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Abstract

In this thesis, we present a variety of results on two topics relating to differen-
tially large fields: on generalised functorial versions of the Taylor morphism,
and on differentially henselian fields, which are an analogue of differentially
large fields in the context of henselian valued fields.

The Taylor morphism is a tool used in differential algebra to construct dif-
ferential morphisms from algebraic morphisms in a uniform way. We observe
that this construction has certain functorial properties, and we generalise the
notion of a Taylor morphism as a functor which satisfies the same properties.
We demonstrate that generalised Taylor morphisms have corresponding appli-
cations to differentially large fields, and we also study the structure of these
generalised Taylor morphisms in some detail.

We give a comprehensive overview of the model-theoretic properties of dif-
ferentially henselian fields, including generalisations of classical results from
valuation theory, e.g. Ax-Kochen/Ershov type results, quantifier elimination
for equicharacteristic 0 fields with angular components, stable embeddedness
properties, and more. We also prove various characterisations of differentially
henselian fields analogous to those for differentially large fields. Finally, we
adapt the machinery of the differential Weil descent to prove results about

algebraic extensions of differentially henselian fields.
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1 Introduction

In 1996, Pop introduced the notion of large fields (also known as ample fields)
in the paper [38|, with applications to embedding problems in Galois theory.
Large fields are fields with ‘many points: a field K is said to be large if
every absolutely irreducible K-variety (equivalently, K-curve) with a smooth
K-rational point has a Zariski-dense set of K-rational points. Equivalently, K

is large if and only if it is existentially closed in the field of formal Laurent
series K ((t)).

This class contains many of the classical model-theoretically “tame” classes
of fields, such as algebraically closed, real closed and henselian fields. Large
fields have found a number of model-theoretic applications, such as in the 2020
work [24] of Johnson, Tran, Walsberg and Ye, where the authors prove a version
of the stable fields conjecture for large fields. In this thesis, we give a brief
introduction to largeness in Section [2.3.1] but for a concise yet comprehensive
overview of the state of research in the theory of large fields, we direct the
reader to Bary-Soroker and Fehm'’s article [7]. For full details on the theory of
large fields, we suggest Jarden’s book [23].

Leon Sanchez and Tressl, in [33] and [32], developing on earlier work of
Tressl in [46] on the uniform companion for large fields, introduce an analogue
of largeness for differential fields, known as di [erential largeness. A differen-
tial field (K, J) is said to be di[erentially large if, for every differential field
extension (L, 0) of (K, ) where K is existentially closed in L as a pure field,
(K, 6) is also existentially closed in (L, 0) as a differential field. This roughly
corresponds to the property that if a finite system of differential polynomials
over K has an algebraic solution in K, then it also has a differential solution

in K, modulo certain technical constraints.

This thesis will present a variety of results on two main topics relating to
differentially large fields: the Taylor morphism and its generalisations, and
differentially henselian fields. We will restrict ourselves to the case of fields
in characteristic 0, and differential fields in one derivation, unless otherwise
stated.



Taylor Morphisms

One of the main tools used to study differentially large fields is the twisted
Taylor morphism which is constructed in [32]. This is a modified version of
the classical Taylor morphism, which takes a ring homomorphism ¢ : A — K,
where (A, 0) is a differential ring, and K is a field (or more generally, a Q-
algebra), to a differential ring homomorphism T, : (4,8) — (K[[t]], &) by
taking its Taylor series in the naive way, i.e. for any a € A,

= 3 20,

<w

The twisted Taylor morphism is an adaptation of the classical Taylor mor-
phism to the case where K is not a constant field, i.e. K is equipped with a
derivation 0 # 0. It takes a ring homomorphism ¢ : A — K as before, to a
differential ring homomorphism T} : (A, §) — (K/[[t]], d+ 4. This allows us to
construct differential (K[[t]],d + 4) points of differential K-algebras with K-
points. Using this construction, we can show that the differential field (K, 0)
is differentially large if and only if it is existentially closed in the field of formal

Laurent series K ((t)) equipped with the derivation 9 + 4

In Chapter [3| we observe that both the twisted and untwisted Taylor mor-
phisms satisfy a functorial property, that is, if ¢ : A — K, v : B - K and
X : A — B are ring homomorphisms with y differential such that ¢ = ¢ oy,
then we have that T,, = T, o x, where T is either the classical or twisted Tay-
lor morphism. Further, T" preserves differential maps, i.e. if ¢ is differential,
then T,, = ¢. We introduce the generalised notion of a Taylor morphism as
a functor satisfying these properties in both the twisted and untwisted cases
(Definitions . We introduce these generalisations and develop their
basic theory in Sections [3.1] and [3.2]

In Section [3.3] we answer the following question: if K is a differentially
large field, every differentially finitely generated K-algebra with an algebraic
K-point also has a differential K-point. Can these be found in a ‘functorial’
way, i.e. in terms of some restricted form of the Taylor morphism? We answer
this question in the negative. This is due to the fact that no differential field
can admit a Taylor morphism over itself (Proposition , and any such

restricted version of the Taylor morphism can be extended uniquely to a full
Taylor morphism (Proposition [3.3.11]).

We consider generalised versions of the twisting map in Section and

9



Chapter 1. Introduction

construct a concrete example of a twisting for a modified version of the classical
Taylor morphism where we equip the ring K[[t]] with a nonstandard derivation.

In Section |3.5, we demonstrate that differentially large fields can be char-
acterised in terms of these abstract Taylor morphisms with existential closure
properties in a similar way to the characterisations given in [32] (Proposition
3.5.3, Theorem . We also generalise a method of constructing differen-
tially large fields by taking direct limits of a directed system differential fields
which admit Taylor morphisms in a certain configuration (Proposition .

In Section [3.6) we construct a diagram in the category of differential K-
algebras, whose cocones correspond to abstract K-Taylor morphisms (Propo-
sition . From this, we prove that for any differential ring K, there is a
‘universal’ K-Taylor morphism through which every other K-Taylor morphism
factors (Proposition [3.6.4).

The main results on the structure of Taylor morphisms are presented in
Section [3.7, where we show that every abstract Taylor morphism over a dif-
ferential Q-algebra (K, ¢) is precisely the result of embedding the standard
twisted Taylor morphism in some differential (K[[t]],  + &4)-algebra (Corollary
. We do this by considering abstract versions of the evaluation map
K[[t]] — K, which are inverses to certain Taylor morphisms. We also con-
sider the category of K-Taylor morphisms, which we show is isomorphic to the
category of differential (K[[t]], 6 + 4)-algebras (Corollary .

