2�H�v�X �l�b�B�M�; �i�?�B�b �7���+�i�Q�`�B�b���i�B�Q�M�- �r�2 �+���M �B�M�i�`�Q�/�m�+�2 �Q�M�2 �b�2�i �Q�7

U ���M�/V �K���i�`�B�+�2�b �7�Q�` �2���+�? �u�m�F���r���- ���M�/ �7���+�i�Q�`�B�b�2 �i�?�2�K ���b

h f = Uf
bh f V �

f : �U�k�X�3�y�V

�7�Q�`f = `; d; u�X �A�M �i�?�B�b �r���v�- �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �K���b�b �2�B�;�2�M�b�i���i�2�b ���`�2 �;�B�p�2�M �#�v

f 0
L � Uy

f f L ; f 0
R � V �

f f R �U�k�X�3�R�V

�6�Q�` �i�?�2 �`�2�K�B�M�/�2�` �Q�7 �i�?�B�b �b�m�#�b�2�+�i�B�Q�M�- �r�2 �`�2�b�2�`�p�2 �i�?�2 �T�`�B�K�2�/ �}�2�H�/�b �i�Q �`�2�7�2�` �i�Q �i�?�2 �K���b�b

�2�B�;�2�M�b�i���i�2�b�- ���H�i�?�Q�m�;�? �i�?�B�b �M�Q�i���i�B�Q�M �B�b �/�`�Q�T�T�2�/ �B�M �i�?�2 �`�2�b�i �Q�7 �i�?�B�b �i�?�2�b�B�b�X

�a�B�M�+�2 �i�?�2 �F�B�M�2�i�B�+ �i�2�`�K�b �Q�7 �i�?�2 �}�2�H�/�b ���`�2 �B�M�p���`�B���M�i �m�M�/�2�` �m�M�B�i���`�v �~���p�Q�m�` �b�T���+�2 �i�`���M�b�@

�7�Q�`�K���i�B�Q�M�b�- �i�?�2 �B�K�T�Q�`�i���M�+�2 �Q�7 �i�?�2 �K���b�b �2�B�;�2�M�#���b�B�b �/�B�b�+�m�b�b�B�Q�M �B�b �M�Q�i �B�K�K�2�/�B���i�2�H�v ���T�@

�T���`�2�M�i�X �A�i �b�2�2�K�b �H�B�F�2 �r�2 �+�Q�m�H�/ �?���p�2 �b�i���`�i�2�/ �r�B�i�? �/�B���;�Q�M���H �u�m�F���r�� �K���i�`�B�+�2�b �r�B�i�?�Q�m�i

�H�Q�b�B�M�; ���M�v �;�2�M�2�`���H�B�i�v�X �>�Q�r�2�p�2�`�- �i�?�2 �`�2�H�2�p���M�+�2 �Q�7 �i�?�2�b�2 �~���p�Q�m�` �b�T���+�2 �`�Q�i���i�B�Q�M�b �`�2�b�B�/�2�b �B�M

�?�Q�r �i�?�2�v �B�K�T���+�i �Q�#�b�2�`�p���#�H�2 �~���p�Q�m�` �i�`���M�b�B�i�B�Q�M�b �B�M�+�?��� �̀;�2�/ �+�m�`� �̀2�M�i�B�M�i�2�`���+�i�B�Q�M�b�X �h�?�2�b�2

���`�2 �K�2�/�B���i�2�/ �#�v �i�?�2W �#�Q�b�Q�M�- ���M�/ �+���M �#�2 �Q�#�i���B�M�2�/ �7�`�Q�K �i�?�2�B�` �K�B�M�B�K���H �+�Q�m�T�H�B�M�; �i�Q



�*�?���T�i�2�` �k�X �h�?�2 �a�i���M�/���`�/ �J�Q�/�2�H �j�d

�H�2�7�i�@�?���M�/�2�/ �}�2�H�/�b�X �A�M �i�?�2 �+���b�2 �Q�7 �[�m���`�F�b�- �r�2 �?���p�2

�L W
int � gw

�
uL ; dL

�
 

0 W +
� �� �

W �
� �� � 0

!  
uL

dL

!

=
gwp

2
uL �� � W +

� dL + H :c:

=
gwp

2
u0

L Uy
u � � W +

� Ud d0
L + H :c:

=
gwp

2
u0

L VCKM �� � W +
� d0

L + H :c: �U�k�X�3�k�V

�P�M �i�?�2 �i�?�B�`�/ �H�B�M�2 ���#�Q�p�2�- �r�2 �i�`���M�b�7�Q�`�K�2�/ �i�?�2 �[�m���`�F�b �i�Q �i�?�2 �K���b�b �#���b�B�b�- ���M�/ �B�M �i�?�2 �H���b�i

�Q�M�2 �r�2 �/�2�}�M�2�/ �i�?�2 �*���#�#�B�#�Q�@�E�Q�#���v���b�?�B�@�J���b�F���r�� �U�*�E�J�V �K���i�`�B�t �(�8�j�) ���bVCKM = Uy
uUd�X

�A�i �+���M �#�2 �b�?�Q�r�M �i�?���i �i�?�B�b �m�M�B�i���`�v �K���i�`�B�t �+���M �#�2 �T���`���K�2�i�`�B�b�2�/ �r�B�i�? �i�?�`�2�2 ���M�;�H�2�b ���M�/

�Q�M�2 �T�?���b�2�X

���M���H�Q�;�Q�m�b �~���p�Q�m�` �K�B�t�B�M�; �2�z�2�+�i�b �2�t�B�b�i �B�M �i�?�2 �H�2�T�i�Q�M �b�2�+�i�Q�`�- ���M�/ �i�?�2�v ���`�2 �/�B�b�+�m�b�b�2�/

�K�Q�`�2 �2�t�i�2�M�b�B�p�2�H�v �B�M �*�?���T�i�2�`�j�X �>�Q�r�2�p�2�`�- �B�M �i�?�2 �b�i�`�B�+�i �+�Q�M�i�2�t�i �Q�7 �i�?�2 �a�J�- �i�?�2 �B�K�T�Q�b�b�B�@

�#�B�H�B�i�v �Q�7 �+�Q�M�b�i�`�m�+�i�B�M�; �� �M�2�m�i�`�B�M�Q �K���b�b �i�2�`�K �K�2���M�b �i�?���i �r�2 �?���p�2 �i�?�2 �7�`�2�2�/�Q�K �i�Q �`�Q�i���i�2

�i�?�2 �M�2�m�i�`�B�M�Q �}�2�H�/�b �r�B�i�? ���`�#�B�i�`���`�v �m�M�B�i���`�v �i�`���M�b�7�Q�`�K���i�B�Q�M�b�X �h�?�B�b �+���M �#�2 �m�b�2�/ �i�Q �+�Q�K�@

�T�2�M�b���i�2 �i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�b �Q�7 �i�?�2 �+�?���`�;�2�/ �H�2�T�i�Q�M�b �m�b�2�/ �i�Q �/�B���;�Q�M���H�B�b�2h ` �- �`�2�b�m�H�i�B�M�; �B�M

�M�Q �~���p�Q�m�` �K�B�t�B�M�;�X

�h�Q �}�M�/ �i�?�2 �`�2�K���B�M�B�M�; �B�M�i�2�`���+�i�B�Q�M�b �Q�7 �i�?�2 �a�J�- �B�i �B�b �M�2�+�2�b�b���`�v �i�Q �2�t�T���M�/ �i�?�2 �;���m�;�2

�F�B�M�2�i�B�+ �i�2�`�K�b �B�M �U�k�X�9�d�V�- �i�?�2 �>�B�;�;�b �F�B�M�2�i�B�+ �i�2�`�K ���M�/ �T�Q�i�2�M�i�B���H �B�M �U2:61�V�- �i�?�2 �+�Q�p���`�B���M�i

�/�2�`�B�p���i�B�p�2�b �B�M �i�?�2 �7�2�`�K�B�Q�M �F�B�M�2�i�B�+ �i�2�`�K�b �Q�7 �U�k�X�d�e�V�- ���M�/ �i�?�2 �u�m�F���r�� �i�2�`�K�b �Q�7 �i�?�2 �G���@

�;�`���M�;�B���M �U�k�X�d�d�V�X �.�2�`�B�p�B�M�; �i�?�2 �6�2�v�M�K���M �`�m�H�2�b �B�M �� �;�2�M�2�`���H �r���v ���H�b�Q �`�2�[�m�B�`�2�b �i�Q �B�M�i�`�Q�/�m�+�2

�;���m�;�2 �}�t�B�M�; �i�2�`�K�b ���M�/ �;�?�Q�b�i�b�X �h�?�2 �T�Q�b�b�B�#�H�2 �;���m�;�2 �+�?�Q�B�+�2�b �+���M �#�2 �/�2�b�+�`�B�#�2�/ �m�b�B�M�; �i�?�2

R� �;���m�;�2�- �r�?�B�+�? �B�M�i�`�Q�/�m�+�2�b �7�Q�m�` �;���m�;�2 �}�t�B�M�; �T���`���K�2�i�2�`�b �B�M �� �;���m�;�2 �}�t�B�M�; �G���;�`���M�;�B���M

�i�?���i �`�2���/�b �(�8�9�)

L GF =
1

2� G
F 2

G +
1

2� A
F 2

A +
1

2� Z
F 2

Z +
1

� W
jFW j2; �U�k�X�3�j�V

�r�?�2�`�2

FG = @� Ga
� ; �U�k�X�3�9�V

FA = @� A � ; �U�k�X�3�8�V

FZ = @� Z � + � Z MZ � 0; �U�k�X�3�e�V

FW = @� W +
� + � W MW � + : �U�k�X�3�d�V



�*�?���T�i�2�` �k�X �h�?�2 �a�i���M�/���`�/ �J�Q�/�2�H �j�3

�A�M�+�H�m�/�B�M�; ���H�H �i�?�2 �`�2�H�2�p���M�i �b�2�+�i�Q�`�b�- �i�?�2 �a�J �G���;�`���M�;�B���M �+���M �#�2 �r�`�B�i�i�2�M ���b

L SM = L gauge + L Higgs + L fermions + L Yuk + L GF + L ghost: �U�k�X�3�3�V

�h�?�2 �B�M�i�2�`�2�b�i�2�/ �`�2���/�2�` �+���M �+�Q�M�b�m�H�i �(�8�9�) �7�Q�` �� �`�2�b�Q�m�`�+�2 �r�B�i�? �i�?�2 �a�J �G���;�`���M�;�B���M �B�M�+�H�m�/�B�M�;

�;�?�Q�b�i�b�- ���M�/ ���H�H �i�?�2 �6�2�v�M�K���M �`�m�H�2�b �7�Q�` �/�B�z�2�`�2�M�i �b�B�;�M ���M�/ �T�`�2�7���+�i�Q�` �+�Q�M�p�2�M�i�B�Q�M�b�X



�*�?���T�i�2�` �j

�L�2�m�i�`�B�M�Q �S�?�v�b�B�+�b

�L�2�m�i�`�B�M�Q�b�- �b�Q�K�2 �Q�7 �i�?�2 �K�Q�b�i ���#�m�M�/���M�i ���M�/ �2�H�m�b�B�p�2 �T���`�i�B�+�H�2�b �B�M �i�?�2 �l�M�B�p�2�`�b�2�- �?���p�2

�#�2�2�M �b�Q�K�2 �b�Q�`�i �Q�7 �2�M�B�;�K�� �b�B�M�+�2 �i�?�2�v �r�2�`�2 �?�v�T�Q�i�?�2�b�B�x�2�/ �#�v �q�Q�H�7�;���M�; �S���m�H�B �B�M �R�N�j�y �i�Q

�b���7�2�;�m���`�/ �i�?�2 �B�/�2���b �Q�7 �2�M�2�`�;�v ���M�/ ���M�;�m�H���` �K�Q�K�2�M�i�m�K �+�Q�M�b�2�`�p���i�B�Q�M �B�M �#�2�i�� �/�2�+���v�b �(�8�8�)�X

�a�Q�K�2 �v�2���`�b ���7�i�2�` �i�?�2 �}�`�b�i �/�2�i�2�+�i�B�Q�M �Q�7 �M�2�m�i�`�B�M�Q�b �#�v �_�2�B�M�2�b ���M�/ �*�Q�r���M �(�8�e�)�- �i�?�2 �a�J

�T�`�Q�p�B�/�2�/ �� �7�`���K�2�r�Q�`�F �i�?���i �r���b ���#�H�2 �i�Q �2�H�2�;���M�i�H�v �2�M�+�Q�K�T���b�b �M�2�m�i�`�B�M�Q�b ���M�/ �K���M�v �Q�i�?�2�`

�T���`�i�B�+�H�2�b�- �?�v�T�Q�i�?�2�i�B�+���H �Q�` �+�Q�M�}�`�K�2�/�- �r�B�i�?�B�M �i�?�2 �m�M�/�2�`�H�v�B�M�; �;���m�;�2�@�b�v�K�K�2�i�`�v �T�`�B�M�+�B�T�H�2

�/�2�b�+�`�B�#�2�/ �B�M �*�?���T�i�2�`�k�X �>�Q�r�2�p�2�`�- �M�2�m�i�`�B�M�Q �Q�b�+�B�H�H���i�B�Q�M �2�t�T�2�`�B�K�2�M�i�b �?���p�2 �b�?�Q�r�M �i�?���i

�+�Q�M�i�`���`�v �i�Q �r�?���i �r���b ���b�b�m�K�2�/ �r�?�2�M �i�?�2 �a�J �r���b �+�Q�M�+�2�B�p�2�/�- �M�2�m�i�`�B�M�Q�b �?���p�2 �K���b�b�X

�A�M �T���`�i�B�+�m�H���`�- �i�?�2 �>�Q�K�2�b�i���F�2 �2�t�T�2�`�B�K�2�M�i �+�Q�M�/�m�+�i�2�/ �#�v �.���p�B�b �(�8�d�) �/�B�b���;�`�2�2�/ �r�B�i�?

�i�?�2 �T�`�2�/�B�+�i�2�/ �b�Q�H���` �M�2�m�i�`�B�M�Q �~�m�t�- �� �/�B�b�+�`�2�T���M�+�v �F�M�Q�r�M ���b �i�?�2 �b�Q�H���` �M�2�m�i�`�B�M�Q �T�`�Q�#�H�2�K�X

�h�?�B�b �b�m�#�b�2�[�m�2�M�i�H�v �H�2�/ �i�Q �i�?�2 �?�v�T�Q�i�?�2�b�B�b �i�?���i �M�2�m�i�`�B�M�Q�b �+�Q�m�H�/ �#�2 �K���b�b�B�p�2 ���M�/ �2�t�T�2�`�B�@
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�2�[�m���H �2�M�2�`�;�v �Q�` �2�[�m���H �K�Q�K�2�M�i�m�K �7�Q�` �i�?�2 �K���b�b �2�B�;�2�M�b�i���i�2�b�- ���H�i�?�Q�m�;�? �B�i �?���b �#�2�2�M ���`�;�m�2�/

�i�?���i �� �}�`�b�i �T�`�B�M�+�B�T�H�2 �/�2�`�B�p���i�B�Q�M �`�2�[�m�B�`�2�b �� �+�Q�M�b�B�b�i�2�M�i �i�?�2�Q�`�2�i�B�+���H �7�`���K�2�r�Q�`�F �i�?���i �i�`�2���i�b

�M�2�m�i�`�B�M�Q�b ���b �r���p�2 �T���+�F�2�i�b �U�b�2�2�- �7�Q�` �B�M�b�i���M�+�2�- �(�e�9�) ���M�/ �`�2�7�2�`�2�M�+�2�b �i�?�2�`�2�B�M�V�X �>�2�`�2�- �r�2

���/�Q�T�i �i�?�2 �2�[�m���H �K�Q�K�2�M�i�m�K ���b�b�m�K�T�i�B�Q�M �7�Q�` �m�H�i�`���@�`�2�H���i�B�p�B�b�i�B�+ �M�2�m�i�`�B�M�Q�b�- �m�M�/�2�` �r�?�B�+�?