We conclude this chapter by briefly addressing further generalisations to

the case of multiple derivations in Section [3.8

Differentially Henselian Fields

In Chapter 4} we give a broad overview of the model theory of differentially
henselian fields, which are an appropriate generalisation of the class of dif-
ferentially large fields to henselian valued fields. In particular, they can be
characterised in terms of an existential closure condition in a similar way to
differentially large fields: a valued-differential field (K, v,d) is differentially
henselian if it is (nontrivially) henselian as a pure valued field, and for any
valued-differential field extension (L, w,0) of (K, v,6), if (K, v) is existentially
closed in (L, w) as pure valued fields, then (K, v,d) is existentially closed in
(L, w, d) as valued-differential fields (Theorem [4.4.9)).

This class of fields has been studied by a number of authors from various
perspectives: by Guzy in [18] adapting the work of Tressl in [46] on the uniform

companion for large fields to the henselian context; by Guzy and Point in
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[19] in the context of topological differential fields; and by Cubides Kovacsics
and Point in [I2] in the context of topological differential fields with generic
derivations. We provide a brief summary of their work on this topic in Section
41l

We approach the topic of differentially henselian fields mainly from the
perspective of adapting results from differentially large fields to differentially
henselian fields. We will also generalise a variety of classical model-theoretic

results from the henselian to the differentially henselian case.

We discuss some of the basic properties of differentially henselian fields in
Section [£.2] for example, properties of the constant field and various alterna-
tive axiomatisations. We also explore connections with differential largeness:
we apply a theorem of Widawski to show that every non-algebraically closed
differentially large field with a henselian valuation is differentially henselian
(Theorem . From this, we obtain that the theory of a differentially
henselian field is completely determined by the union of the theories of its un-
derlying differential field and valued field (Corollary . We also consider
the algebraically closed case (Propositions , where we construct
differentially closed fields with non-differentially henselian valuations, and also

extract certain model-theoretic properties of the theory DCVF.

In Section 4.3}, we adapt methods used to construct differentially large fields
(those discussed in Section to construct differentially henselian fields.
We show that differentially henselian fields can be constructed by iterating
power series (Proposition and by constructing appropriate derivations
on henselian valued fields of sufficiently large transcendence degree (Theorem

4.3.7)).
Section [4.4] presents proofs of various ‘existential lifting’ properties of differ-

entially henselian fields by showing that any quantifier-free valued-differential
type with an ‘algebraic realisation’ has a realisation in a small neighbourhood
around the algebraic realisation (Lemma [4.4.5). This recovers a theorem of
Guzy in the one-derivative case (Corollary . We also obtain the main
theorem of this chapter, the relative embedding theorem (Theorem ,

which we will exploit in the following sections.

In Sections [4.5] and .7, we apply the relative embedding theorem to
adapt a number of well-known results from the model theory of henselian val-
ued fields to the differentially henselian case. These include various forms of
the Ax-Kochen/Ershov (AKE) principle in the equicharacteristic 0 and unram-

ified mixed characteristic cases, relative subcompleteness and similar results.

11



Chapter 1. Introduction

We recover certain results by Guzy and Point in [I9] and special cases of results
by Cubides Kovacsics and Point in [I2], namely, the existential-closure form of
the AKE principle for equicharacteristic 0 differentially henselian fields (Theo-
rem [1.5.1)), recovering [19, Theorem 8.3]; and relative completeness versions of
the AKE principle for equicharacteristic 0 and unramified mixed characteristic
differentially henselian fields (Theorems , , reproving [12, Corollary
2.4.7] for the above classes of fields.

We also generalise some results of Borrata’s thesis [10] from the specific case
of closed ordered differential valued fields to differentially henselian fields. In
particular, we show that the residue field and value group of equicharacteristic
0 and unramified mixed characteristic differentially henselian fields are stably
embedded (Theorem [4.7.2), generalising |10, Theorem 4.2.24]. We also show
that the theory of differentially henselian fields of equicharacteristic 0 with
an angular component eliminates field-sort quantifiers in the differential Pas
language (Theorem, which is a generalisation of the classical result of Pas
for equicharacteristic 0 henselian valued fields [37] to the differential context,
and generalises [10, Theorem 4.3.8] from CODVF to the equicharacteristic 0

differentially henselian case.

In Section [4.8] we prove we prove a number of equivalent characterisations
of differential henselianity in the style of [32, Theorem 4.3| (Theorems 4.8.5]
14.8.6| and |4.8.7)). We achieve this by making a small modification to the no-
tion of a Taylor morphism, and showing that the twisted Taylor morphism as
constructed in [32] interacts well with valuations (Proposition [4.8.2)), and also

through applying various existential closure conditions.

Finally, in Section [£.9) we adapt the machinery of the differential Weil
descent as introduced in [33] by Leon Sanchez and Tressl to the context of
valued fields. In particular, we show in Theorem [£.9.4]that for a finite algebraic
extension of valued fields (K,v) C (L,w) and a finitely generated L-algebra
A, if two K-points of the Weil descent W (A) are ‘close’ with respect to the
valuation topology on K, then the corresponding L-points of A are also close in
L. We also show that the converse also holds in a restricted setting (Proposition
. We apply the adapted differential Weil descent in this new setting to
prove that algebraic extensions of differentially henselian fields are themselves
differentially henselian (Theorem which generalises [32], Theorem 5.11|

from the differentially large to the differentially henselian context.

12



Prerequisites

We will assume that the reader has a working knowledge of both commutative
algebra and model theory, which is covered in any standard graduate-level
introductory course in these arecas. We also assume familiarity with basic
notions in category theory. For references covering this background material,
we direct the reader to any standard reference text in these areas, for instance,
Atiyah and MacDonald’s [3] or Lang’s [31] for commutative algebra, and any
of Marker’s [35], Tent and Ziegler’s [43], or Chang and Keisler’s [27] for the
necessary model-theoretic background. For an introduction to category theory,
we recommend Mac Lane’s classic text [34].

We do not require familiarity with either valued fields or differential algebra.
We briefly introduce the required notions and important results in Chapter [2]
For full details and background, we advise that the reader consult Engler and
Prestel’s [14] for valuation theory, and Kolchin’s comprehensive text [28] for

differential algebra.

Notational Conventions

As notation can vary somewhat between model-theoretic texts, we fix here
some of the standard notation that we will use throughout this thesis.

We denote by L a first-order language. If no confusion arises, we do not dis-
tinguish between an L-structure and its underlying set, which we both denote
by capital letters M, N, etc. If needed, we specify a structure by a tuple, for
example, (K, v,0) for a field K equipped with a valuation v and a derivation 6.
For an L-structure M, write Th(M) for the L-theory of M. For L-structures
M and N, write M = N when M is elementarily equivalent to N. In the case
when M C N, we write M < N when M is an elementary substructure of N,
and M <3 N when M is existentially closed in N. .

For a language £ and a set of parameters A, we denote by £(A) the language
L expanded by a constant symbol ¢, for each a € A. More generally, we denote
expansions of £ by other symbols in a similar way, for example, £(9) is the
language £ expanded by the symbol §. For an L-structure M, for any subset
A, M4 is the L(A)-structure on M, where the symbols of £ as interpreted as
in M, and for each a € A, ¢, is interpreted as a.

We denote elements of a set M by lower case letters a, b, ¢ etc. Tuples (finite
or infinite) are denoted by lower case letters with bars, e.g. @,b,é. We may

abuse notation and write a € M for a € M®, where a is a tuple indexed by

13



Chapter 1. Introduction

the ordinal a. We may specify the elements of a tuple by writing a = (a;);<q
for an a-indexed tuple a. The set of tuples of of elements of M of length at
most « is denoted M <. The letter w denotes the least infinite ordinal, i.e.
the set of natural numbers. Note in particular that a always denotes a tuple
of elements, and not the residue of a (in the context of valued fields).

We denote L-formulae by Greek letters , 1, etc. If necessary, we write ()
for a formula ¢ with free variables z. For an L-structure M, an L-formula ¢(7)
(possibly with parameters from M) and a € M, we write M = p(a) if ¢(a)
holds in M. For a set A, and a tuple of variables T of length o, A® denotes
the set of tuples of length o with entries from A.

For a set A, we denote its cardinality by |A|. For a cardinal k, k™ denotes
its cardinal successor. For a function f : A — B, for any subset C' C A, the
restriction of f to C is denoted by f[, : C' — B. For a tuple a of length at

least n, we also denote the truncation of a to the first n entries by al,,.

Assumptions

Every field, unless otherwise stated, has characteristic 0. All rings are com-

mutative and unital.

14



2 Background

In this chapter, we will give a concise overview of the background material
which underpins the work later in this thesis. In particular, we present an
introduction to basic topics in differential algebra, with a particular emphasis
on differentially large fields.

We will then introduce the basic elements of valuation theory, and introduce
some of the main results used to study the model theory of henselian valued
fields, such as the Ax-Kochen/Ershov theorems.

2.1 Differential Rings, Fields and Algebras

We begin by introducing the main objects of study in differential algebra, which
are differential rings, fields and algebras, and their corresponding notions of
morphisms and maps. We will work towards introducing some of the tools with
which we study differential fields, for instance the differential basis theorem
and the primitive element theorem for differential fields.

We aim to give a general overview of the topic and state basic results,
but will generally provide only a sketch of a proof or omit proofs of theorems
entirely. For a more comprehensive introduction to the subject and for detailed
proofs, we direct the reader to Marker’s article [36] or Kolchin’s classic text

[28] on which we heavily base this section.

Definition 2.1.1. Let R be a ring. A derivation on R is a map 0 : R — R,
satisfying for any a,b € R:

(i) d(a+b) = d(a) + I(b);

(ii) O(ab) = ad(b) + I(a)b.
A diCerkntial ring (respectively, di [erential field) is a ring (respectively, field)
R equipped with a derivation 0 : R — R.

For (R, 0) a differential ring (respectively, field), a di Lerential subring (re-
spectively subfield) is a subring (respectively, subfield) S of R such that S is
closed under §.

For (K,0) a differential field, a dilerential field extension of (K,0) is a
differential field (L, ) such that L/K is a field extension and the restriction
of 0 to K is 4, i.e. K is a differential subfield of L.

15



Chapter 2. Background

Definition 2.1.2. Let (A, 0) and (B, ¢) be differential rings. A map ¢ : A —
B is a di [erkntial ring homomorphism if it is a ring homomorphism and, for any
a€ A, p(0(a)) =0(p(a)). Equivalently, ¢ is a differential ring homomorphism

if the following diagram commutes:

_e
_e

R
W

If ¢ is a ring homomorphism which is also a differential ring homomorphism,

we may say that ¢ is di Lerkntial.

Definition 2.1.3. Let (R,J) be a differential ring. A dilerkntial R-algebra
is differential ring (A, d), where A is equipped with an R-algebra structure
such that the structure map 74 : R — A is a differential ring homomorphism.
For an arbitrary R-algebra A, we will usually denote its structure map by
na:R— A

For differential R-algebras A, B with structure maps n4,ng, respectively,
a di[erential R-algebra homomorphism ¢ : A — B is an R-algebra homomor-

phism which is differential.

Note. Let R be a differential ring, and A a differential R-algebra. If L is also a
differential R-algebra which is a field, then, following the terminology in [32], a
(di Cerkntial) L-rational point of A is a (differential) R-algebra homomorphism
A — L. This terminology arises from algebraic geometry, where L-rational
points of an affine variety V' over a field K can be realised as K-algebra ho-

momorphisms from the coordinate ring K[V] to L.

Lemma 2.1.4. Let (R,0) be a dilerkntial ring which is a domain. Let K
be the quotient field of R. Then, there is a unique derivation 9 on K which
extends the derivation § on R.

Proof. By direct computation, it is easy to show that for an arbitrary differ-
ential ring (R, d), that the ‘quotient rule’ holds, i.e. for a € R and b € R*,

bo(a) — ad(b)

S(ab™t) = B

It is then straightforward to check that this defines a derivation on the quotient
field K, and any derivation on K which restricts to 6 on R must satisfy the

above relation. OJ
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2.1. Differential Rings, Fields and Algebras

Examples 2.1.5. e Let R be any ring. The trivial derivation on R is the
map 0 : R — R with d(a) = 0 for every a € R. We denote the trivial
derivation by 0 : R — R.

e Let R be aring. The ring RJt] of polynomials over R equipped with the
formal derivative % is a differential ring.
e Let L/K be an extension of differential fields. Then L is a differential

K-algebra, where the structure map is given by inclusion.

Note. All differential rings/fields/algebras, unless otherwise specified, will be
in one derivation only. We may drop the reference to the derivation if no

confusion arises.

Notation. For an element a in a differential ring (R, d) and an integer i < w,
denote the i-times composition of @ by 9°. We may also sometimes denote the

ith derivative of a as a', i.e. a) = 9'(a). We will also use @’ to denote O(a).

Definition 2.1.6. Let R be a differential ring, and let a € R. For n < w, the

n-jet of a is the (n + 1)-tuple consisting of a and its first n derivatives, i.e.
Jet,(a) = (a,d, ...,a™).
The jet of a is the infinite tuple of all its derivatives, i.e.
Jet(a) = ()<,

For a tuple a = (a;)i<qa, we write Jet,(a) (respectively Jet(a)) for the concate-

nation of the Jet,(a;) (respectively Jet(a;)).

Definition 2.1.7. Let (R,0) be a differential ring. The constants of R, de-
noted Clp, is the kernel of 9, i.e.

Cr={a€ R:j(a) =0}.