E i � E +
m2

i

2E
; �U�j�X�R�y�V

�r�?�2�`�2E = j~pj�X �6�`�Q�K �?�2�`�2�- �B�i �7�Q�H�H�Q�r�b �i�?���i

P(� � ! � � ) =
X

i;j

U�
�i U�i U�j U�

�j exp
�

� i
� m2

ij L

2E

�
: �U�j�X�R�R�V

�r�?�2�`�2L � t �B�b �i�?�2 �/�B�b�i���M�+�2 �i�`���p�2�`�b�2�/ �#�v �i�?�2 �M�2�m�i�`�B�M�Q�b�- ���b�b�m�K�B�M�; �i�?���i �i�?�2�v �i�`���p�2�H �+�H�Q�b�2

�i�Q �i�?�2 �b�T�2�2�/ �Q�7 �H�B�;�?�i�- ���M�/� m2
ij � m2

i � m2
j �X �h�?�B�b �7�Q�`�K�m�H�� �b�?�Q�r�b �i�?���i �i�?�2 �Q�b�+�B�H�H���i�B�Q�M

�T�`�Q�#���#�B�H�B�i�v �B�b �+�`�m�+�B���H�H�v �/�2�T�2�M�/�2�M�i �Q�M �i�?�2 �/�B�z�2�`�2�M�+�2 �Q�7 �i�?�2 �b�[�m���`�2 �Q�7 �i�?�2 �K���b�b�2�b �Q�7 �i�?�2

�M�2�m�i�`�B�M�Q�b�- �?�2�M�+�2 �r�?�v �i�?�2 �Q�#�b�2�`�p���i�B�Q�M �Q�7 �~���p�Q�m�` �Q�b�+�B�H�H���i�B�Q�M�b �+�Q�M�b�i�B�i�m�i�2�b �� �p�2�`�B�}�+���i�B�Q�M

�Q�7 �i�?�2 �K���b�b�B�p�2 �M���i�m�`�2 �Q�7 �M�2�m�i�`�B�M�Q�b�X �L�Q�i�2 �i�?���i �r�B�i�? �i�?�2 �?�2�H�T �Q�7 �i�`�B�;�Q�M�Q�K�2�i�`�B�+ �B�/�2�M�i�B�i�B�2�b�-

�B�i �B�b �b�B�K�T�H�2 �i�Q �b�?�Q�r �i�?���i �i�?�2 �T�`�Q�#���#�B�H�B�i�v �7�Q�`�K�m�H�� �U�j�X�R�R�V �+���M �#�2 �`�2�+���b�i �B�M �i�?�2 �m�b�m���H ���M�/

�K���M�B�7�2�b�i�H�v �`�2���H �7�Q�`�K

P(� � ! � � ) = � �� � 4
X

i>j

<e(U�
�i U�i U�j U�

�j ) sin2

�
� m2

ij L

4E

�

+ 2
X

i>j

=m(U�
�i U�i U�j U�

�j ) sin
�

� m2
ij L

2E

�
: �U�j�X�R�k�V

�h�?�2 �K�Q�b�i �m�b�m���H �T���`���K�2�i�`�B�b���i�B�Q�M �Q�7 �i�?�2 �H�2�T�i�Q�M �K�B�t�B�M�; �K���i�`�B�t �U�Q�7�i�2�M �+���H�H�2�/ �ó�b�i���M�/���`�/�ô�V

�`�2�[�m�B�`�2�b �i�?�`�2�2 �K�B�t�B�M�; ���M�;�H�2�b ���M�/ �Q�M�2 �*�S �p�B�Q�H���i�B�M�; �T�?���b�2� �- ���M�/ �B�b �2�t�T�`�2�b�b�2�/ ���b

U =

0

B
B
@

c12c13 s12c13 s13e� i�

� s12c23 � c12s23s13ei� c12c23 � s12s23s13ei� s23c13

s12c23 � c12c23s13ei� � c12s23 � s12c23s13ei� c23c13

1

C
C
A

� diag
�
e� i� 1=2; e� i� 2=2; 1

�
; �U�j�X�R�j�V



�*�?���T�i�2�` �j�X �L�2�m�i�`�B�M�Q �S�?�v�b�B�+�b �9�j

�S���`���K�2�i�2�` �"�2�b�i �}�i� �R�

� m2
21 �(10� 5�2�o2�) 7:50+0 :19

� 0:20

j� m2
31j �(10� 3�2�o2�) �U�L�P�V2:55+0 :02

� 0:03

j� m2
31j �(10� 3�2�o2�) �U�A�P�V2:45+0 :02

� 0:03

� 12=� 34:3 � 1

� 23=� �U�L�P�V 49:26� 0:79

� 23=� �U�A�P�V 49:46+0 :60
� 0:97

� 13=� �U�L�P�V �3�X�8�j+0 :13
� 0:12

� 13=� �U�A�P�V 8:58+0 :12
� 0:14

�= � �U�L�P�V 194+24
� 22

�= � �U�A�P�V 284+26
� 28

�h���#�H�2 �j�X�R�, �"�2�b�i �}�i �7�Q�` �i�?�2 �M�2�m�i�`�B�M�Q �Q�b�+�B�H�H���i�B�Q�M �T���`���K�2�i�2�`�b ���M�/ �i�?�2�B�`1� �B�M�i�2�`�p���H�b�X �õ�L�P�ö
���M�/ �õ�A�P�ö �`�2�7�2�` �i�Q �M�Q�`�K���H ���M�/ �B�M�p�2�`�i�2�/ �Q�`�/�2�`�B�M�;�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �p���H�m�2�b ���`�2 �i���F�2�M
�7�`�Q�K �(�e�8�)�X

�r�?�2�`�2 �r�2 ���#�#�`�2�p�B���i�2�/ �i�?�2 �K�B�t�B�M�; ���M�;�H�2�b �m�b�B�M�; �i�?�2 �M�Q�i���i�B�Q�Mcij � cos� ij �-sij � sin� ij �X

�h�?�2 �T���`���K�2�i�2�`�b� 1 ���M�/� 2 ���`�2 �F�M�Q�r�M ���b �i�?�2 �J���D�Q�`���M�� �T�?���b�2�b�- �b�B�M�+�2 �i�?�2�v �+���M�M�Q�i �#�2

�2�H�B�K�B�M���i�2�/ �#�v �`�2�T�?���b�B�M�; �i�?�2 �M�2�m�i�`�B�M�Q �}�2�H�/�b �r�?�2�M �i�?�2�b�2 ���`�2 �Q�7 �J���D�Q�`���M�� �M���i�m�`�2�X

�A�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �b�Q�H�p�2 �7�Q�` �i�?�2 �K�B�t�B�M�; ���M�;�H�2�b �B�M �i�2�`�K�b �Q�7 �i�?�2 �2�M�i�`�B�2�b �Q�7 �i�?�2 �H�2�T�i�Q�M

�K�B�t�B�M�; �K���i�`�B�t�X �A�i �+���M �2���b�B�H�v �#�2 �p�2�`�B�}�2�/ �i�?���i

sin2 � 12 =
jUe2j2

1 � j Ue3j2
; �U�j�X�R�9�V

sin2 � 23 =
jU� 3j2

1 � j Ue3j2
; �U�j�X�R�8�V

sin2 � 13 = jUe3j2: �U�j�X�R�e�V

�q�2 �`�2�7�2�` �i�Q �i�?�2 �K�B�t�B�M�; ���M�;�H�2�b ���M�/ �i�?�2 �*�S �p�B�Q�H���i�B�M�; �T�?���b�2 ���b �i�?�2 �M�2�m�i�`�B�M�Q �Q�b�+�B�H�H���i�B�Q�M

�T���`���K�2�i�2�`�b�- �b�B�M�+�2 �i�?�2�v �+���M �#�2 �/�2�i�2�`�K�B�M�2�/ �#�v �b�i�m�/�v�B�M�; �/���i�� �Q�7 �~���p�Q�m�` �Q�b�+�B�H�H���i�B�Q�M �2�t�@

�T�2�`�B�K�2�M�i�b�X �h�Q �� �+�2�`�i���B�M ���+�+�m�`���+�v�- �i�?�2 �p���H�m�2�b �Q�7 �i�?�2�b�2 �T���`���K�2�i�2�`�b ���`�2 �2�t�T�2�`�B�K�2�M�i���H�H�v

�/�2�i�2�`�K�B�M�2�/�- �r�B�i�? �i�?�2 �2�t�+�2�T�i�B�Q�M �Q�7 �i�?�2 ���#�b�Q�H�m�i�2 �M�2�m�i�`�B�M�Q �K���b�b �b�+���H�2�- �B�X�2�X�- �i�?�2 �K���b�b �Q�7

�i�?�2 �H�B�;�?�i�2�b�i �M�2�m�i�`�B�M�Q�- ���M�/ �i�?�2 �b�B�;�M �Q�7� m3
31�X �h�?�2 �H���i�i�2�` �`�2�[�m�B�`�2�b �i�Q �/�B�b�i�B�M�;�m�B�b�? �#�2�i�r�2�2�M

�i�?�2 �+���b�2�b� m3
31 > 0 ���M�/� m3

31 < 0�- �Q�7�i�2�M �`�2�7�2�`�2�/ �i�Q ���b�M�Q�`�K���H���M�/�B�M�p�2�`�i�2�/ �Q� �̀/�2�`�B�M�;�-

�`�2�b�T�2�+�i�B�p�2�H�v�X �_�2�+�2�M�i �p���H�m�2�b �7�Q�` �i�?�2 �Q�b�+�B�H�H���i�B�Q�M �T���`���K�2�i�2�`�b �+���M �#�2 �7�Q�m�M�/ �B�M �h���#�H�2�j�X�R�X



�*�?���T�i�2�` �j�X �L�2�m�i�`�B�M�Q �S�?�v�b�B�+�b �9�9

�*�Q�M�+�2�`�M�B�M�; �i�?�2 ���#�b�Q�H�m�i�2 �M�2�m�i�`�B�M�Q �K���b�b �b�+���H�2�- �i�?�2 �b�i�`�Q�M�;�2�b�i �H�B�K�B�i�b �Q�M �i�?�2 �b�m�K �Q�7

�i�?�2 �M�2�m�i�`�B�M�Q �K���b�b�2�b �+�Q�K�2 �7�`�Q�K �+�Q�b�K�Q�H�Q�;�B�+���H �Q�#�b�2�`�p���i�B�Q�M�b�X �h�?�2 �S�H���M�+�F �+�Q�H�H���#�Q�`���i�B�Q�M

�b�2�i�b �i�?�2 �N�8�W �*�X�G �H�B�K�B�i
P

i mi < 0:12 �2�o �7�`�Q�K �S�H���M�+�F �+�Q�K�#�B�M�2�/ �/���i�� �(�e�e�)�X �:�B�p�2�M �i�?���i

�A�P �B�K�T�H�B�2�b �� �H�Q�r�2�` �#�Q�m�M�/ �Q�7� 0:1 �2�o�- �i�?�B�b �Q�#�b�2�`�p���i�B�Q�M �7���p�Q�m�`�b �� �M�Q�`�K���H �Q�`�/�2�`�B�M�; �7�Q�`

�i�?�2 �M�2�m�i�`�B�M�Q �K���b�b �b�T�2�+�i�`�m�K�X

�h�?�2 �b�i���i�m�b �Q�7 �*�S �p�B�Q�H���i�B�Q�M �B�M �i�?�2 �H�2�T�i�Q�M �b�2�+�i�Q�` �B�b �+�m�`�`�2�M�i�H�v �m�M�F�M�Q�r�M�- ���M�/ �K�2���b�m�`�B�M�;

�i�?�2 �p���H�m�2 �Q�7 �i�?�2 �*�S �p�B�Q�H���i�B�M�; �T�?���b�2� �B�b ���M �Q�M�;�Q�B�M�; �2�z�Q�`�i�X �_�2�+�2�M�i ���M���H�v�b�2�b �b�?�Q�r �i�?���i

�i�?�B�b �T�?���b�2 �B�b �#�B���b�2�/ �i�Q�r���`�/�b �*�S �p�B�Q�H���i�B�Q�M�- �?�Q�r�2�p�2�`�- �i�?�2 �*�S�@�+�Q�M�b�2�`�p�B�M�; �T�Q�B�M�i� = �

�?���b �M�Q�i �#�2�2�M �`�2�D�2�+�i�2�/ �U�b�2�2�- �2�X�;�X�- �(�e�d�)�V�X

�j�X�j �L�2�m�i�`�B�M�Q �J���b�b�2�b

�A�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�- �r�2 �/�B�b�+�m�b�b�2�/ �i�?�2 �2�p�B�/�2�M�+�2 �i�?���i �?���b �`�2�p�2���H�2�/ �i�?�2 �K���b�b�B�p�2 �M���i�m�`�2

�Q�7 �M�2�m�i�`�B�M�Q�b�X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�- �r�2 �2�t�T�H���B�M �i�?�2 �b�2�2�b���r �K�2�+�?���M�B�b�K �7�Q�` �M�2�m�i�`�B�M�Q �K���b�b�2�b�-

�r�B�i�? ���M �2�K�T�?���b�B�b �Q�M �a�J �2�t�i�2�M�b�B�Q�M�b �r�B�i�? �`�B�;�?�i�@�?���M�/�2�/ �M�2�m�i�`�B�M�Q�b�X

�j�X�j�X�R �h�?�2 �q�2�B�M�#�2�`�; �P�T�2�`���i�Q�`

���b �7���` ���b �r�2 �F�M�Q�r�- �M�2�m�i�`�B�M�Q�b ���`�2 �i�?�2 �Q�M�H�v �7�m�M�/���K�2�M�i���H �7�2�`�K�B�Q�M�b �i�?���i ���`�2 �/�2�p�Q�B�/ �Q�7

�2�H�2�+�i�`�B�+ �+�?���`�;�2�X �h�?�B�b �7���+�i�- �i�Q�;�2�i�?�2�` �r�B�i�? �i�?�2 �2�M�B�;�K�� �Q�7 �i�?�2�B�` �b�m�#�@�2�o �b�+���H�2 �K���b�b�2�b�- �?�B�M�i�b

���i �i�?�2 �T�Q�b�b�B�#�B�H�B�i�v �i�?���i �i�?�2�b�2 �T���`�i�B�+�H�2�b �+�Q�m�H�/ �#�2 �Q�7 �J���D�Q�`���M�� �M���i�m�`�2�X �h�?�2 �#���b�B�+ �`�2���b�Q�M�B�M�;

�#�2�?�B�M�/ �i�?�B�b �B�/�2�� �B�b �i�?���i �i�?�2�`�2 �+�Q�m�H�/ �#�2 �?�2���p�B�2�` �b�i���i�2�b �i�?���i �B�M�~�m�2�M�+�2 �i�?�2 �M�2�m�i�`�B�M�Q �b�2�+�i�Q�`�-