The constants Cg form a subring of R. Further, if R is a field, then Cy is
a subfield of R. Viewing R as a Cg module (or vector space), we see that
0 : R — Ris a Cg-linear map. If Cr = R, that is, § is trivial on R, we say
that R is constant or R is a constant ring/field.

Examples 2.1.8 (Formal Power Series). Let K be a field of characteristic 0.
The ring of formal power series over K, denoted K |[[t]] consists of formal sums

17



Chapter 2. Background

of the form

a= Zaiti

<w
where a; € K for each i. For elements a = ). a;t', b = >, b;t’, addition and

multiplication are defined as follows:

<w

ab=Y_ ( > ajbk> .

<w \j+k=i
It is also the t-adic completion of the polynomial ring K[t], and is the inverse

limit of the inverse system
- —— K[t]/(t°) — K[t]/(#*) — K[t]/(t) — 0

where the map K[t]/(t"*1) — K][t]/(t") is given by the quotient modulo (¢").
The ring K[[t]] can be equipped with a natural derivation &, which is given
by

d i _ , i
T <Z a;t ) = Z(z + a1t

Its constant subring is precisely K. The field of formal Laruent series over K,
denoted K((t)), is the quotient field of K[[t]]. It consists of formal series of

the form
a= Z aiti
€L
where a; = 0 for all i < n for some n € Z. We can also equip K ((¢)) with the

usual formal derivation <, which extends < on K[[t]].

Lemma 2.1.9. Let (R, ) be a dilerential ring (or field), and let (S;);<, be

a family of di Cerential subrings (respectively, subfields) of (R,4). Then, S =
Ni<. Si is a diLerkntial subring (respectively, subfield) of (R, 0).

Proof. Since the intersection of an arbitrary family of subrings (or fields) is a
ring (or field), S is a subring (subfield) of R. Since each of the S; is closed
under ¢, for any a € S, d(a) € S; for every 7, so §(a) € S also. Thus S is a
differential subring (subfield). O

Definition 2.1.10. Let (R,6) C (S,0) be differential rings, and let a € S.
The di [erential ring generated by a over R is the intersection of all differential
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subrings of S containing R and a. That is, R{a} is the smallest differential

subring of R containing a. Equivalently,
R{a} = R[Jet(a)].

We say that a is a di Lerbntial generating set for .S over R (as di [erential rings)
if S = R{a}. We say that S is di [erentially finitely generated (as a di Lerkntial
ring) over R if there is a finite generating set a of S over R.

Similarly, for (K,d) C (L, 0) differential fields and a € L, the diCerential
field generated by a over K, denoted K (a), is the intersection of all differential
subfields of L containing K and a. Equivalently,

K(ay = K(Jet(a)).

A dilerkntial generating set for L over K (as dilerential fields) is a tuple
a € L with L = K(a). We say that L is di[lerkntially finitely generated (as
a di [erential field) over K if there is a finite differential generating set for L

over K.

Definition 2.1.11. Let (R, 0) be a differential ring. The ring of di [erential
polynomials (in one variable x) over R is

R{z} = Rz, ',z ..].

That is, R{x} consists of polynomials with coefficients in R, with variables
being the derivatives of x. Setting d(z”) = 21 gives a natural extension of
0 to R{z}.
For f € R{z}\ R, the order of f is the largest n such that (™ occurs in
f. We denote this ord(f).
For f a differential polynomial of order n > 0, the separant of f is
of

S(.f) = m7

i.e. the formal partial derivative of f with respect to (™.

Definition 2.1.12. Let (R, 0) be a differential ring, and let T = (24)a<x be
a (possibly infinite) tuple of indeterminates indexed by an ordinal k. The

di Lerential polynomial ring over R in variables z is the differential ring
R{z} =Rz : a < ki < W]
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where the derivation on R{z} is given by setting 2 s 20T,
Definition 2.1.13. Let R be a differential ring, and let f(z) € R{x} be a
differential polynomial of order n. We define f,,(Z) to be the polynomial in
variables x, ..., ,, obtained by replacing every instance of ¥ with ;. That
i, fag is the image of f under the isomorphism (of pure R-algebras) R{z} —
R[zg, 21, ...] defined by setting 2V s z; for every i < w.

For a differential polynomial R(x) € R{z} of order n, we say that a € R"**
is an algebraic solution (or root) of f if fu.(a) = 0.

Definition 2.1.14. Let (R, ) be a differential ring. A di [erential ideal of R
is an ideal I C R which is closed under ¢. That is, for any a € I, §(a) € I.
A prime (respectively maximal, radical ) di Cerkntial ideal is a differential ideal

which is prime (respectively maximal, radical).

It should be clear that quotients of differential rings by differential ideals
should yield differential rings:

Lemma 2.1.15. Let (R,0) be a dilerkntial ring, and I C R be a di Lerkntial
ideal. Then, § : R/I — R/I given by d(a + I) = é(a) + I is well defined and
is a derivation on R/I.

Conversely, the kernel of a differential ring homomorphism is a differential

ideal:

Lemma 2.1.16. Let ¢ : (R,0) — (5, 0) be a diLerkential ring homomorphism.
Then, ker ¢ is a di Lerential ideal of R.

Definition 2.1.17. Let (R,J) be a differential ring, and let (A, d) be a dif-
ferential R-algebra. We say that A is a dilerentially finitely generated (as
a differential R-algebra) if there is some n < w and a surjective differential
R-algebra homomorphism R{xy,...,x,_1} — A. Equivalently, there is some
n < w and a differential ideal I C R{z, ..., 2,1} such that A is isomorphic to

R{ﬂfo, ...,.Z'n_l}/l.

Remark. Every differential R-algebra can be realised as a quotient of a differ-
ential polynomial ring over R (not necessarily in finitely many variables): take
a generating set (aq)a<x C A (over the image of R in A), and consider the
map 7 : R{z, : a < k} — A which evaluates z,, at a, for each «. This map is
a differential R-algebra homomorphism by construction, and realises A as the
quotient R{z, : a < K}/ ker(m).
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Remark. Some standard results from commutative algebra do not apply in the
differential case, and care should be taken. For example, not every differential
ring which is not a field has proper nonzero ideals, for example, where K is a
field of characteristic 0, (K[t], &) has no proper nontrivial differential ideals:
if f is a nonzero polynomial, then there is some n such that (£)"f € K, so

any differential ideal containing a nonzero element is K[t].

A common case of a differential ideal that we will consider is the vanishing

ideal of an element of a field extension.

Example 2.1.18. Let L/ K be an extension of differential fields, and let o € L.
The set I(«/K) of differential polynomials with coefficents in K which vanish
at a, i.e.

{a/K) = {f € K{z} : f(a) = 0}

is a prime differential ideal.

Definition 2.1.19. Let R be a differential ring, and f(z) € R{z}. The
di Cerkential ideal generated by f is

(f)y=(f ' f2, ).
Equivalently, (f) is the smallest differential ideal of R{x} containing f.

We note that even if f is irreducible, the differential ideal (f) is not nec-
essarily prime. Consider the differential polynomial f(z) = (2')? — 2z. The
differential ideal generated by f contains f’ = 2z'(z” — 1), but contains neither

2’ nor 2" — 1. We address this with a modified definition:

Definition 2.1.20. Let f € R{z} be a differential polynomial. Define the
differential ideal I(f) by

I(f) = {g € R{z} : s(f)*g € (f) for some k}.

Proposition 2.1.21 (|36, Lemma 1.8]). Every nonzero prime di [erential ideal
of R{z} is of the form I(f) for some irreducible di Cerkntial polynomial f.

Definition 2.1.22. Let I C R{z} be a nonzero prime differential ideal. A
di Cerential minimal polynomial of I is a differential polynomial f € R{x} such
that I = I(f).

Let L/K be a differential field extension, and o € L. Define I(a/K) as in
Example 2.1.18 If I(a/K) is not zero, i.e. « satisfies a nonzero differential
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polynomial over K, then we say that « is di Lerkntially algebraic over K, and
a minimal polynomial of o over K is a minimal polynomial of I(a/K). If
I(a/K) = {0}, then we say that « is di Lerkntially transcendental over K.

If every a € L is differentially algebraic over K, then we say that the
differential field extension L/K is di Lerkntially algebraic.

Lemma 2.1.23. Let /K be a dilerential field extension, and let a € L.
Suppose that « is di Lerentially algebraic over K, and has di [Lerkntial minimal
polynomial of order n. Then,

K(a) = K(a,d,...,a™).

Definition 2.1.24. Let L/K be a differential field extension. We say that a
(possibly infinite) tuple of elements @ is di [erentially algebraically independent
over K if, for any nonzero differential polynomial f(z) € K{z} (involving
only finitely many indeterminates), f(a) # 0. Equivalently, S is differentially
algebraically independent over K if Jet(a) is algebraically independent over K.
The di Cerential transcendence degree of the extension L/K is the cardinality
of a maximal differentially algebraically independent tuple in L over K. Such
a maximal differentially algebraically independent tuple is called a di [erkntial
transcendence basis of L over K. [

We may drop the enumeration and regard such tuples as pure sets. The
usual properties of transcendence bases for pure field extensions extend to

differential transcendence bases:

Theorem 2.1.25 ([28, Theorem I1.4, p.105| in characteristic 0). Let K C L
be an extension of di [erential fields. Then,
(@) Let X C T C L, and suppose that X is di Lerkntially algebraically inde-
pendent over K and L is di Lerkntially algebraic over K(T'). Then, there
is a di Lerential transcendence basis B of L over K such that > C B C T.
(b) There exists a di Lerential transcendence basis of L over K.
(c) Every dilerential transcendence basis of L over K has the same cardi-
nality.

In particular, part (a) of the above theorem implies the following:

Corollary 2.1.26. Let K be a dilerkntial field, and let L = K (a) be a dif-
ferentially finitely generated di Lerential field extension of K. Then, there are

IThis definition suffices in the characteristic 0 case, however, in positive characteristic
care must be taken with regards to separability.
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2.1. Differential Rings, Fields and Algebras

sub-tuples aq, a; partitioning a such that a, is a di Lerkntial transcendence basis
of L over K, and L = K{ag)(a,) is di [Lerentially algebraic over K (ay).

We now state the Ritt-Raudenbush basis theorem, which is a finiteness
condition for radical differential ideals of differential polynomial rings. It is a

partial generalisation of the Hilbert basis theorem for polynomial rings.

Theorem 2.1.27 (Ritt-Raudenbush Basis Theorem, [36, Theorem 1.16]). Let
R be a di Lerbntial Q-algebra such that every radical di Lerkntial ideal is finitely
generated (as a radical di Lerential ideal). Then, every radical di Lerkntial ideal
of R{z} (equivalently, for n < w, R{xo,...,x,}) is finitely generated.

We conclude this section by stating a few results on the structure of differ-

ential field extensions.

Proposition 2.1.28. Let (/K,6) be a di[erential field. Let L be an algebraic
extension of K as pure fields. Then § admits a unique extension to L such
that (L,0) is a di [erential field extending (K, ).

Proof. Take a € L, and let f(x) € K|x| be the minimal polynomial of a over
K. Writing f(z) = Y., a;a" and applying ¢ to the equation f(z) = 0, we
obtain

) +6(2) f'(x) = 0

where f0 = 3".8(a;)2" and f’ is the formal derivative. Rearranging and sub-

stituting, we see that d(a) is uniquely determined by

A0
Fla)

In particular, from the above proof, we can harvest the following corollary:

d(a) O

Corollary 2.1.29. Let (K,0) be a dilerkntial field. Then Ck is relatively
algebraically closed in K.

Proof. Let a € K be algebraic over C'x, with minimal polynomial f. By the

previous proof,

as f°=0. O

Finally, we state a differential version of the primitive element theorem for

finitely differentially generated differentially algebraic field extensions:
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Theorem 2.1.30 (Differential Primitive Element Theorem, |28, Proposition
I1.9]). Let (K,0) be a dilerkntial field, where § is nontrivial. Let L/K be a
di Cerkntially finitely generated di [erential field extension. Then, L = K{«)
for some a € L.

2.2 Model Theory of Some Differential Fields

We devote the following section to discussing two model-theoretically impor-
tant classes of differential fields and their model theory: di[erkntially closed
fields and closed ordered dilerential fields. These will occur as examples of
differentially large fields in later sections. We will give a brief exposition of the

model-theoretic properties of these theories of differential fields.

Definition 2.2.1. The language of differential rings, L£s_,ing, consists of the
language of rings L,y and a unary function symbol § which is interpreted
as the derivation. The theory of dilerential rings (respectively, fields) is the
theory of rings (fields) along with the axioms which state that § is a derivation.
Denote the Ls_,ing-theory of differential fields (of characteristic 0) by DF.

We begin by introducing the notion of a differentially closed field, which
are an analogue of algebraically closed fields in the differential context. Differ-
entially closed fields were introduced by Robinson in [41]; and in his thesis [9],
Blum gives a simple axiomatisation of this theory and, among other results,
shows that it is the model completion of the theory of differential fields (in

characteristic 0).

Definition 2.2.2. A differential field (X, ) is di Lerentially closed if it is exis-
tentially closed in the class of differential fields, i.e. for every differential field
extension (L, ) of (K,J), (K,J) is existentially closed in (L, d).