�;�B�p�B�M�; �`�B�b�2 �i�Q ���J���D�Q� �̀��M�� �K���b�b �i�2�`�K�7�Q�` �M�2�m�i�`�B�M�Q�b �i�?���i �B�b �b�m�T�T�`�2�b�b�2�/ �#�v �i�?�2 �K���b�b �b�+���H�2

�Q�7 �i�?�2 �?�2���p�B�2�` �T���`�i�B�+�H�2�b�X �h�?�2 �Q�#�b�2�`�p�2�/ �M�2�m�i�`�B�M�Q �K���b�b�2�b �r�Q�m�H�/ �?�2�M�+�2 �/�2�+�`�2���b�2 ���b �i�?�2

�K���b�b �Q�7 �i�?�2 �?�2���p�v �b�i���i�2�b �B�M�+�`�2���b�2�b�- �7�`�Q�K �r�?�B�+�? �i�?�2 �M���K�2 �ó�b�2�2�b���r �K�2�+�?���M�B�b�K�ô �7�Q�H�H�Q�r�b�X

�a�B�M�+�2 �i�?�2 �2�z�2�+�i �Q�7 �i�?�2 �K�2�+�?���M�B�b�K �B�b �i�Q �B�M�/�m�+�2 �� �K���b�b �i�2�`�K �Q�7 �i�?�2 �7�Q�`�K� C
L � L �- �i�?�B�b

�`�2�[�m�B�`�2�b �p�B�Q�H���i�B�M�; �i�?�2 �;�H�Q�#���H �a�J �b�v�K�K�2�i�`�B�2�bL ���M�/B � L �- �r�?�2�`�2L �/�2�M�Q�i�2�b �H�2�T�i�Q�M

�M�m�K�#�2�` ���M�/B �B�b �#���`�v�Q�M �M�m�K�#�2�`�XL �B�b �� �i�`���M�b�7�Q�`�K���i�B�Q�M �i�?���i ���b�b�B�;�M�b+1 �i�Q �H�2�T�i�Q�M�b
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�� �T�Q�b�b�B�#�H�2 �2�t�T�H���M���i�B�Q�M �7�Q�` �i�?�2 �b�K���H�H�M�2�b�b �Q�7 �M�2�m�i�`�B�M�Q �K���b�b�2�b �B�b �i�?���i �i�?�2�v �K�B�;�?�i �#�2

�`���/�B���i�B�p�2�H�v �B�M�/�m�+�2�/�X �A�M �h�v�T�2�@�A �b�2�2�b���r �i�?�2�Q�`�B�2�b �r�B�i�? �`���/�B���i�B�p�2 �M�2�m�i�`�B�M�Q �K���b�b�2�b�- �i�?�2

�2�z�2�+�i�B�p�2 �M�2�m�i�`�B�M�Q �K���b�b �K���i�`�B�t �b���i�B�b�}�2�bme�
� L

= 03�X �>�2�M�+�2�- �i�?�2 �K���b�b�2�b �Q�7 �M�2�m�i�`�B�M�Q�b

�+���M �Q�M�H�v �+�Q�K�2 �7�`�Q�K �?�B�;�?�2�` �Q�`�/�2�` �+�Q�M�i�`�B�#�m�i�B�Q�M�b�- ���M�/ ���`�2 ���m�i�Q�K���i�B�+���H�H�v �b�m�T�T�`�2�b�b�2�/ �#�v

�H�Q�Q�T �7���+�i�Q�`�b�X �A�M �i�?�B�b �b�2�+�i�B�Q�M�- �7�Q�H�H�Q�r�B�M�; �(�N�R�)�- �r�2 �b�?�Q�r �?�Q�r �i�Q �+���H�+�m�H���i�2 �~���p�Q�m�` �b�T���+�2

�6�2�v�M�K���M �/�B���;�`���K�b �7�Q�` �Q�M�2�@�H�Q�Q�T �+�Q�`�`�2�+�i�B�Q�M�b �i�Q �M�2�m�i�`�B�M�Q �K���b�b�2�b �B�M �i�?�2 �h�v�T�2�@�A �b�2�2�b���r

�K�Q�/�2�H�X �6�H���p�Q�m�` �b�T���+�2 �i�2�+�?�M�B�[�m�2�b ���`�2 �+�`�m�+�B���H �i�Q �m�M�/�2�`�b�i���M�/ �i�?�2 �+���H�+�m�H���i�B�Q�M�b �T�`�2�b�2�M�i�2�/

�B�M �*�?���T�i�2�`�9�- �r�?�2�`�2 �i�?�2�b�2 �K�2�i�?�Q�/�b ���`�2 ���T�T�H�B�2�/ �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �� �b�2�2�b���r �2�t�i�2�M�b�B�Q�M

�Q�7 �i�?�2 �J�B�M�B�K���H �a�i���M�/���`�/ �a�m�T�2�`�b�v�K�K�2�i�`�B�+ �J�Q�/�2�H�X �6�Q�` �� �b�2�K�B�M���H �r�Q�`�F �Q�M �� �K���b�b �#���b�B�b

�+���H�+�m�H���i�B�Q�M �Q�7 �`���/�B���i�B�p�2 �+�Q�`�`�2�+�i�B�Q�M�b �i�Q �J���D�Q�`���M�� �M�2�m�i�`�B�M�Q �K���b�b�2�b�- �r�2 �`�2�7�2�` �i�?�2 �`�2���/�2�`

�i�Q �(�N�k�)�X

�j�X�8�X�R �6�H���p�Q�m�` ���M�/ �q�2���F �"���b�B�b �.�B���;�`���K�b

�6�H���p�Q�m�`�f�r�2���F �#���b�B�b �/�B���;�`���K�b ���`�2 �m�b�2�7�m�H �b�B�M�+�2 �i�?�2�v ���H�H�Q�r �i�Q �b�2�2 �i�`���M�b�T���`�2�M�i�H�v �i�?�2 �/�2�@

�T�2�M�/�2�M�+�2 �Q�7 �[�m���M�i�m�K �+�Q�`�`�2�+�i�B�Q�M�b �Q�M �i�?�2 �G���;�`���M�;�B���M �T���`���K�2�i�2�`�b�- �i�?�2�`�2�#�v �+�B�`�+�m�K�p�2�M�i�@

�B�M�; �i�?�2 �Q�#�b�+�m�`�B�i�v �B�M�i�`�Q�/�m�+�2�/ �#�v �`�Q�i���i�B�Q�M �K���i�`�B�t �2�M�i�`�B�2�b ���M�/ �i�?�2�B�` �b�2�2�K�B�M�;�H�v �B�M�i�`�B�+���i�2

���M���H�v�i�B�+���H �/�2�T�2�M�/�2�M�+�2 �Q�M �i�?�2 �7�m�M�/���K�2�M�i���H �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �i�?�2�Q�`�v�X �>�2�`�2�- �r�2 �`�2�p�B�b�2



�*�?���T�i�2�` �j�X �L�2�m�i�`�B�M�Q �S�?�v�b�B�+�b �8�j

�i�?�2 �~���p�Q�m�` �b�T���+�2 �+���H�+�m�H���i�B�Q�M �Q�7 �Q�M�2�@�H�Q�Q�T �+�Q�`�`�2�+�i�B�Q�M�b �i�Q �M�2�m�i�`�B�M�Q �K���b�b�2�b �B�M �i�?�2 �a�J

�2�t�i�2�M�/�2�/ �r�B�i�? �`�B�;�?�i�@�?���M�/�2�/ �M�2�m�i�`�B�M�Q�b�X �A�i �B�b �r�Q�`�i�?�v �i�Q �K�2�M�i�B�Q�M �i�?���i �i�?�2�`�2 ���`�2 �K�m�H�i�B�T�H�2

�r���v�b �i�Q �T�2�`�7�Q�`�K �+���H�+�m�H���i�B�Q�M�b �B�M �~���p�Q�m�` �b�T���+�2�X �� �T�Q�T�m�H���` �Q�T�i�B�Q�M �B�b �i�Q �`�2�b�Q�`�i �i�Q �i�?�2

�b�Q�@�+���H�H�2�/ �K���b�b �B�M�b�2�`�i�B�Q�M ���T�T�`�Q�t�B�K���i�B�Q�M �(�N�j�-�N�9�)�- �B�M �r�?�B�+�? �i�?�2 �K�B�t�B�M�; �i�2�`�K�b ���`�2 �i�`�2���i�2�/

���b �B�M�i�2�`���+�i�B�Q�M�b ���M�/ �6�2�v�M�K���M �/�B���;�`���K�b ���`�2 �i�`�m�M�+���i�2�/ �i�Q �� �+�2�`�i���B�M �Q�`�/�2�` �B�M �i�?�2 �K���b�b

�B�M�b�2�`�i�B�Q�M�b�X ���M�Q�i�?�2�` ���H�i�2�`�M���i�B�p�2 �B�b �i�Q �2�t�i�2�M�/ �i�?�2 �7�Q�`�K�2�` �b�i�`���i�2�;�v �#�v �T�2�`�7�Q�`�K�B�M�; ���M �B�M�}�@

�M�B�i�2 �`�2�b�m�K�K���i�B�Q�M �Q�7 �i�?�2 �K���b�b �B�M�b�2�`�i�B�Q�M�b �i�Q ���`�`�B�p�2 ���i �� �~���p�Q�m�` �b�T���+�2 �2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2

�T�`�Q�T���;���i�Q�`�X �h�?�B�b �B�b �2���b�B�H�v �2�t�2�K�T�H�B�}�2�/ �#�v �i�?�2 �;�2�Q�K�2�i�`�B�+ �b�2�`�B�2�b �i�?���i �H�2���/�b�- �7�Q�` �B�M�b�i���M�+�2�-

�i�Q �i�?�2 �`�2���H �b�+���H���` �T�`�Q�T���;���i�Q�` �r�?�2�M �i�?�2 �b�+���H���` �K���b�b �i�2�`�K �B�b �i���F�2�M ���b ���M �B�M�i�2�`���+�i�B�Q�M�X

�>�2�`�2�- �r�2 �7�Q�H�H�Q�r �� �/�B�z�2�`�2�M�i ���T�T�`�Q���+�? ���M�/ �+�Q�M�b�B�/�2�` ���M �2�t���+�i �7�Q�`�K �Q�7 �i�?�2 �~���p�Q�m�` �b�T���+�2

�T�`�Q�T���;���i�Q�`�b �Q�#�i���B�M�2�/ �#�v �B�M�p�2�`�i�B�M�; �i�?�2 �Q�M�2�@�T���`�i�B�+�H�2 �B�`�`�2�/�m�+�B�#�H�2 �i�r�Q�@�T�Q�B�M�i �7�m�M�+�i�B�Q�M�X �h�?�2

�m�b�m���H �K���b�b �B�M�b�2�`�i�B�Q�M ���T�T�`�Q�t�B�K���i�B�Q�M�b �+���M �#�2 �`�2�+�Q�p�2�`�2�/ �#�v �2�t�T���M�/�B�M�; �B�M �T�Q�r�2�`�b �Q�7 �i�?�2

�K�B�t�B�M�;�f�K���b�b �i�2�`�K�b�X �q�2 �`�2�K���`�F �i�?���i �i�?�2 ���;�`�2�2�K�2�M�i �#�2�i�r�2�2�M �K���b�b �#���b�B�b ���M�/ �~���p�Q�m�`

�b�T���+�2 �+���H�+�m�H���i�B�Q�M�b �r�B�i�? �B�M�}�M�B�i�2 �`�2�b�m�K�K���i�B�Q�M �Q�7 �K���b�b �B�M�b�2�`�i�B�Q�M�b �B�b �;�m���`���M�i�2�2�/ �#�v �i�?�2

�6�H���p�Q�m�` �1�t�T���M�b�B�Q�M �h�?�2�Q�`�2�K �(�N�8�)�X

�h�?�2 �J���D�Q�`���M�� �M�2�m�i�`�B�M�Q �b�2�H�7�@�2�M�2�`�;�v �+�Q�`�`�2�+�i�B�Q�M�b �7�Q�H�H�Q�r �i�?�2 �7�Q�H�H�Q�r�B�M�; �;�2�M�2�`�B�+ �7�Q�`�K

� (=p) = � L (p2) =pPL + � R(p2) =pPR + � M (p2)PL + � �
M (p2)PR ; �U�j�X�9�9�V

���b �b�?�Q�r�M �B�M �U�9�X�e�V ���M�/ �U�9�X�d�V �Q�7 �(�N�e�)�X �h�?�2 �Q�M�2�@�H�Q�Q�T �H�2�p�2�H �i�Q�T�Q�H�Q�;�B�2�b �i�?���i �+�Q�M�i�`�B�#�m�i�2 �i�Q

�i�?�2 �q�2�B�M�#�2�`�; �Q�T�2�`���i�Q�`�- ���M�/ �i�?�2�`�2�7�Q�`�2 �i�Q� M (p2)�- ���`�2 �b�?�Q�r�M �B�M �6�B�;�X�j�X�k�X �>�2�M�+�2�7�Q�`�i�?�-

�r�2 �/�2�b�B�;�M���i�2 �i�?�2�K� H (=p)PL �U�H�2�7�i�V ���M�/� Z (=p)PL �U�`�B�;�?�i�V�X

�6�B�;�m�`�2 �j�X�k�, �.�B���;�`���K�b �i�?���i �+�Q�M�i�`�B�#�m�i�2 �i�Q �i�?�2 �K���b�b�2�b �Q�7 �M�2�m�i�`�B�M�Q�b ���i �i�?�2 �Q�M�2�@�H�Q�Q�T �H�2�p�2�H�X
�h�?�2 �2�M�+�B�`�H�+�2�/ �+�`�Q�b�b �`�2�T�`�2�b�2�M�i�b ���M �G�L�o �B�M�b�2�`�i�B�Q�M�- �r�?�B�H�b�i �i�?�2 �/�Q�i �b�v�K�#�Q�H�B�b�2�b �� �?�v�T�2�`�@
�+�?���`�;�2 �p�B�Q�H���i�B�M�; �>�B�;�;�b �T�`�Q�T���;���i�Q�`�X �h�?�2 �b�[�m���`�2 �/�Q�i �Q�M �i�?�2 �`�B�;�?�i �T���M�2�H �`�2�T�`�2�b�2�M�i�b ���M
L�@�i�Q�@� R �H�2�T�i�Q�M �M�m�K�#�2�` �+�Q�M�b�2�`�p�B�M�; �T�`�Q�T���;���i�Q�`�X

�A�M �Q�`�/�2�` �i�Q �2�p���H�m���i�2 �i�?�2 �}�`�b�i �/�B���;�`���K �r�2 �M�2�2�/ �i�Q �}�M�/ �i�?�2 �6�2�v�M�K���M �`�m�H�2�b �B�M �~���p�Q�m�`

�b�T���+�2�X �A�M �T���`�i�B�+�m�H���`�- �r�2 �`�2�[�m�B�`�2 �i�?�2 �b�+���H���` �T�`�Q�T���;���i�Q�`�b �B�M �i�?�2 �r�2���F �#���b�B�b ���M�/ �i�?�2 �H�2�T�i�Q�M