Theorem 2.2.3 (Blum, [9]). A dilerential field (K, ) is di Cerentially closed
if and only if it satisfies the following axiom scheme:

For every pair of di Lerential polynomials f, g € K{z} with ord(f) > ord(g),
there is a € K such that f(a) = 0 and g(a) # 0.

We denote the theory of a dilerkntially closed field (of characteristic 0) by
DCF,.

Proposition 2.2.4 (|36, Lemma 2.2]). Every di [erkntial field (X, ) admits a
di Cerential field extension (L, @) which is di Lerentially closed.
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Proof Sketch. Follows from a standard inductive construction, adding solutions
to differential polynomial systems of the form f(x) = 0 and g(z) # 0 as

required in each step. O

In fact, there is a unique ‘minimal’ such extension, known as the di [erbntial

closure, which follows from w-stability below.

Theorem 2.2.5 (Blum, [8, Theorem %, p. 44]). The theory of di [erkntially
closed fields is the model completion of the theory of di [erential fields.

Corollary 2.2.6 ([9, Corollaries 3.2.20, 3.2.21, 3.2.24 |). The theory DCFj, is
complete, model complete, decidable and eliminates quantifiers in the language

‘C(S—ring-
Corollary 2.2.7 (|36, Lemmas 2.7, 2.8]). The theory DCF is w-stable.

Proof Sketch. From quantifier elimination, for a countable differential subfield
K of a differentially closed field, one may construct a bijection between S;(K)

and the prime differential ideals by setting p — I,,, where

I ={f € K{z}:'f(z) = 0" € p}.

By Proposition [2.1.21] prime differential ideals over K are determined by irre-

ducible differential polynomials, which are countable. O

The following model theoretic result gives the existence of differential clo-

sures:

Theorem 2.2.8 (Morley, Shelah [36, Theorem 2.9]). Let 7" be an w-stable
theory. Then, for any substructure A of a model of 7', there is a model M =T
such that A C M and M is prime and atomic over A. Further, if M and N
are prime over A, then there is an isomorphism M — N over A.

Corollary 2.2.9 (36], Corollary 2.10]). Let (K, ¢) be a di Lerential field. Then,
there is a dilerkntial field extension (L, 0) such that (L,0) is diLlerkntially
closed, and for any dilerkntially closed dilerkential field extension (F,d) of
(K, 6), there is a embedding (L,0) — (F,d) over (K,§). Further, for any two
such extensions (Lo, dy), (L1, 01), there is an isomorphism (Lg, dy) — (L1, 0)
over K. The dilerkntial field (L,0) is known as the differential closure of
(K,0).
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The notion of a closed ordered dilerential field is similarly an analogue
for real closed fields for ordered differential fields. These were introduced by
Singer in [42], where he shows that the theory CODF is the model completion
of the theory of ordered differential fields.

Definition 2.2.10. An ordered di[erential field is a differential field (K, 0)
equipped with a field ordering <. The language of ordered di[erential rings
is Ls5_sing(<), where < is a binary relation symbol which is interpreted as the

field ordering. Note in particular that there is no interaction specified between
0 and <. Denote the Ls_,ing(<)-theory of ordered differential fields by ODF.

Definition 2.2.11 (Singer [42]). A closed ordered di[erkntial field is an or-
dered differential field (K, J, <) satisfying the following axiom scheme:

Let f,q1,...,9m € K{x} be differential polynomials, such that
n = ord(f) = ord(g;) for every i. If there is a € K™*! such that fug(a) =0,
$(f)ag(@) # 0 and (g;)ag(@) > 0 for each 4, then there is b € K with f(b) =0
and g;(b) > 0 for each 1.

Denote the Ls_,ing(<)-theory of closed ordered differential fields by CODF.

Theorem 2.2.12 (Singer [42 p. 85]). The theory CODF is the model com-
pletion of ODF.

Corollary 2.2.13. The closed ordered di [erential fields are precisely the ex-
istentially closed ordered di Lerential fields.

Corollary 2.2.14. The theory CODF is complete, model complete and has
quantifier elimination in the language Ls_ing(<).

2.3 Differentially Large Fields

The notion of a large field was introduced by Pop in [38] with applications
to Galois theory, and has since found applications in model theory and be-
yond. Many ‘tame’ theories of fields fall into this class, such as algebraically,
separably, real and p-adically closed fields.

Differential largeness is an notion for differential fields introduced by Ledén
Sanchez and Tressl in [32] as an analogue for largeness in pure fields. We begin

this section by presenting a brief introduction to the theory of large fields.
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2.3.1 Large Fields

For a more thorough treatment with full proofs of large fields, we direct the
reader to [23, Chapter 5]. We also recommend [7] for a concise but compre-

hensive outline of the current state of research into large fields.

Definition 2.3.1 (|23, Lemma 5.3.1, Definition 5.3.2|). A field K is said to
be large (alternatively, ample), if it satisfies any of the following equivalent
conditions:

(a) For any absolutely irreducible polynomial f € K|z, y], if there is (a,b) €
K? such that f(a,b) = 0 and %(a, b) # 0, then there are infinitely many
such points;

(b) Every absolutely irreducible K-curve C' with a smooth K-rational point
has infinitely many K-rational points;

(¢) Every absolutely irreducible K-variety with a smooth K-rational point

has a Zariski-dense set of K-rational points;
(d) K is existentially closed in the field of formal Laurent series K ((t));
(e) K is existentially closed in the henselisation of K (t) with respect to the

t-adic valuation

We clearly see from criterion (a) above that the class of large fields is indeed

an elementary class.

Examples 2.3.2. 1. Algebraically closed fields: algebraically closed fields
are the existentially closed models of the theory of fields, i.e. if K is an
algebraically closed field, it is existentially closed in any field extension.
In particular, K is existentially closed in K((t)).

2. Real closed fields: if K is a real closed field, then K ((¢)) can be equipped
with the Hahn ordering extending the ordering on K. As K is existen-
tially closed in the class of ordered fields, it is in particular existentially
closed in K((t)).

3. Henselian ﬁeldﬁ: criterion (a) is an immediate consequence of the im-
plicit function theorem for henselian fields (Theorem [2.5.7)). See Propo-
sition 2.5.8

4. Pseudo algebraically closed (PAC) fields: for example, pseudofinite fields
[38, Proposition 3.1].

Non-Examples 2.3.3. 1. Finite fields |23 Proposition 5.3.3].

2See Theorem [2.5.5 for the definition of the henselisation.
3A pure field is said to be henselian if it admits a nontrivial henselian valuation.
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2. Any number field: Q and any finite extension of Q [23, Proposition
6.2.5]. This is a consequence of Falting’s Theorem, formerly ‘Mordell’s
conjecture’.

3. Any function field, i.e. a finitely generated transcendental extension of
any field K [23, Proposition 6.1.8].

An interesting class of non-examples known as curve-excluding fields was
recently constructed by Johnson and Ye in [25], where the authors construct

a model complete field over which a given curve has only finitely many points.

Lemma 2.3.4 ([23, Proposition 5.5.2|). Let K C L be a field extension. Sup-
pose that K is existentially closed in L and that L is large. Then, K is large.

Proof. By the transitivity of existential closure, and the largeness of L, we
have that K is existentially closed in L((t)). As K C K((t)) C L((t)), we have
that K is also existentially closed in K (()). O

Corollary 2.3.5. Let K be a field. Then, K is large if and only if it is
existentially closed in some henselian field.

Proof. The forward direction is a direct consequence of Definition [2.3.1)(d), as
K((t)) is henselian. The converse follows from Lemma and the fact that

every henselian field is large. m

2.3.2 The Twisted Taylor Morphism

One of the main tools that is constructed in [32] to study differentially large
fields is known as the twisted Taylor morphism. The twisted Taylor morphism
provides a uniform method of constructing differential points in the ring of
power series over K from algebraic points of differential K-algebras. We first

recall the classical, non-twisted construction.

Definition 2.3.6 (The Classical Taylor Morphism). Let K be a Q-algebra,
and let (A,0) be a differential ring. Let ¢ : A — K be a K-point, i.e. a
ring homomorphism into K (without regard for the derivation § on A). Then,

the (classical) Taylor morphism of ¢ is the differential ring homomorphism
Ty : (A,0) = (K[[t]], &)

1) = Y #0

<w
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Example 2.3.7. Consider the differential R-algebra C'*°(R) which consists
of smooth functions f : R — R with pointwise addition and multiplication,
equipped with the usual derivation. Let ¢ : C*°(R) — R be the ‘evaluation
at 0" map, ie. ©(f) = f(0). Then, T, : C*(R) — R[[t]] is precisely the
differential R-algebra homomorphism sending a smooth function to its Taylor

expansion at 0.

The main constraint which arises from working with the classical Taylor
morphism is the assumption that K is a constant field (or Q-algebra). However,
Leén Sanchez and Tressl show in [32] that it is possible to ‘twist’ the Taylor
morphism to correct for a differential structure on K. In the remainder of
this section, we will present a one-derivation version of the construction of the
twisted Taylor morphism from [32].

We introduce notation to differentiate between the Taylor morphisms of a

ring homomorphism ¢ : A — B, for varying derivations on A.

Notation. Let (A,d) be a differential ring, and let B be a Q-algebra. Let
¢ : A — B be a ring homomorphism. Denote by T9 : (4,0) — (BI[t]], &)
the Taylor morphism of ¢, where A is equipped with the derivation §. For a
Q-algebra A, the evaluation map ev : A[[t]] — A is the map which sends a
power series to its evaluation at 0.

We denote by 4 the unique derivation on A[[t]] which extends 6 on A, sends

t to 0 and is strongly additive. Explicitly,

(2

That is, 5 acts by ¢ on the coefficients of a series.
One can show with a direct computation the following result:

Theorem 2.3.8 ([32, Theorem 3.2|). Let A be a Q-algebra, and let 6 and w
be commuting derivations on A. Then,

Stot+ S +4 o+ s
Tev =Ty ¥ 0Tey .

The reader may refer to Lemma [3.4.3] where we perform a similar com-

putation for a modified version of the classical Taylor morphism. From this

result, we obtain the following ‘twisting map’:
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Corollary 2.3.9 (|32, Corollary 3.3]). Let A be a Q-algebra, and let 6 be a
derivation on A. Then,

o (A[[t]],8+ %) - (A[[t]],%)

) ) ] ) ] . ) .. . —5+4
is an isomorphism of di [erkntial rings, with compositional inverse T, .

This gives us the necessary components with which we construct the twisted

Taylor morphism.

Definition 2.3.10 (The Twisted Taylor Morphism [32], Section 3.4]). Let
(A,0) be a differential ring, and (B, 0) be a differential Q-algebra. Let ¢ :
A — B be a ring homomorphism. The twisted Taylor morphism of ¢ is the

differential ring homomorphism
T =T o (4 5) & (B[, 6+ L
@ — tev 0 - s , .
We can view this composition as follows:

(A.8) " (Bl &) =5 (BILO + )

—-0+4

Note that by Corollary [2.3.9, Tty is an isomorphism of differential rings.

Writing T7(a) = >, b;t', we may explicitly compute the b; as

b= 3 30 (o e,

J<i

In later chapters, we may refer to the above as the ‘classical’ or ‘stan-
dard’ twisted Taylor morphism. We generalise this construction in Chapter
with the introduction of generalised Taylor morphisms which satisfy a certain

categorical condition.

Remark. Observe that if the derivation 0 on B is trivial, the twisted Taylor
morphism is precisely the classical Taylor morphism. This property can be

seen as a special case of the phenomenon observed in Proposition [3.2.7]
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2.3.3 Characterisations of Differential Largeness

We now introduce the notion of a differentially large field. These are differen-
tial fields which are large as fields, and satisfy a certain genericity condition.
We will discuss their definition, and present a number of equivalent character-

isations of this class of fields.

Definition 2.3.11 ([32, Definition 4.1]). Let (K, J) be a differential field. We
say that (K, 9) is di[erentially large if K is large as a pure field, and for any
differential field extension (L, d) of (K,§), if K is existentially closed in L as
a pure field, then (K, 0) is existentially closed in (L, 0) as differential fields.

Intuitively, this condition roughly says that a differential field is differen-
tially large if every finite system of differential polynomial equations which has
an algebraic solution also has a differential solution.

We can interpret existential closure of differential fields in terms of points

of differential algebras in the following sense:

Lemma 2.3.12 (|32} 2.1(ii)]). Let K C L be an extension of di Lerkntial fields.
Then, K <5 L if and only if every diLerentially finitely generated K-algebra
with a di Lerential point A — L also has a di[erkntial point A — K.

Examples of differentially large fields include the two classes of differential

fields we introduced earlier:

Examples 2.3.13. 1. Let (K,6) be differentially closed. Since K is alge-
braically closed, it is large as a pure field. Further, since a differentially
closed field is existentially closed in any differential field extension, (K, d)
is differentially large.

2. Let (K,0) be a closed ordered differential field. It is real closed as a
pure field, thus large. Let (L, 0) be a differential field extension in which
(K,0) is existentially closed as a pure field. Since —1 is not a sum of
squares in K, it is also not a sum of squares in L by existential closure.
Thus, L is orderable, i.e. there is an field ordering < on L (necessarily
extending the unique field ordering on K). Since (K, 0, <) is existentially
closed in the class of ordered differential fields, it is existentially closed

in (L, 0, <). Taking reducts shows the required result.