�*�?���T�i�2�` �j�X �L�2�m�i�`�B�M�Q �S�?�v�b�B�+�b �8�9

�M�m�K�#�2�` �p�B�Q�H���i�B�M�; �T�`�Q�T���;���i�Q�` �`�2�T�`�2�b�2�M�i�2�/ �r�B�i�? �� �+�`�Q�b�b�X �q�2 �`�2�T�`�2�b�2�M�i �i�?�2 �7�Q�`�K�2�` �m�b�B�M�;

�i�?�2 �/���b�?�2�/ �H�B�M�2 �r�B�i�? �� �/�Q�i �b�?�Q�r�M �#�2�H�Q�r�,

: �U�j�X�9�8�V

�h�Q �}�M�/ �i�?�B�b �T�`�Q�T���;���i�Q�`�- �B�i �B�b �T�`�2�7�2�`���#�H�2 �i�Q �r�Q�`�F �B�M �i�?�2 �G���M�/���m �;���m�;�2�X �h�?�B�b �B�b �/�m�2

�i�Q �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �:�Q�H�/�b�i�Q�M�2 �#�Q�b�Q�M �K���b�b �i�2�`�K�b �i�?���i �Q�`�B�;�B�M���i�2 �7�`�Q�K �i�?�2 �;���m�;�2 �}�t�B�M�;

�b�2�+�i�Q�`�- �b�m�+�? ���b

L = �
� Z

2
M 2

Z (� 0)2; �U�j�X�9�e�V

�r�?�B�+�? �+�Q�K�T�H�B�+���i�2 �i�?�2 �i���b�F �Q�7 �}�M�/�B�M�; �i�?�2 �b�+���H���` �T�`�Q�T���;���i�Q�`�b �B�M �i�?�2 �#���b�B�b �Q�7 �i�?�2 �r�2���F

�2�B�;�2�M�b�i���i�2 �}�2�H�/�b�X �h�?�2�b�2 �i�2�`�K�b ���`�2 ���#�b�2�M�i �r�?�2�M �r�2 �b�2�i� Z = 0�X

�A�;�M�Q�`�B�M�; �i�`�B�H�B�M�2���` �;���m�;�2 �B�M�i�2�`���+�i�B�Q�M �i�2�`�K�b�- �i�?�2 �>�B�;�;�b �b�2�+�i�Q�` �Q�7 �i�?�2 �a�J �G���;�`���M�;�B���M

�+���M �#�2 �r�`�B�i�i�2�M ���b �7�Q�H�H�Q�r�b�,

L Higgs = �
1
2

� y(� + � 2)� �
1
2

e� y(� + � 2)e� � � (� y�) 2 �U�j�X�9�d�V

���b �i�?�2 �i�`�2�2�@�H�2�p�2�H �2�z�2�+�i�B�p�2 ���+�i�B�Q�M �+�Q�B�M�+�B�/�2�b �r�B�i�? �i�?�2 �+�H���b�b�B�+���H ���+�i�B�Q�M�- �i�?�2 �i�`�2�2�@�H�2�p�2�H �i�r�Q�@

�T�Q�B�M�i �7�m�M�+�i�B�Q�M �B�M �K�Q�K�2�M�i�m�K �b�T���+�2 �+���M �#�2 �7�Q�m�M�/ �#�v �i���F�B�M�; �/�2�`�B�p���i�B�p�2�b �r�B�i�? �`�2�b�T�2�+�i �i�Q

�i�?�2 �}�2�H�/�b�X �A�M �i�?�2(� ; e�) T �#���b�B�b�- �r�2 �}�M�/

� (2) (k) =

0

@
(k2 � � 2 � 2� � y�) 12 � 2� �� y � 2� � e� y

� 2� e�� y (k2 � � 2 � 2� � y�) 12 � 2� e� e� y

1

A

=

0

@
A12 + B�� y B� e� y

B e�� y A12 + B e� e� y

1

A : �U�j�X�9�3�V

�L�Q�i�2 �i�?���i�- �B�M ���M �2�z�Q�`�i �i�Q �T�`�2�b�2�`�p�2 �i�?�2 �a�l�U�k�VL �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �T�`�Q�T���;���i�Q�`�- �r�2 �?���p�2

�r�`�B�i�i�2�M �B�i �B�M �i�2�`�K�b �Q�7 �i�?�2 �}�2�H�/ �B�M�b�i�2���/ �Q�7 �B�i�b �p�2�p�X �h�?�2 �/�2�i�2�`�K�B�M���M�i �Q�7� (2) (k) �+���M �#�2

�2���b�B�H�v �+�Q�K�T�m�i�2�/ �m�b�B�M�; �i�?�2 �7�Q�`�K�m�H��

det

0

@
P Q

R S

1

A = det( P) det(S � RP � 1Q) �U�j�X�9�N�V

�7�Q�` �K���i�`�B�t�@�p���H�m�2�/P�-Q�-R�-S�- ���M�/ �2�K�T�H�Q�v�B�M�;det(M ) = 1
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�#�v �+�Q�M�b�B�/�2�`�B�M�; ���M �B�M�}�M�B�i�2�b�B�K���H �i�`���M�b�7�Q�`�K���i�B�Q�M�- �/�2�}�M�2�/ ���b

� �; �
bS(z) � T�; �

bS(z) � bS(z): �U�9�X�R�y�V

�1�t�T���M�/�B�M�; ���i �}�`�b�i �Q�`�/�2�` �B�M �i�?�2 �T���`���K�2�i�2�`�b� ���M�/� �- �r�2 �}�M�/

� �; �
bS(z) =

(

�
@
@�

+ �
@
@�

+ i
�
�� � � � i�� � �

�
@� + � � �

)

bS(z): �U�9�X�R�R�V

�h�?�B�b �+���M �#�2 �+�Q�K�T���`�2�/ �i�Q �i�?�2 �}�`�b�i �Q�`�/�2�` �2�t�T���M�b�B�Q�M �Q�7 �U�9�X�e�V�- �;�B�p�2�M �#�v

� �; �
bS(z) = i [�Q; bS(z)] + i [� Q; bS(z)] + � � � �U�9�X�R�k�V

���b�b�m�K�B�M�; �i�?���iQ ���M�/Q �?���p�2 �� �b�m�T�2�`�b�T���+�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M ���b �/�B�z�2�`�2�M�i�B���H �Q�T�2�`���i�Q�`�b

�Q�#�2�v�B�M�; �i�?�2 �T�`�Q�/�m�+�i �`�m�H�2�- �r�2 �+���M �`�2���`�`���M�;�2 �i�?�2 �2�t�T�`�2�b�b�B�Q�M �+�Q�M�b�B�/�2�`�B�M�; �B�i�b ���+�i�B�Q�M �Q�M ��

�b�m�T�2�`�b�T���+�2�@�p���H�m�2�/ �7�m�M�+�i�B�Q�MbF (z)�X �6�Q�` �B�M�b�i���M�+�2�-

i [�Q; bS(z)] bF (z) = i�
h
QbS(z)

i
bF (z) + i� bS(z)

h
Q bF (z)

i
� i� bS(z)[Q bF (z)] �U�9�X�R�j�V

= i�
h
QbS(z)

i
bF (z) �U�9�X�R�9�V



�*�?���T�i�2�` �9�X �_���/�B���i�B�p�2 �a�m�T�2�`�b�v�K�K�2�i�`�B�+ �a�2�2�b���r �J�2�+�?���M�B�b�K�e�e

�>�2�M�+�2�-

� �; �
bS(z) = i

h
� � Q� + � _� Q

_�
i

bS(z): �U�9�X�R�8�V

�*�Q�K�T���`�B�M�; �U�9�X�R�8�V ���M�/ �U�9�X�R�k�V�- �r�2 �}�M�/

Q� = � i
�

@� + i (� � )� _� �
_�
@�

�
; �U�9�X�R�e�V

Q
_�

= � i
�

@
_�

+ i (� � ) _�� � � @�

�
; �U�9�X�R�d�V

�r�?�2�`�2

@� �
@

@��
; @

_�
�

@

@� _�
�U�9�X�R�3�V

�h�?�B�b �b�m�T�2�`�b�T���+�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �7�Q�`Q ���M�/Q �b���i�B�b�}�2�b �i�?�2 �+�Q�K�K�m�i���i�B�Q�M ���M�/ ���M�i�B�+�Q�K�K�m�@

�i���i�B�Q�M �`�2�H���i�B�Q�M�b �b�?�Q�r�M �B�M �U�9�X�k�V �r�?�2�M ���+�i�B�M�; �Q�M �b�m�T�2�`�}�2�H�/�b�X �*���H�+�m�H���i�B�M�; �i�?�2 �p���`�B���i�B�Q�M

(1 + � �; � ) bS(z) ���M�/ �+�Q�K�T���`�B�M�; �+�Q�2�{�+�B�2�M�i�b �r�B�i�? �i�?�2 �;�2�M�2�`���H �7�Q�`�K �Q�7 �i�?�2 �b�m�T�2�`�}�2�H�/�- �r�2

�+���M �}�M�/ �i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �`�m�H�2�b �Q�7 �2���+�? �}�2�H�/�X �A�M �T���`�i�B�+�m�H���`�- �r�2 �}�M�/ �i�?���i �i�?�2 �}�2�H�/

D(x)�- �Q�7�i�2�M �+���H�H�2�/D �@�i�2�`�K �Q�` �i�?�2 �?�B�;�?�2�b�i �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �b�m�T�2�`�}�2�H�/�- �i�`���M�b�7�Q�`�K�b ���b

�� �i�Q�i���H �/�2�`�B�p���i�B�p�2�- �B�X�2�X�-

� �; � D = i @� (�� � � + � � � � ): �U�9�X�R�N�V

�h�?�B�b �+���M �#�2 �m�b�2�/ ���b �� �b�i�`���i�2�;�v �7�Q�` �+�Q�M�b�i�`�m�+�i�B�M�; �a�l�a�u �B�M�p���`�B���M�i �G���;�`���M�;�B���M�b�X �"�v �i���F�B�M�;

�i�?�2D�@�i�2�`�K �Q�7 �� �b�m�T�2�`�}�2�H�/�- �i�?�2 �`�2�b�m�H�i�B�M�; �2�t�T�`�2�b�b�B�Q�M �B�b �;�m���`���M�i�2�2�/ �i�Q �#�2 �B�M�p���`�B���M�i �2�t�+�2�T�i

�7�Q�` �� �i�Q�i���H �/�2�`�B�p���i�B�p�2�X

�9�X�j�X�k �*�?�B�`���H �a�m�T�2�`�}�2�H�/�b

�h�?�2 �;�2�M�2�`���H �b�m�T�2�`�}�2�H�/ �B�M�i�`�Q�/�m�+�2�/ �B�M �U�9�X�9�V �/�Q�2�b �M�Q�i �7���H�H �B�M�i�Q ���M �B�`�`�2�/�m�+�B�#�H�2 �`�2�T�`�2�b�2�M�@

�i���i�B�Q�M �Q�7 �i�?�2 �a�l�a�u ���H�;�2�#�`���X �A�M �7���+�i�- �r�2 �+���M �/�2�}�M�2 �a�l�a�u�@�B�M�p���`�B���M�i �+�Q�M�/�B�i�B�Q�M�b �i�?���i

�`�2�/�m�+�2 �i�?�2 �M�m�K�#�2�` �Q�7 �+�Q�K�T�Q�M�2�M�i �}�2�H�/�b �B�M �� �b�m�T�2�`�}�2�H�/�X �h�Q �i�?�B�b �2�M�/�- �r�2 �/�2�}�M�2 �i�?�2

�a�l�a�u �+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2�b

D � � @� � i (� � )� _� �
_�
@� ; �U�9�X�k�y���V

D
_�

� @
_�

� i (� � ) _�� � � @� ; �U�9�X�k�y�#�V

�r�?�Q�b�2 �/�2�}�M�B�M�; �T�`�Q�T�2�`�i�v

f D � ; Q� g = f D � ; Q
_�
g = f D _� ; Q

_�
g = f D _� ; Q� g = 0: �U�9�X�k�R�V



�*�?���T�i�2�` �9�X �_���/�B���i�B�p�2 �a�m�T�2�`�b�v�K�K�2�i�`�B�+ �a�2�2�b���r �J�2�+�?���M�B�b�K�e�d

�+���M �#�2 �p�2�`�B�}�2�/ �#�v �/�B�`�2�+�i �+���H�+�m�H���i�B�Q�M�X �h�?�2 �a�l�a�u�@�B�M�p���`�B���M�i �+�Q�M�/�B�i�B�Q�M�b

D _�
b� = 0 �U�9�X�k�k�V

D �
b� y = 0: �U�9�X�k�j�V

�/�2�}�M�2 �H�2�7�i ���M�/�`�B�;�?�i�@�+�?�B� �̀��H�b�m�T�2�`�}�2�H�/�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �A�M �Q�`�/�2�` �i�Q �b�Q�H�p�2 �i�?�2 �+�Q�M�b�i�`���B�M�i

�U�9�X�k�k�V�- �r�2 �/�2�}�M�2 �i�?�2 �M�2�r �+�Q�Q�`�/�B�M���i�2�b

y� � x � � i�� � � ; �U�9�X�k�9�V

�r�?�B�+�? �B�M�/�m�+�2�b �i�?�2 �+�?���M�;�2

D
_�

= @
_�

� i (� � ) _�� � � @� �! D
_� (y)

= @
_�
: �U�9�X�k�8�V

�h�?�B�b �b�?�Q�r�b �i�?���i �B�M �i�?�2�b�2 �M�2�r �b�m�T�2�`�+�Q�Q�`�/�B�M���i�2�b�- �i�?�2 �+�Q�M�b�i�`���B�M�i �U�9�X�k�k�V �B�b �2�[�m�B�p���H�2�M�i �i�Q

�/�2�K���M�/�B�M�; �i�?���ib� �B�b �2�t�T�H�B�+�B�i�H�v �B�M�/�2�T�2�M�/�2�M�i �Q�7� �X �h���v�H�Q�` �2�t�T���M�/�B�M�; �B�M �i�?�2 ���M�i�B�+�Q�K�@

�K�m�i�B�M�; �p���`�B���#�H�2� �- �r�2 �}�M�/ �i�?���i �� �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M �i�Q �U�9�X�k�k�V �B�b

b�( y; � ) = � (y) +
p

2�� (y) + ��F (y) : �U�9�X�k�e�V

�l�b�B�M�; �U�9�X�k�9�V�- �r�2 �+���M �;�Q �#���+�F �i�Q �i�?�2 �m�b�m���H �b�T���+�2�i�B�K�2 �+�Q�Q�`�/�B�M���i�2�b �#�v �2�t�T���M�/�B�M�; �B�M�

���M�/� �- �r�?�B�+�? �`�2�b�m�H�i�b �B�M

b�( x; �; � ) = � (x) � i�� � �@� � (x) �
1
4

�� ��@� @� � (x) +
p

2�� (x) +
i

p
2

��@� � (x)� � �

+ ��F (x) : �U�9�X�k�d�V

�h�?�B�b �b�?�Q�r�b �i�?���i �i�?�2 �}�2�H�/ �+�Q�M�i�2�M�i �B�M �i�?�2 �b�m�T�2�`�}�2�H�/ �r���b �`�2�/�m�+�2�/ �i�Q �i�?�2 �+�Q�K�T�H�2�t �b�+���H���`�b

� (x)�-F (x)�- ���M�/ �� �q�2�v�H �b�T�B�M�Q�`� (x)�X �a�B�K�B�H���` �+�Q�M�b�B�/�2�`���i�B�Q�M�b ���T�T�H�v �i�Q �i�?�2 �`�B�;�?�i�@�+�?�B�`���H

�b�m�T�2�`�}�2�H�/b� y(z)�- �r�?�B�+�? �i�m�`�M�b �Q�m�i �i�Q �#�2 �i�?�2 �+�Q�K�T�H�2�t �+�Q�M�D�m�;���i�2 �Q�7b�( z)�- ���b �b�m�;�;�2�b�i�2�/ �#�v

�i�?�2 �M�Q�i���i�B�Q�M�X �q�2 �M�Q�i�2 �i�?���i �m�M�/�2�` �� �a�l�a�u �i�`���M�b�7�Q�`�K���i�B�Q�M�- �i�?�2 �}�2�H�/F (x) �U�Q�`F �@�i�2�`�K�V

�m�M�/�2�`�;�Q�2�b

� �; � F = i @� (
p

2�� � � ); �U�9�X�k�3�V

�r�?�B�+�? �B�b �� �T�`�Q�T�2�`�i�v �i�?���i �B�M �i�?�2 �b���K�2 �K���M�M�2�` ���b �r�B�i�? �U�9�X�R�N�V�- �+���M �#�2 �2�t�T�H�Q�B�i�2�/ �i�Q

�+�Q�M�b�i�`�m�+�i �a�l�a�u �B�M�p���`�B���M�i �G���;�`���M�;�B���M�b�X



�*�?���T�i�2�` �9�X �_���/�B���i�B�p�2 �a�m�T�2�`�b�v�K�K�2�i�`�B�+ �a�2�2�b���r �J�2�+�?���M�B�b�K�e�3

�9�X�j�X�j �o�2�+�i�Q�` �a�m�T�2�`�}�2�H�/�b

�*�?�B�`���H �b�m�T�2�`�}�2�H�/�b �/�Q �M�Q�i �+�Q�M�i���B�M �i�?�2 �p�2�+�i�Q�` �}�2�H�/ �i�?���i �B�b �M�2�+�2�b�b���`�v �i�Q �/�2�b�+�`�B�#�2 �`���/�B���i�B�Q�M

�/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K�X �q�2 �+���M ���/�/�`�2�b�b �i�?�B�b �#�v �/�2�}�M�B�M�; ���M�Q�i�?�2�` �F�B�M�/ �Q�7 �b�m�T�2�`�}�2�H�/ �i�?���i

�b���i�B�b�}�2�b �� �`�2���H�B�i�v �+�Q�M�/�B�i�B�Q�M�- �;�B�p�2�M �#�vbV = bV y�- �r�?�2�`�2bV �B�b �i�?�2 �`�2�b�m�H�i�B�M�; �p�2�+�i�Q�` �U�Q�` �`�2���H�V

�b�m�T�2�`�}�2�H�/�X ���7�i�2�` ���T�T�H�v�B�M�; �i�?�B�b �+�Q�M�/�B�i�B�Q�M �Q�M �U�9�X�9�V�- �r�2 �Q�#�i���B�M

bV(x; �; � ) = s(x) +
p

2�� (x) +
p

2� � (x) + ��M (x) + ��M � (x) + �� � �A � (x)

+ �� �
�
� (x) �

i
p

2
� � @� � (x)

�
+ ���

�
� (x) �

i
p

2
� � @� � (x)

�

+
1
2

�� ��
�
D(x) �

1
2

@� @� s(x)
�

; �U�9�X�k�N�V

�r�?�2�`�2s(x)�-A � (x) ���M�/D(x) ���`�2 �`�2���H �}�2�H�/�b�X �L�Q�i�2 �i�?���i �r�2 �?���p�2 �+�Q�M�p�2�M�B�2�M�i�H�v �b�?�B�7�i�2�/

�i�?�2 �}�2�H�/�b �B�M �i�?�2�B�` �Q�`�B�;�B�M���H �/�2�}�M�B�i�B�Q�M�X �q�2 �/�2�}�M�2 �b�m�T�2�`�;���m�;�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�b ���bbV !

bV + i (b� � b� y)�- �r�?�2�`�2b� �B�b �� �+�?�B�`���H �b�m�T�2�`�}�2�H�/�X �h�?�2�b�2 �;�2�M�2�`���H�B�b�2 �i�?�2 �m�b�m���H �;���m�;�2 �i�`���M�b�@

�7�Q�`�K���i�B�Q�M�b�- ���M�/ �T�`�Q�/�m�+�2 �� �p���`�B���i�B�Q�M �;�B�p�2�M �#�v

i b� � i � y = 2<e� (x) +
p

2�� (x) +
p

2�� (x) + ��F (x) + ��F � (x) � 2�� � �@� =m� (x)

�
i

p
2

�� � � � @� � (x) �
i

p
2

���� � @� � (x) �
1
2

�� ��@� @� <e� (x); �U�9�X�j�y�V

�r�?�2�`�2� (x)�-� (x) ���M�/F (x) ���`�2 �i�?�2 �+�Q�K�T�Q�M�2�M�i �}�2�H�/�b �Q�7b� �X ���7�i�2�` �� �b�m�T�2�`�;���m�;�2 �i�`���M�b�@

�7�Q�`�K���i�B�Q�M�- �i�?�2 �+�Q�K�T�Q�M�2�M�i�b �Q�7bV �i�`���M�b�7�Q�`�K ���b

s ! s + 2<e� �U�9�X�j�R���V

� ! � + � �U�9�X�j�R�#�V

M ! M + F �U�9�X�j�R�+�V

A � ! A � � 2@� =m� �U�9�X�j�R�/�V

� ! � �U�9�X�j�R�2�V

D ! D: �U�9�X�j�R�7�V

�a�2�i�i�B�M�;<e� = � s=2�-� = � � ���M�/F = � M ���H�H�Q�r�b �i�Q �;���m�;�2 ���r���v �i�?�2 �}�2�H�/�bs�-� �- ���M�/

M �X �h�?�B�b �+�?�Q�B�+�2 �B�b �F�M�Q�r�M ���b �i�?�2 �q�2�b�b�@�w�m�K�B�M�Q �U�q�w�V �;���m�;�2�X �h�?�2 �B�K���;�B�M���`�v �T���`�i �Q�7�

�`�2�K���B�M�b �m�M�+�Q�M�b�i�`���B�M�2�/�- �r�?�B�+�? �B�M�/�B�+���i�2�b �� �`�2�/�m�M�/���M�+�v �Q�M �i�?�2 �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �p�2�+�i�Q�`

�#�Q�b�Q�M �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K�X �h�?�B�b �B�b �i�?�2 �m�b�m���H �l�U�R�V �;���m�;�2 �B�M�p���`�B���M�+�2�- �r�?�B�+�? �B�b �+�Q�K�T���i�B�#�H�2

�r�B�i�? �i�?�2 �2�M�7�Q�`�+�2�K�2�M�i �Q�7 �i�?�2 �q�w �;���m�;�2 �+�Q�M�/�B�i�B�Q�M�b�X �A�M �i�?�B�b �;���m�;�2�- �i�?�2 �p�2�+�i�Q�` �b�m�T�2�`�}�2�H�/



�*�?���T�i�2�` �9�X �_���/�B���i�B�p�2 �a�m�T�2�`�b�v�K�K�2�i�`�B�+ �a�2�2�b���r �J�2�+�?���M�B�b�K�e�N

�+���M �#�2 �r�`�B�i�i�2�M ���b

bVW Z = �� � �A � (x) + �� �� (x) + ���� (x) +
1
2

�� ��D (x): �U�9�X�j�k�V

�q�?�2�M �B�i �+�Q�K�2�b �i�Q �#�m�B�H�/ �� �a�l�a�u �B�M�p���`�B���M�i ���+�i�B�Q�M�- �i�?�2 �#�2�M�2�}�i�b �Q�7 �+�?�Q�Q�b�B�M�; �i�?�2 �q�w

�;���m�;�2 ���`�2 �M�Q�i �2�p�B�/�2�M�i ���b �i�?�2 �+�Q�M�b�i�`���B�M�i�b �B�K�T�Q�b�2�/ �Q�p�2�` �i�?�2 �+�Q�K�T�Q�M�2�M�i �}�2�H�/�b �Q�7b� ���`�2

�M�Q�i �a�l�a�u �B�M�p���`�B���M�i�X �"�m�i �b�B�M�+�2 �i�?�2D�@�i�2�`�K �Q�7 �� �p�2�+�i�Q�` �b�m�T�2�`�}�2�H�/ �B�b �#�Q�i�? �a�l�a�u ���M�/

�b�m�T�2�`�;���m�;�2 �B�M�p���`�B���M�i�- �B�i �+���M �#�2 �+���H�+�m�H���i�2�/ �B�M �i�?�2 �q�w �;���m�;�2 ���M�/ �i�?�2 �`�2�b�m�H�i�B�M�; �2�t�T�`�2�b�b�B�Q�M

�r�B�H�H �#�2 �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�B�b �2�H�2�+�i�B�Q�M�X �A�M ���/�/�B�i�B�Q�M�- �#�2�+���m�b�2 �Q�7 �i�?�2 �:�`���b�b�K���M�M �M���i�m�`�2 �Q�7

�i�?�2 �b�m�T�2�`�+�Q�Q�`�/�B�M���i�2�b�-bV n
W Z = 0 �7�Q�`n � 3�X �A�M �7���+�i�- �i���F�B�M�; �i�?�2 �b�[�m���`�2 �Q�7 �i�?�2 �b�m�T�2�`�}�2�H�/

�B�M �i�?�2 �q�w �;���m�;�2�- �r�2 �}�M�/

bV 2
W Z =

1
2

�� ��A � A � �! bV 3
W Z = 0 �U�9�X�j�j�V

�h�?�B�b �T�`�Q�T�2�`�i�v �B�b �m�b�2�7�m�H �i�Q �b�B�K�T�H�B�7�v �i�?�2 �+���H�+�m�H���i�B�Q�M �Q�7 �2�t�T�Q�M�2�M�i�B���H�b �Q�7VW Z ���b �i�?�2 �T�Q�r�2�`

�b�2�`�B�2�b �i�2�`�K�B�M���i�2�b ���i �b�2�+�Q�M�/ �Q�`�/�2�`�X

�6�Q�` �/�2�b�+�`�B�#�B�M�; �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �p�2�+�i�Q�` �b�m�T�2�`�}�2�H�/ �+�Q�K�T�Q�M�2�M�i�b�- �r�2 �M�2�2�/ �i�Q �/�2�}�M�2

�� �+�?�B�`���H �}�2�H�/�@�b�i�`�2�M�;�i�? �b�m�T�2�`�}�2�H�/�,

cW� � �
1
4

DDD �
bV ; �U�9�X�j�9�V

cW y
_� � �

1
4

DD D _�
bV ; �U�9�X�j�8�V

�r�?�B�+�? �+���M �#�2 �b�?�Q�r�M �i�Q �#�2 �;���m�;�2 �B�M�p���`�B���M�i �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �7���+�i �i�?���i �i�?�2 �b�m�T�2�`�}�2�H�/b�

�Ub� y�V �i�?���i �/�2�}�M�2�b �i�?�2 �b�m�T�2�`�;���m�;�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �B�b �� �H�2�7�i�@ �U�`�B�;�?�i�@�V �+�?�B�`���H �b�m�T�2�`�}�2�H�/�- ���M�/

�i�?�m�b �b���i�B�b�}�2�bD _�
b� = 0 �UD �

b� y = 0�V�X �6�m�`�i�?�2�`�K�Q�`�2�- ���b �i�?�2 �+�Q�M�b�2�+�m�i�B�p�2 ���+�i�B�Q�M �Q�7 �i�?�`�2�2

�a�l�a�u �+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2�b �B�b �x�2�`�Q�-cW� ���M�/cW _� ���`�2 �`�2�b�T�2�+�i�B�p�2�H�v �H�2�7�i�@ ���M�/ �`�B�;�?�i�@�+�?�B�`���H

�b�m�T�2�`�}�2�H�/�b�X �1�t�T���M�/�B�M�; ���M�/ �i���F�B�M�; �i�?�2F �@�i�2�`�K �H�2���/�b �i�Q

1
4

h
cW � cW� + cW y

_�
cW y _�

i

F
=

1
2

D 2 �
1
4

F�� F �� +
i
2

�� � @� � �
i
2

@� �� � �; �U�9�X�j�e�V

�r�?�B�+�? �B�b �i�?�2 �F�B�M�2�i�B�+ �i�2�`�K �7�Q�` �i�?�2 �;���m�;�2 �#�Q�b�Q�M�b ���M�/ �i�?�2 �;���m�;�B�M�Q�b�- �T�H�m�b �� �i�2�`�K �i�?���i

�B�M�p�Q�H�p�2�b �i�?�2 ���m�t�B�H�B���`�v �}�2�H�/�bD�- �r�?�B�+�? �+���M �#�2 �2�H�B�K�B�M���i�2�/ �m�b�B�M�; �i�?�2 �2�[�m���i�B�Q�M�b �Q�7 �K�Q�i�B�Q�M�X

�A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�- �r�2 �m�b�2 �i�?�2 �b�m�#�b�+�`�B�T�iF �i�Q �B�M�/�B�+���i�2 �i�?�2F �@�i�2�`�K �Q�7 ���M �2�t�T�`�2�b�b�B�Q�M�X

�h�Q �T�`�Q�/�m�+�2 �F�B�M�2�i�B�+ �i�2�`�K�b �7�Q�` �i�?�2 �+�Q�K�T�Q�M�2�M�i �}�2�H�/�b �i�?���i ���T�T�2���` �B�M �i�?�2 �+�?�B�`���H �b�m�T�2�`�@

�K�m�H�i�B�T�H�2�i�- �r�2 �/�2�}�M�2 �i�?�2 �`�2���H �b�m�T�2�`�}�2�H�/b� y
i
b� j �X �A�i�bD�@�i�2�`�K �U�/�2�M�Q�i�2�/ �#�v �i�?�2D �b�m�#�b�+�`�B�T�i�V



�*�?���T�i�2�` �9�X �_���/�B���i�B�p�2 �a�m�T�2�`�b�v�K�K�2�i�`�B�+ �a�2�2�b���r �J�2�+�?���M�B�b�K�d�y

�B�b �;�B�p�2�M �#�v

h
b� y

i
b� j

i

D
= F �

i Fj +
1
2

@� � �
i @� � j �

1
4

@� @� � �
i � j �

1
4

� �
i @� @� � j +

i
2

� j � � @� � i

�
i
2

@� � j � � � i : �U�9�X�j�d�V

�1�t�+�2�T�i �7�Q�` �� �i�Q�i���H �/�2�`�B�p���i�B�p�2�- �r�2 �?���p�2 �D�m�b�i �7�Q�m�M�/ �r�?���i �B�b �F�M�Q�r�M ���b �i�?�2 �q�2�b�b�@�w�m�K�B�M�Q

�G���;�`���M�;�B���M �/�2�M�b�B�i�v�- �r�?�B�+�? �B�b �i�?�2 �b�B�K�T�H�2�b�i �}�2�H�/ �`�2���H�B�x���i�B�Q�M �Q�7 �a�l�a�u�X

�9�X�j�X�9 ���#�2�H�B���M �:���m�;�2 �h�?�2�Q�`�B�2�b

�q�B�i�? �i�?�2 ���B�K �Q�7 �+�Q�M�b�i�`�m�+�i�B�M�; �i�2�`�K�b �i�?���i �/�2�b�+�`�B�#�2 �B�M�i�2�`���+�i�B�Q�M�b �#�2�i�r�2�2�M �i�?�2 �+�Q�K�T�Q�M�2�M�i

�}�2�H�/�b �Q�7 �p�2�+�i�Q�` ���M�/ �+�?�B�`���H �b�m�T�2�`�}�2�H�/�b�- �r�2 �/�2�}�M�2 �l�U�R�V �b�m�T�2�`�;���m�;�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�b ���b

b�
0

i = expf� 2igt i
b� gb� i ; �U�9�X�j�3�V

b�
0y
i = expf 2igt i

b� ygb� y
i ; �U�9�X�j�N�V

�r�?�2�`�2b�( z) ���M�/b� y(z) ���`�2 �H�2�7�i�@ ���M�/ �`�B�;�?�i�@�+�?�B�`���H �b�m�T�2�`�}�2�H�/�b�-g �B�b �i�?�2 �;���m�;�2 �+�Q�m�T�H�B�M�; �+�Q�M�@

�b�i���M�i�- ���M�/t i �B�b �i�?�2 �l�U�R�V �+�?���`�;�2 �Q�7 �i�?�2 �}�2�H�/�X �h�?�2 �b�m�T�2�`�}�2�H�/ �/�2�}�M�2�/ ���bb� y
i expf 2gti bVgb� i

�B�b �K���M�B�7�2�b�i�H�v �`�2���H ���M�/ �;���m�;�2 �B�M�p���`�B���M�i �T�`�Q�p�B�/�2�/ �i�?���ibV �B�b �� �p�2�+�i�Q�` �b�m�T�2�`�}�2�H�/ �i�?���i

�i�`���M�b�7�Q�`�K�b ���b

bV 0 = bV + i (b� � b� y): �U�9�X�9�y�V

�A�i�bD�@�i�2�`�K �B�b �� �b�m�T�2�`�b�v�K�K�2�i�`�B�+ �;�2�M�2�`���H�B�b���i�B�Q�M �Q�7 �i�?�2 �K�B�M�B�K���H�H�v �+�Q�m�T�H�2�/ �F�B�M�2�i�B�+ �G���@

�;�`���M�;�B���M �Q�7 �� �+�Q�M�p�2�M�i�B�Q�M���H �l�U�R�V �;���m�;�2 �i�?�2�Q�`�v�- ���M�/ �7�Q�` �b�B�K�T�H�B�+�B�i�v �B�i �+���M �#�2 �+���H�+�m�H���i�2�/

�B�M �i�?�2 �q�w �;���m�;�2�X �a�B�M�+�2 ���M�v �K�m�H�i�B�p���`�B���i�2 �T�Q�H�v�M�Q�K�B���H �Q�7 �H�2�7�i�@�+�?�B�`���H �b�m�T�2�`�}�2�H�/�b �B�b ���H�b�Q

�H�2�7�i�@�+�?�B�`���H�- �b�m�T�2�`�b�v�K�K�2�i�`�v ���H�b�Q ���H�H�Q�r�b �B�i�bF �@�i�2�`�K �B�M �i�?�2 �G���;�`���M�;�B���M�X �h�?�2�`�2�7�Q�`�2�- �i�?�2

�G���;�`���M�;�B���M �7�Q�` ���M ���#�2�H�B���M �;���m�;�2 �b�m�T�2�`�b�v�K�K�2�i�`�B�+ �i�?�2�Q�`�v �r�B�i�? �b�m�T�2�`�}�2�H�/ �+�Q�M�i�2�M�ib� i

���M�/bV �B�b

L =
1
4

h
cW � cW� + cW y

_�
cW y _�

i

F
+

h
b� y

i expf 2gti bVgb� i + � bV
i

D

+ [ cW(b� i ) + H :c:]F ; �U�9�X�9�R�V

�r�?�2�`�2cW(b� i ) �B�b �i�?�2�b�m�T�2�`�T�Q�i�2�M�i�B���H�Q�7 �i�?�2 �i�?�2�Q�`�v�X �A�i �+�Q�M�b�B�b�i�b �Q�7 �� �`�2�M�Q�`�K���H�B�b���#�H�2 �K�m�H�i�B�@

�p���`�B���i�2 �T�Q�H�v�M�Q�K�B���H �Q�7 �i�?�2 �H�2�7�i�@�+�?�B�`���H �}�2�H�/�bb� i �i�?���i �B�b �+�Q�K�T���i�B�#�H�2 �r�B�i�? �;���m�;�2 �B�M�p���`�B���M�+�2�X

�.�m�2 �i�Q �i�?�2 �b�m�T�2�`�;���m�;�2 ���M�/ �a�l�a�u �B�M�p���`�B���M�+�2 �Q�7 �i�?�2 �?�B�;�?�2�b�i �+�Q�K�T�Q�M�2�M�i �Q�7bV�- �� �H�B�M�@

�2���` �i�2�`�K �T���`���K�2�i�`�B�b�2�/ �#�v� �?���b �i�Q �#�2 �B�M�+�H�m�/�2�/�X �6�Q�` �i�?�2 �b���F�2 �Q�7 �#�`�2�p�B�i�v�- �r�2 �/�Q �M�Q�i



�*�?���T�i�2�` �9�X �_���/�B���i�B�p�2 �a�m�T�2�`�b�v�K�K�2�i�`�B�+ �a�2�2�b���r �J�2�+�?���M�B�b�K�d�R

�r�`�B�i�2 �/�Q�r�M �i�?�2 �+�Q�K�T�Q�M�2�M�i �}�2�H�/ �2�t�T���M�b�B�Q�M �Q�7 �i�?�2 ���#�Q�p�2 �2�t�T�`�2�b�b�B�Q�M�- �r�?�B�+�? �+���M �#�2 �7�Q�m�M�/

�B�M �(�R�k�d�)�X

�9�X�j�X�8 �L�Q�M�@���#�2�H�B���M �h�?�2�Q�`�v

�G�2�i �m�b �+�Q�M�b�B�/�2�` �b�m�T�2�`�}�2�H�/ �K�m�H�i�B�T�H�2�i�bb� �i�?���i �i�`���M�b�7�Q�`�K �m�M�/�2�` �� �`�2�T�`�2�b�2�M�i���i�B�Q�MR �Q�7

�� �b�B�K�T�H�2 �;���m�;�2 �;�`�Q�m�TG �r�B�i�? �+�Q�m�T�H�B�M�; �+�Q�M�b�i���M�ig�X �q�2 �/�2�}�M�2 �� �M�Q�M�@���#�2�H�B���M �;���m�;�2

�i�`���M�b�7�Q�`�K���i�B�Q�M ���+�i�B�M�; �Q�M �i�?�2 �b�m�T�2�`�}�2�H�/�bb� ���M�/b� y ���b

b� 0
i = exp f� 2igb� aTagi

j b� j �U�9�X�9�k�V

(b� y0) i = b� yj expf 2igb� ayTagj
i

�U�9�X�9�j�V

�r�?�2�`�2b� a(z) ���M�/b� ay(z) ���`�2 �H�2�7�i�@ ���M�/ �`�B�;�?�i�@�+�?�B�`���H �b�m�T�2�`�}�2�H�/�b �i�?���i �T���`���K�2�i�`�B�b�2 �i�?�2 �b�m�@

�T�2�`�;���m�;�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�b�- ���M�/Ta ���`�2 �i�?�2 �;�2�M�2�`���i�Q�`�b �Q�7 �i�?�2 �;�`�Q�m�T ���H�;�2�#�`�� �B�M �i�?�2 �`�2�T�@

�`�2�b�2�M�i���i�B�Q�MR�X �h�?�2�v �b���i�B�b�7�v

[Ta; Tb] = if abcTc; Tr[TaTb] = �� ab �U�9�X�9�9�V

�r�?�2�`�2f abc ���`�2 �i�?�2 �b�i�`�m�+�i�m�`�2 �+�Q�M�b�i���M�i�b �Q�7 �i�?�2 �;�`�Q�m�T ���H�;�2�#�`���- ���M�/� �B�b �i�?�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M

�+�Q�M�b�i���M�i �Q�7R�X �6�Q�` �+�Q�K�T���+�i�M�2�b�b �Q�7 �M�Q�i���i�B�Q�M�- �r�2 �/�2�}�M�2 �i�?�2 ���H�;�2�#�`���@�p���H�m�2�/ �b�m�T�2�`�}�2�H�/�b

bV j
i � 2g(Ta) i

j bV a; b� j
i � 2g(Ta) i

j b� a: �U�9�X�9�8�V
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�H�2�7�i�@�+�?�B�`���H �b�m�T�2�`�}�2�H�/�bbN C
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�?���M�/�2�/ �M�2�m�i�`�B�M�Q�b� iR �- �r�B�i�?i = 1; 2; : : : ; n�- �r�?�B�H�2 �i�?�2 �`�2�K���B�M�B�M�;n �`�B�;�?�i�@�?���M�/�2�/ �M�2�m�@

�i�`�B�M�Q�b ���`�2 �`�2�M���K�2�/ ���b� iR � (S�L )C �- �r�B�i�?i = n + � = n + 1; n + 2; : : : ; 2n�X �q�2

�`�2�K���`�F�- �?�Q�r�2�p�2�`�- �i�?���i �+�2�`�i���B�M �K�Q�/�2�H�b �r�B�i�? �/�B�z�2�`�2�M�i �M�m�K�#�2�`�b �Q�7 �`�B�;�?�i�@�?���M�/�2�/ �M�2�m�i�`�B�@

�M�Q�b� R ���M�/ �b�i�2�`�B�H�2 �7�2�`�K�B�Q�M�bSL �+���M ���;�`�2�2 �r�B�i�? �M�2�m�i�`�B�M�Q �Q�b�+�B�H�H���i�B�Q�M �/���i���- �b�m�+�? ���b �i�?�2
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B � = b � mM : �U�9�X�3�j�2�V

�L�Q�i�2 �i�?���i �i�?�2 �b�M�2�m�i�`�B�M�Q �K���b�b �K���i�`�B�t �7�Q�` �i�?�2 �A�a�a �b�+�2�M���`�B�Q�- �B�M �r�?�B�+�? �i�?�2 �}�2�H�/�b~SL ���`�2

�B�M�+�H�m�/�2�/ �B�M �+�Q�M�D�m�M�+�i�B�Q�M �r�B�i�?~� �
R �- �+���M �b�i�`���B�;�?�i�7�Q�`�r���`�/�H�v �#�2 �Q�#�i���B�M�2�/ ���7�i�2�` �K���F�B�M�; �i�?�2

�B�/�2�M�i�B�}�+���i�B�Q�M�b �7�Q�` �i�?�2 �K���b�b �K���i�`�B�+�2�bmM ���M�/mD �K�2�M�i�B�Q�M�2�/ ���#�Q�p�2 �(�+�7�X �U�9�X�3�R�V�)�X

�9�X�e�X�R �_���/�B���i�B�p�2 �M�2�m�i�`�B�M�Q �K���b�b�2�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �+���H�+�m�H���i�2 �i�?�2 �`�2�H�2�p���M�i �6�2�v�M�K���M�@�/�B���;�`���K�K���i�B�+ �+�Q�M�i�`�B�#�m�i�B�Q�M�b �i�Q �i�?�2

�M�2�m�i�`�B�M�Q �b�2�H�7�@�2�M�2�`�;�v �K���i�`�B�t�-� (=p)�X �h�?�2 �+���H�+�m�H���i�B�Q�M �B�b �+���`�`�B�2�/ �Q�m�i �B�M �i�?�2 �~���p�Q�m�` ���M�/

�r�2���F �#���b�2�b�- �`���i�?�2�` �i�?���M �B�M �i�?�2 �K���b�b �#���b�B�b�- �B�M �Q�`�/�2�` �i�Q ���p�Q�B�/ �i�?�2 �m�b�2 �Q�7 �H���`�;�2 �/�B�K�2�M�b�B�Q�M���H

�K���i�`�B�+�2�b �/�2�b�+�`�B�#�B�M�; �M�2�m�i�`���H�B�M�Q ���M�/ �b�M�2�m�i�`�B�M�Q �K�B�t�B�M�;�b�X �h�?�B�b �2�M���#�H�2�b �m�b �i�Q �?���p�2 �;�Q�Q�/

�+�Q�M�i�`�Q�H �Q�7 �i�?�2 �b�Q�7�i �a�l�a�u�@�b�+�`�2�2�M�B�M�; �T�?�2�M�Q�K�2�M�Q�M �K�2�M�i�B�Q�M�2�/ �B�M �i�?�2 �A�M�i�`�Q�/�m�+�i�B�Q�M�X

�6�Q�` �i�?�2�Q�`�B�2�b �r�B�i�? �J���D�Q�`���M�� �7�2�`�K�B�Q�M�b �i�?���i �r�2 �?���p�2 �#�2�2�M �+�Q�M�b�B�/�2�`�B�M�; �?�2�`�2�- �i�?�2 �M�2�m�@

�i�`�B�M�Q �b�2�H�7�@�2�M�2�`�;�v �K���i�`�B�t ���b�b�m�K�2�b �i�?�2 �;�2�M�2�`���H �7�Q�`�K �(�N�e�-�R�9�e�)�,

� (=p) = � L (p2) =pPL + � R(p2) =pPR + � M (p2)PL + � �
M (p2)PR ; �U�9�X�3�9�V

�r�B�i�?� L;R (p2) = � y
L;R (p2)�- � L (p2) = � �

R(p2) ���M�/� M (p2) = � T
M (p2)�X �a�B�M�+�2 �Q�m�`

�B�M�i�2�`�2�b�i �H�B�2�b �Q�M�H�v �B�M �+�Q�K�T�m�i�B�M�; �i�?�2 �H�2�7�i�@�?���M�/�2�/ �M�2�m�i�`�B�M�Q �K���b�b �K���i�`�B�tm � L �- �r�?�B�+�? �B�b

�;�2�M�2�`���i�2�/ �`���/�B���i�B�p�2�H�v�- �i�?�B�b �+���M �2���b�B�H�v �#�2 �/�2�i�2�`�K�B�M�2�/ �#�v

m � L PL = � PL � (=p)PL

�
�
�
p! 0

= � � M (0)PL : �U�9�X�3�8�V

�A�M �i�?�2 �r�2���F ���M�/ �~���p�Q�m�` �b�T���+�2�b�- �i�?�2 �H�2���/�B�M�;�@�Q�`�/�2�` �+�Q�M�i�`�B�#�m�i�B�Q�M�b �i�Q� M (0) ���`�2 �b�?�Q�r�M

�B�M �6�B�;�b�X�9�X�j���9�X�8�X �L�Q�i�2 �i�?���i �+�?�B�`���H�B�i�v �~�B�T�T�B�M�; �B�M�b�2�`�i�B�Q�M�b ���`�2 �/�2�M�Q�i�2�/ �r�B�i�? �� �+�`�Q�b�b �Q�M ��

�7�2�`�K�B�Q�M �H�B�M�2�X �A�7 �i�?�B�b �+�?�B�`���H�B�i�v �~�B�T �?���T�T�2�M�b �i�Q �p�B�Q�H���i�2 �i�?�2 �H�2�T�i�Q�M �M�m�K�#�2�` ���b �r�2�H�H�- �r�2

�B�M�/�B�+���i�2 �i�?�B�b �r�B�i�? �� �+�`�Q�b�b �B�M�b�B�/�2 �� �+�B�`�+�H�2�X �A�M �T���`�i�B�+�m�H���`�- �i�?�2 ���M���H�v�i�B�+ �`�2�b�m�H�i�b �/�2�`�B�p�2�/ �7�`�Q�K

�i�?�2 �r�2���F�@ ���M�/ �~���p�Q�m�`�@�b�T���+�2 �/�B���;�`���K�b �?���p�2 �i�?�2 ���/�p���M�i���;�2 �i�?���i �i�?�2�v �Q�M�H�v �/�2�T�2�M�/ �Q�M



�*�?���T�i�2�` �9�X �_���/�B���i�B�p�2 �a�m�T�2�`�b�v�K�K�2�i�`�B�+ �a�2�2�b���r �J�2�+�?���M�B�b�K�3�j

�6�B�;�m�`�2 �9�X�j�, �G�2���/�B�M�;�@�Q�`�/�2�` �/�B���;�`���K�b �B�M �i�?�2� R �a�J �i�?���i �+�Q�M�i�`�B�#�m�i�2 �i�Q �M�2�m�i�`�B�M�Q �K���b�b�2�b�X
���M �2�M�+�B�`�+�H�2�/ �+�`�Q�b�b �B�M�/�B�+���i�2�b �� �G�L�o �B�M�b�2�`�i�B�Q�M�- �� �?�2���p�v �/�Q�i �B�M �/�B���;�`���K �U���V �b�i���M�/�b �7�Q�`� e�

�(�+�7�X �U�9�X�3�3�V�)�- �r�?�B�H�2 �� �/�Q�i �B�M �/�B���;�`���K �U�#�V �`�2�T�`�2�b�2�M�i�b ���MmD �B�M�b�2�`�i�B�Q�M �(�+�7�X �U�9�X�3�j�+�V�)�X �L�Q�i�2
�i�?���i �i�?�2 ���`�`�Q�r�b �Q�M �i�?�2 �>�B�;�;�b�@�T�`�Q�T���;���i�Q�` �H�B�M�2�b �B�M�/�B�+���i�2 �?�v�T�2�`�+�?���`�;�2 �~�Q�r�X �h�?�2 �b�[�m���`�2
�/�Q�i �Q�M �i�?�2 �`�B�;�?�i �T���M�2�H �`�2�T�`�2�b�2�M�i�b ���ML�@�i�Q�@� R �H�2�T�i�Q�M �M�m�K�#�2�` �+�Q�M�b�2�`�p�B�M�; �T�`�Q�T���;���i�Q�`�X

�i�?�2 �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �G���;�`���M�;�B���M ���M�/ �i�?�2 �T���`�i�B�+�H�2 �K���b�b�2�b�- �#�m�i�M�Q�i�Q�M �K�B�t�B�M�; �K���i�`�B�t

�2�H�2�K�2�M�i�b�X �L�Q�i�2 �i�?���i ���M ���M���H�Q�;�Q�m�b �+���H�+�m�H���i�B�Q�M �Q�7 �Q�M�2�@�H�Q�Q�T �+�Q�`�`�2�+�i�B�Q�M�b �7�Q�` �i�?�2 �[�m���`�F

�b�2�+�i�Q�` �+���M �#�2 �7�Q�m�M�/ �B�M �(�R�9�d�)�X

�h�Q ���p�Q�B�/ �i�Q�Q �H���`�;�2 �2�z�2�+�i�b �Q�7 �+�?���`�;�2�/ �H�2�T�i�Q�M �~���p�Q�m�` �p�B�Q�H���i�B�Q�M�- �r�2 ���b�b�m�K�2 �i�?���i �i�?�2

�b�Q�7�i �a�l�a�u�@�#�`�2���F�B�M�; �#�B�H�B�M�2���` ���M�/ �i�`�B�H�B�M�2���` �T���`���K�2�i�2�`�b ���`�2 �m�M�B�p�2�`�b���H ���i �b�Q�K�2 �H�Q�r�@�2�M�2�`�;�v

�b�+���H�2�- �B�X�2�X

m2
~e = m2

~e13 ; m2
~̀ = m2

~̀13 ; m2
~� = m2

~� 1nR ; A � = A � 1nR ; �U�9�X�3�e�V

�b�Q �i�?���i �r�2 �+���M �B�;�M�Q�`�2 �`�2�M�Q�`�K���H�B�x���i�B�Q�M�@�;�`�Q�m�T �2�z�2�+�i�b �7�Q�` �b�B�K�T�H�B�+�B�i�v�X �J�Q�`�2�Q�p�2�`�- �r�2 �r�Q�`�F

�B�M �b�2�+�Q�M�/ �Q�`�/�2�` ���T�T�`�Q�t�B�K���i�B�Q�M �7�Q�` �i�?�2 �M�2�m�i�`�B�M�Q �u�m�F���r�� �K���i�`�B�tY � �X �h�?�B�b �B�b �� �;�Q�Q�/

���T�T�`�Q�t�B�K���i�B�Q�M �T�`�Q�p�B�/�2�/ �i�?�2 �K�B�t�B�M�; �#�2�i�r�2�2�M �H�B�;�?�i ���M�/ �?�2���p�v �M�2�m�i�`�B�M�Q�b �B�b �`�2���b�Q�M���#�H�v

�b�K���H�H�X �h�Q �b�B�K�T�H�B�7�v �K���i�i�2�`�b�- �Q�m�` �+�Q�K�T�m�i���i�B�Q�M �B�b �#���b�2�/ �Q�M �i�?�2 �r�Q�`�F�B�M�; �?�v�T�Q�i�?�2�b�B�b �i�?���i

�i�?�2 �#�B�H�B�M�2���` �K���b�b �K���i�`�B�tb � �B�b �m�M�B�p�2�`�b���H�-

b � = b� 1nR : �U�9�X�3�d�V

�A�i �b�?�Q�m�H�/ �#�2 �M�Q�i�2�/ �?�2�`�2 �i�?���i ���H�i�?�Q�m�;�? �i�?�2 �}�M���H ���M���H�v�i�B�+ �2�t�T�`�2�b�b�B�Q�M� M (0) �B�b �;���m�;�2�@

�}�t�B�M�; �T���`���K�2�i�2�` �B�M�/�2�T�2�M�/�2�M�i�- �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �i�?�2 �B�M�/�B�p�B�/�m���H �/�B���;�`���K�b �B�b �/�Q�M�2 �B�M

�i�?�2 �G���M�/���m �;���m�;�2�X

�G�2�i �m�b �}�`�b�i �+�Q�M�b�B�/�2�` �i�?�2 �6�2�v�M�K���M �;�`���T�?�b �b�?�Q�r�M �B�M �6�B�;�X�9�X�j�r�?�B�+�? ���`�2 �+�H�Q�b�2�H�v �`�2�H���i�2�/

�i�Q �i�?�Q�b�2 �2�p���H�m���i�2�/ �B�M �i�?�2� R �a�J �(�N�k�)�X ���i �i�?�2 �Q�M�2�@�H�Q�Q�T �H�2�p�2�H�- �i�?�2�`�2 ���`�2 �i�r�Q �+�Q�M�i�`�B�#�m�i�B�Q�M�b

�i�?���i �B�M�p�Q�H�p�2�, �U���V �i�?�2 �m�T�@�i�v�T�2 �>�B�;�;�b�@�#�Q�b�Q�MHu ���M�/ �U�#�V �i�?�2Z �#�Q�b�Q�M�X �6�Q�` �i�?�2 �/�B���;�`���K �B�M



�*�?���T�i�2�` �9�X �_���/�B���i�B�p�2 �a�m�T�2�`�b�v�K�K�2�i�`�B�+ �a�2�2�b���r �J�2�+�?���M�B�b�K�3�9

�6�B�;�X�9�X�j�U���V�- �r�2 �K�m�b�i �M�Q�i�B�+�2 �i�?���i �B�i �`�2�+�2�B�p�2�b �b�B�;�M�B�}�+���M�i �[�m���M�i�m�K �+�Q�`�`�2�+�i�B�Q�M�b �#�2�v�Q�M�/ �i�?�2

�Q�M�2�@�H�Q�Q�T �H�2�p�2�H�- �i�?�`�Q�m�;�? �i�?�2 �Q�T�2�`���i�Q�`� e� (H y
uHu)2 �r�?�Q�b�2 �+�Q�m�T�H�B�M�;� e� �;�2�i�b �+�Q�M�b�B�/�2�`���#�H�v

�2�M�?���M�+�2�/ �(�R�9�3���R�8�y�) �#�2�v�Q�M�/ �B�i�b �a�l�a�u �i�`�2�2�@�H�2�p�2�H �p���H�m�2�- �B�X�2�X� tree = ( g2
w + g2

y)=8�X �h�?�2

�2�z�2�+�i�B�p�2 �+�Q�m�T�H�B�M�;� e� �?�2�H�T�b �i�Q �`���B�b�2 �i�?�2 �p���H�m�2 �Q�7 �i�?�2 �H�B�;�?�i�2�b�i �*�S�@�2�p�2�M �>�B�;�;�b �K���b�b�-

M h �- �i�Q �i�?���i �Q�7 �i�?�2 �Q�#�b�2�`�p�2�/ �a�J�@�H�B�F�2 �>�B�;�;�b �`�2�b�Q�M���M�+�2�- �B�X�2�XM h � 125 �:�2�o �(�R�8�R�)�X �6�Q�`

�B�M�b�i���M�+�2�- �7�Q�` �K�Q�/�2�`���i�2 �p���H�m�2�b �Q�7tan � �- �2�X�;�Xtan � <
� 20�- �Q�M�2�@�H�Q�Q�T �b�+���H���` �i�Q�T �U~t�V �2�z�2�+�i�b

�#�2�+�Q�K�2 �/�Q�K�B�M���M�i�- �H�2���/�B�M�; �i�Q ���M �2�z�2�+�i�B�p�2 �+�Q�m�T�H�B�M�; �U�b�2�2�- �2�X�;�X �(�R�8�k�)�V�-

� e� = � �i�`�2�2

�
1�

3
8� 2

ln
�

M 2
~t

m2
t

� �
+

3y4
t

16� 2

�
ln

�
M 2

~t

m2
t

�
+

jA t j2

M 2
~t

�
1 �

jA t j2

12M 2
~t

� �
; �U�9�X�3�3�V

�r�?�2�`�2mt �B�b �i�?�2 �i�Q�T�@�[�m���`�F �T�Q�H�2 �K���b�b�-yt �B�b �i�?�2 �i�Q�T�@�[�m���`�F �u�m�F���r�� �+�Q�m�T�H�B�M�;�-M 2
~t �B�b �i�?�2

���p�2�`���;�2 �Q�7 �i�?�2 �b�Q�7�i �b�+���H���`�@�i�Q�T �K���b�b�2�b �b�[�m���`�2�/�- ���M�/A t �B�b �i�?�2 �`�2�b�T�2�+�i�B�p�2 �b�Q�7�i �i�`�B�H�B�M�2���`

�+�Q�m�T�H�B�M�;�X �A�M �i�?�2 �T�`�2�b�2�M�i �b�i�m�/�v�- �r�2 �r�B�H�H �M�Q�i �b�T�2�+�B�7�v �i�?�2 �7�m�H�H �b�Q�7�i �a�l�a�u�@�#�`�2���F�B�M�; �b�2�+�i�Q�` �Q�7

�i�?�2� R �J�a�a�J�- �#�m�i �Q�M�H�v ���/�D�m�b�i� e� �- �b�Q ���b �i�Q �?���p�2M h = 125:38� 0:14�:�2�o �(�+�7�X �h���#�H�2�9�X�k�)�X

�h�?�B�b �+���M ���H�r���v�b �#�2 ���+�?�B�2�p�2�/ �#�v ���M ���T�T�`�Q�T�`�B���i�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �b�Q�7�i �T���`���K�2�i�2�`�b ���b�b�Q�+�B���i�2�/

�r�B�i�? �i�?�2 �b�+���H���` �[�m���`�F �b�2�+�i�Q�` �Q�7 �i�?�2 �J�a�a�J �(�R�8�j���R�8�8�)�X �6�m�`�i�?�2�` �/�B�b�+�m�b�b�B�Q�M �B�b �;�B�p�2�M �B�M

���T�T�2�M�/�B�t�*�X

�h���F�B�M�; �i�?�2 ���#�Q�p�2 �B�M�i�Q ���+�+�Q�m�M�i�- ���b �r�2�H�H ���b �i�?�2 �T�2�`�i�B�M�2�M�iH �
uH �

u �2�M�i�`�v �Q�7 �i�?�2 �>�B�;�;�b�@

�#�Q�b�Q�M �T�`�Q�T���;���i�Q�` �K���i�`�B�t �U�b�2�2 ���T�T�2�M�/�B�t�" �7�Q�` �K�Q�`�2 �/�2�i���B�H�b�V�- �i�?�2Hu �@�K�2�/�B���i�2�/ �;�`���T�?

�B�M �6�B�;�X�9�X�j�U���V �B�b �7�Q�m�M�/ �i�Q �#�2

i � �(�R�U���V�)
M = mD m y

M

Z
ddk

(2� )d

2� e�
�
k2 + M 2

A cos 2�
� 2

k2(k21nR � mM m y
M )(k2 � M 2

A )(k2 � M 2
h )(k2 � M 2

H )
mT

D ;

�U�9�X�3�N�V

�r�?�2�`�2� e� �B�b �i�?�2 �2�z�2�+�i�B�p�2 �[�m���`�i�B�+ �+�Q�m�T�H�B�M�; �/�2�}�M�2�/ �B�M �U�9�X�3�3�V�X

�a�B�M�+�2 ���H�H �H�Q�Q�T �B�M�i�2�;�`���H�b ���`�2 �2�p���H�m���i�2�/ ���i �x�2�`�Q �2�t�i�2�`�M���H �K�Q�K�2�M�i�m�K�- �B�i �#�2�+�Q�K�2�b �K�Q�`�2

�+�Q�M�p�2�M�B�2�M�i �i�Q �2�t�T�`�2�b�b �i�?�2�K �B�M �i�2�`�K�b �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M�b

I n (m2
1; m2

2; : : : ; m2
n ) �

Z
ddk

(2� )d

nY

j =1

1
k2 � m2

j
: �U�9�X�N�y�V

�h�?�2 �7�m�M�+�i�B�Q�M�bI n �b���i�B�b�7�v �i�?�2 �`�2�+�m�`�b�B�p�2 �`�2�H���i�B�Q�M�b

I n (m2
1; m2

2; : : : ; m2
n ) =

I n� 1(m2
1; m2

3; :::; m2
n ) � I n� 1(m2

2; m2
3; : : : ; m2

n )
m2

1 � m2
2

: �U�9�X�N�R�V

�h�?�2�v ���`�2 �`�2�H���i�2�/ �i�Q �i�?�2 �m�b�m���H �o�2�H�i�K���M �7�m�M�+�i�B�Q�M�b �(�R�8�e�) �#�v �� �K�m�H�i�B�T�H�B�+���i�B�p�2 �7���+�i�Q�`�X �6�Q�`

�B�M�b�i���M�+�2�- �7�Q�`n = 2�- �r�2 �?���p�2

I 2(m2
1; m2

2) =
i

16� 2
B0(0; m2

1; m2
2); �U�9�X�N�k�V



�*�?���T�i�2�` �9�X �_���/�B���i�B�p�2 �a�m�T�2�`�b�v�K�K�2�i�`�B�+ �a�2�2�b���r �J�2�+�?���M�B�b�K�3�8

�6�B�;�m�`�2 �9�X�9�, �a�m�T�2�`�b�v�K�K�2�i�`�B�+ �Q�M�2�@�H�Q�Q�T �+�Q�M�i�`�B�#�m�i�B�Q�M�b �i�Q �M�2�m�i�`�B�M�Q �K���b�b�2�b�X �h�?�2 �+�`�Q�b�b
�`�2�T�`�2�b�2�M�i�b �� �+�?�B�`���H�B�i�v �~�B�T �B�M �i�?�2 �?�B�;�;�b�B�M�Q���;���m�;�B�M�Q �7�2�`�K�B�Q�M�B�+ �H�B�M�2�- ���M�/ �i�?�2 �2�M�+�B�`�+�H�2�/
�+�`�Q�b�b �`�2�T�`�2�b�2�M�i�b ���MF �@�i�2�`�K �G�L�o �K���b�b �B�M�b�2�`�i�B�Q�M �(�+�7�X �U�9�X�3�j�/�V�)�X

�r�?�2�`�2 �B�Md = 4 � 2� �/�B�K�2�M�b�B�Q�M�b�-

B0(0; m2
1; m2

2) = CUV �
m2

1

m2
1 � m2

2
ln

�
m2

1

m2
2

�
� ln

�
m2

2

� 2

�
+ 1 : �U�9�X�N�j�V

�>�2�`�2�-CUV = 2
� + ln 4 � �  E �B�b ���M �l�o �+�Q�M�b�i���M�i�- E �B�b �i�?�2 �1�m�H�2�`���J���b�+�?�2�`�Q�M�B �+�Q�M�b�i���M�i�-

���M�/� �B�b ���M ���`�#�B�i�`���`�v �K���b�b �b�+���H�2 �B�M�i�`�Q�/�m�+�2�/ �#�v �ö�i �>�Q�Q�7�i�X ���b �r�2 �r�B�H�H �b�2�2 �#�2�H�Q�r�- ���H�H

�H�Q�Q�T �+�Q�M�i�`�B�#�m�i�B�Q�M�b �v�B�2�H�/ �+�Q�K�#�B�M���i�B�Q�M�b �Q�7 �7�m�M�+�i�B�Q�M�bI n �- �r�B�i�?n � 3�X �A�M �H�B�;�?�i �Q�7 �U�9�X�N�R�V�-

�i�?�B�b �K�2���M�b �i�?���i �i�?�2 �l�o �/�B�p�2�`�;�2�M�i �T���`�i�b �/�2�T�2�M�/�B�M�; �Q�MCUV �+���M�+�2�H �Q�m�i �+�Q�K�T�H�2�i�2�H�v�- ���b

�`�2�[�m�B�`�2�/ �#�v �i�?�2 �`�2�M�Q�`�K���H�B�b���#�B�H�B�i�v �Q�7 �i�?�2 �i�?�2�Q�`�v�X

�"�v �p�B�`�i�m�2 �Q�7 �i�?�2I n �7�m�M�+�i�B�Q�M�b �/�2�}�M�2�/ �B�M �U�9�X�N�y�V�- �r�2 �K���v �M�Q�r �`�2�@�2�t�T�`�2�b�b �U�9�X�3�N�V ���b

�7�Q�H�H�Q�r�b�,

i � �(�R�U���V�)
M = 2� e� mD m y

M

h
I 3(M 2

h ; M 2
H ; mM m y

M )

+ M 2
A (1 + 2 cos 2� )I 4(M 2

A ; M 2
h ; M 2

H ; mM m y
M )

+ M 4
A cos2 2� I 5(0; M 2

A ; M 2
h ; M 2

H ; mM m y
M )

i
mT

D : �U�9�X�N�9�V

�G�B�F�2�r�B�b�2�- �i�?�2Z �#�Q�b�Q�M �K�2�/�B���i�2�/ �/�B���;�`���K �B�M �6�B�;�X�9�X�j�U�#�V �B�b �;�B�p�2�M �#�v

i � �(�R�U�#�V�)
M =

3
4

(g2
w + g2

y) mD m y
M I 3(0; M 2

Z ; mM m y
M ) mT

D : �U�9�X�N�8�V

�G�2�i �m�b �M�Q�r �i�m�`�M �Q�m�` ���i�i�2�M�i�B�Q�M �i�Q �i�?�2 �`�2�b�T�2�+�i�B�p�2 �b�m�T�2�`�b�v�K�K�2�i�`�B�+ �+�Q�M�i�`�B�#�m�i�B�Q�M�b �i�Q

�`���/�B���i�B�p�2 �M�2�m�i�`�B�M�Q �K���b�b�2�b �b�?�Q�r�M �B�M �6�B�;�X�9�X�9�X �h�?�2 �2�p���H�m���i�B�Q�M �Q�7 �i�?�2�b�2 �;�`���T�?�b �+���M �#�2 �/�Q�M�2

�m�b�B�M�; �i�?�2 �M�2�m�i�`���H�B�M�Q �T�`�Q�T���;���i�Q�` �K���i�`�B�t �B�M �i�?�2 �r�2���F �#���b�B�b�- �#�v �7�Q�H�H�Q�r�B�M�; �i�?�2 �T�`�Q�+�2�/�m�`�2

�Q�m�i�H�B�M�2�/ �B�M ���T�T�2�M�/�B�t�"�X�j�X �h�?�m�b�- �i�?�2 �H�Q�Q�T �B�M�i�2�;�`���H �7�Q�` �i�?�2 �a�l�a�u �;�`���T�?�b �B�M �6�B�;�X�9�X�9



�*�?���T�i�2�` �9�X �_���/�B���i�B�p�2 �a�m�T�2�`�b�v�K�K�2�i�`�B�+ �a�2�2�b���r �J�2�+�?���M�B�b�K�3�e

�`�2���/�b

i � [2]
M =

Z
ddk

(2� )d

1

k213 � ~H T
1

N � 1

k21nR � ~H 2

mT
D

gw
�
M � 0 ���/�DF

�
~h0

u
~W 3 � gy

�
M � 0 ���/�DF

�
~h0

u
~B

vu detF

+ �i�`���M�b�T�Q�b�2; �U�9�X�N�e�V

�r�?�2�`�2F �B�b ��4 � 4 �K���i�`�B�t �`�2�H���i�2�/ �i�Q �i�?�2 �r�2���F�@�b�T���+�2 �M�2�m�i�`���H�B�M�Q �T�`�Q�T���;���i�Q�` ���M�/ ���/�DF

�b�i���M�/�b �7�Q�` �B�i�b ���/�D�m�M�+�i�X �J�Q�`�2 �/�2�i���B�H�b �K���v �#�2 �7�Q�m�M�/ �B�M ���T�T�2�M�/�B�t�" �X �A�M �U�9�X�N�e�V�- �r�2 �/�2�}�M�2�/

~H 1;2 � H 1;2jm D = 0 �- �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �Q�m�` �b�2�+�Q�M�/�@�Q�`�/�2�` �2�t�T���M�b�B�Q�M �B�M �i�?�2 �M�2�m�i�`�B�M�Q �u�m�F���r��

�K���i�`�B�tY � �X �a�B�M�+�2~H 1 �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �B�/�2�M�i�B�i�v �B�M �i�?�2 �b���K�2 �Q�`�/�2�` �Q�7 ���T�T�`�Q�t�B�K���i�B�Q�M�-

�r�2 �K���v �r�`�B�i�2~H T
1 = ~H �

113�X �h���F�B�M�; �i�?�2 ���#�Q�p�2 �b�B�K�T�H�B�}�+���i�B�Q�M�b �B�M�i�Q ���+�+�Q�m�M�i�- �i�?�2 �H�Q�Q�T

�B�M�i�2�;�`���H �K���v �b�m�+�+�2�b�b�B�p�2�H�v �#�2 �2�p���H�m���i�2�/ ���b �7�Q�H�H�Q�r�b�,

i � [2]
M =

1
vu

N �
Z

ddk
(2� )d

gw(M � 0 ���/�DF )~h0
u

~W 3 � gy(M � 0 ���/�DF )~h0
u

~B

detF (k2 � ~H �
1 )(k21nR � ~H 2)

mT
D + �i�`���M�b�T�Q�b�2

= mD m y
M

Z
ddk

(2� )d

Ak6 + Bk 4 + Ck2 + D

detF (k2 � ~H �
1 )(k21nR � ~H 2)

mT
D + �i�`���M�b�T�Q�b�2

= mD m y
M

�
A I 3

�
~H �

1 ; ~H 2; m2
� 0

4

�
+ BA;B I 4

�
~H �

1 ; ~H 2; m2
� 0

3
; m2

� 0
4

�

+ CA;B;C I 5

�
~H �

1 ; ~H 2; m2
� 0

2
; m2

� 0
3
; m2

� 0
4

�
+ DA;B;C;D

� I 6

�
~H �

1 ; ~H 2; m2
� 0

1
; m2

� 0
2
; m2

� 0
3
; m2

� 0
4

� �
mT

D + �i�`���M�b�T�Q�b�2; �U�9�X�N�d�V

�r�B�i�?

BA;B = A
�

m2
� 0

1
+ m2

� 0
2

+ m2
� 0

3

�
+ B;

CA;B;C = A
�

m4
� 0

1
+ m2

� 0
1
m2

� 0
2

+ m4
� 0

2

�
+ B

�
m2

� 0
1

+ m2
� 0

2

�
+ C; �U�9�X�N�3�V

DA;B;C;D = A m6
� 0

1
+ B m4

� 0
1

+ C m2
� 0

1
+ D:

�L�Q�i�2 �i�?���i �i�?�2 ���M���H�v�i�B�+ �7�Q�`�K�b �Q�7 �i�?�2 �+�Q�2�{�+�B�2�M�i�bA; B; C ���M�/D ���`�2 �;�B�p�2�M �B�M �U�"�X�j�d�V�X

�A�i �+���M �M�Q�r �#�2 �p�2�`�B�}�2�/ �i�?���i �i�?�2 �b�m�K �Q�7 �i�?�2 �b�2�H�7�@�2�M�2�`�;�v �2�t�T�`�2�b�b�B�Q�M�b �B�M �U�9�X�N�9�V�- �U�9�X�N�8�V

���M�/ �U�9�X�N�d�V �p���M�B�b�?�2�b �B�M �i�?�2 �2�t���+�i �a�l�a�u �H�B�K�B�i�- �r�?�B�+�? �B�b �`�2���H�B�b�2�/ �7�Q�`tan � = 1�-� = 0

���M�/M �a�l�a�u ! 0�- �r�B�i�?� e� ! � tree�- ���+�+�Q�`�/�B�M�; �i�Q �Q�m�` �/�B�b�+�m�b�b�B�Q�M �B�M ���T�T�2�M�/�B�t�*�X



�*�?���T�i�2�` �9�X �_���/�B���i�B�p�2 �a�m�T�2�`�b�v�K�K�2�i�`�B�+ �a�2�2�b���r �J�2�+�?���M�B�b�K�3�d

�6�B�;�m�`�2 �9�X�8�, �6�2�v�M�K���M �/�B���;�`���K�b �+�Q�M�i�`�B�#�m�i�B�M�; �i�Q �M�2�m�i�`�B�M�Q �K���b�b�2�b �r�?�2�M �a�l�a�u �B�b �b�Q�7�i�H�v

�#�`�Q�F�2�M�X �L�Q�i�2 �i�?���i �i�?�2 �`�B�;�?�i�@�?���M�/�2�/ �b�M�2�m�i�`�B�M�Q �T�`�Q�T���;���i�Q�` �?���b �� �G�L�o �K���b�b �B�M�b�2�`�i�B�Q�M

�T�`�Q�T�Q�`�i�B�Q�M���H �i�QB � �X

�6�B�M���H�H�v�- �r�2 �K�m�b�i �i���F�2 �B�M�i�Q �+�Q�M�b�B�/�2�`���i�B�Q�M �r�2���F�@ ���M�/ �~���p�Q�m�`�@�b�T���+�2 �;�`���T�?�b�- ���b �/�2�@

�T�B�+�i�2�/ �B�M �6�B�;�X�9�X�8�- �r�?�B�+�? ���`�2 �;�2�M�2�`���i�2�/ �r�?�2�M �a�l�a�u �B�b �b�Q�7�i�H�v �#�`�Q�F�2�M�X �q�2 �b�i���`�i �#�v

�+���H�+�m�H���i�B�M�; �i�?�2 �H�Q�Q�T �B�M�i�2�;�`���H �7�Q�` �i�?�2 �/�B���;�`���K �B�M �6�B�;�X�9�X�8�U���V�X �h�?�B�b �B�b �;�B�p�2�M �#�v

i � �(�j�U���V�)
M =

1
vu

Z
ddk

(2� )d

1

k213 � ~H T
1

M � 1

k21nR � ~H T
2

b�
� m y

M
1

k21nR � ~H 2

mT
D

�
gw

�
M � 0 ���/�DF

�
~h0

u
~W 3 � gy

�
M � 0 ���/�DF

�
~h0

u
~B

detF
+ �i�`���M�b�T�Q�b�2: �U�9�X�N�N�V


	Abstract
	Declaration
	Copyright Statement
	Acknowledgements
	Introduction
	The Standard Model
	Symmetries
	Poincaré
	Gauge

	The Standard Model Lagrangian
	Gauge Group and Particle Content
	Gauge Sector
	Higgs Sector and Spontaneous Symmetry breaking
	Fermion sector of the SM


	Neutrino Physics
	Neutrino Interactions
	Neutrino Oscillations
	Neutrino Masses
	The Weinberg Operator
	Type-I Seesaw
	Heavy Neutrino Couplings

	Lepton Number and Lepton Flavour Violation
	Neutrinoless Double Beta Decay
	Lepton Flavour Violation

	Radiative Seesaw Mechanism
	Flavour and Weak Basis Diagrams


	Radiative Supersymmetric Seesaw Mechanism
	Motivation
	Supersymmetry Algebra
	Superspace Formalism
	Superfields
	Chiral Superfields
	Vector Superfields
	Abelian Gauge Theories
	Non-Abelian Theory

	Non-renomalisation Theorem
	The Minimal Supersymmetric Standard Model
	Superfield Content
	Soft Supersymmetry Breaking

	R Minimal Supersymmetric Standard Model
	Radiative neutrino masses
	Numerical Results

	Discussion

	Tri-Resonant Mechansim for Leptogenesis
	Motivation
	FLRW metric
	Resonant Leptogenesis
	Boltzmann Equations
	CP violation

	Tri-Resonant Leptogenesis
	Seesaw Extension of the Standard Model
	Neutrino Flavour Model
	Non-Zero Leptonic CP Phases in cLFV Processes
	Leptonic Asymmetries and Tri-Resonance
	Boltzmann Equations
	Approximate Solutions to Boltzmann Equations
	Numerical Approximation of the Complete Boltzmann Equations
	Results
	Conclusions


	Summary and Outlook
	Type-I Seesaw: Analytical Approximations
	Propagators in Flavour Space
	Fermions
	Majorana Neutrino Propagator
	Weak Basis Neutralino Propagator
	Weak Basis Up-Type Higgs Propagator
	Loop Correction Coefficients

	Higgs Sector of the RMSSM at Tree Level
	Impact of T-dependent heff on BEs
	Form Factors for cLFV Processes
	TRL Benchmark Scenarios
	Bibliography