An important notion which we will need is that of a composite differential
K-algebra. These are differentially finitely generated differential K-algebras

which satisfy a certain tameness condition:
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Definition 2.3.14 (|32, Definition 2.3]). Let (K, d) be a differential field,
and let S be a differentially finitely generated differential K-algebra which
is a domain. A decomposition of S consists of (not necessarily differential)
K-subalgebras A and P of S such that:

1. the subalgebra A is finitely generated as a K-algebra, and P is a poly-
nomial K-algebra (i.e. P = K[T| for some possibly infinite set of inde-
terminates T);

2. the natural map A®x P — S given by multiplication is an isomorphism.

If S admits a decomposition, then say that S is composite, and write S = AQP.

These arise in the structure theorem for finitely generated differential alge-

bras:

Theorem 2.3.15 (|45, Theorem 1|). Let (K,0) be a dilerkntial field, and
let S be a diLerkntially finitely generated di Lerential K -algebra and a domain.
There are K -subalgebras A and P of S and an element h € A\ {0} such that A
is a finitely generated K -algebra, P is a polynomial K-algebra and the natural
homomorphism A, ®x P — S, given by multiplication is an isomorphism.

Remark. That is, every differentially finitely generated differential K-algebra

which is a domain admits (is contained in) a localisation which is composite.

Leén Sanchez and Tressl prove a number of equivalent algebraic and geo-
metric characterisations of differentially large fields in [32, Theorem 4.3], which

we reproduce in part below:

Theorem 2.3.16. Let (K, ) be a diLerkntial field. The following are equiva-
lent:
(i) K is dilerkentially large.
(i) (K,0) is existentially closed in (K ((t)),d + 4.
(iii) (K,0) is existentially closed in (K ((t1))...((tx)),0 + d% + ...+ %) for
every k > 1.

(iv) K is large as a field and every di Lerkentially finitely generated K '-algebra
that has a K-rational point has a di [erkntial K-rational point.

(v) K is large as a field and every composite K -algebra A with K existentially
closed in A has a diLerkntial K-rational point.

(vi) K is large as a field, and for every composite K-algebra S = A ®k P, if
A has a K-rational point, then S has a di Lerential K -rational point.

A useful alternative characterisation in the one derivation case is the fol-

lowing;:
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2.3. Differentially Large Fields

Proposition 2.3.17 (Leén Sanchez-Tressl, [44]). Let K be a di Lerkntial field,
large as a field. Then, K is dilerkntially large if and only if K satisfies the
following condition: for any di Lerential polynomials f,g € K{x} with ord(g) <
ord(f), if there is @ € K such that f..(a) =0, s(f)ag(a) # 0 and gag(a) # 0,
then there is b € K with f(b) =0 and g(b) # 0.

The class of differentially large fields can also be realised as the models of
the uniform companion for large fields as introduced in [46]. We note that in
the paper [46], Tressl proves this for differential fields with multiple commuting

derivations, however, we shall restrict ourselves to the one-derivation version.

Theorem 2.3.18 (|46, Main Theorem 6.2, Proposition 6.3]). There is an in-

ductive theory UC in the language of di [erkntial rings satisfying the following:

(D If L, M |= UC, and A is a common di Lerential subring of L, M such that

L and M have the same universal theory over A as pure fields, then L

and M also have the same universal theory over A as diLerkntial fields.

(1) Every dilerkential field K which is large as a pure field admits a di Lert
ential field extension L with L = UC, and K < L as pure fields.

Proposition 2.3.19 (|32, Proposition 4.7]). A di[erential field K is di [eren-
tially large if and only if it is large as a field and a model of UC.

Proof. Let K be a differentially large field. Then, by Theorem [2.3.18(II), there
is a differential field L extending K such that L = UC and K < L as pure
fields. In particular, K is existentially closed in L as pure fields, and as K
is differentially large K is also existentially closed in L as differential fields.
Since UC is inductive, we conclude that K is also a model of UC.

Conversely, let K = UC. Let L be a differential field extension such that
K is existentially closed in L as a pure field. Then, there is field extension F
of K such that K < F' as fields, and L embeds in M over K as pure fields.
Equip F' with an arbitrary derivation extending the derivation on L.

Theorem [2.3.18[(II), there is a differential field extension M of F such that
M = UC and F < M as pure fields. Then, K < F < F as pure fields. In
particular, K and M have the same universal theory over K as pure fields,
and by Theorem (I), they have the same universal theory over K as
differential fields. Thus, K is existentially closed in M as differential fields. [

2.3.4 Constructing Differentially Large Fields

We now present two methods of constructing differentially large fields, both

due to Leén Sanchez and Tressl. The first is a consequence of the existence of
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the twisted Taylor morphism, and involves taking a direct limit of a directed

system of differential fields.

Proposition 2.3.20 (|32, Proposition 5.1|). Let ((K;,9;), fij)i<jer be a di-
rected system of di [erkntial fields and embeddings of di [erential fields with the
following properties:
(a) Each K; is large as a pure field.
(b) For each map f;; : K; — K, fi;(K;) is existentially closed in K as a
field.

(c) For each i € I, there is j > i such that there is an embedding

(K[, 6 + &) — (K5, 65)
extending f;;.
Then, the direct limit (L, 0) of the directed system is a di [erkntially large field.

This gives a concrete construction of examples of differentially closed and
closed ordered differential fields:

Example 2.3.21 (|32, Example 5.2(ii)]). Let (K,0) be a differential field,
large as a field, and inductively define the differential field (K, d,) for n < w
as follows: let (Ky,do) = (K, ), and suppose we have constructed (K, d,) for

some n < w. Define
K1 = K, ((19)) and 8,41 = 0, + 1.

For details on the construction of the field K((t?)), see the construction of
Hahn series fields in Section 2.5.71

For each i < j < w, let f;; : K; — Kj be the inclusion. Clearly, the directed
system ((K5,6;), fij)icj<w satisfies the conditions (a) and (c) of Proposition
2.3.2(0)

In the case where K is an algebraically closed, real closed or p-adically
closed field, so is K ((t?)). Thus, by model completeness of these theories, we
have that condition (b) holds also in these cases. Defining (K., ds) to be
the union of the chain (Kj, 0;), we obtain that (K, ds) is a differentially large
field which is algebraically closed, real closed, or p-adically closed, respectively.

Since every differentially large field which is algebraically closed, real closed
or p-adically closed is a differentially closed field, closed ordered differential
field or an existentially closed model of the theory of differential p-valued

fields, respectively, we obtain that (K., d) is a model of these respective
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2.3. Differentially Large Fields

theories. We will later adapt this construction by iterated power series to the
differentially henselian case in Proposition [4.3.1]

The second method involves constructing a derivation on an arbitrary large
field of sufficiently large transcendence degree such that the resulting differen-
tial field satisfies the condition in Proposition [2.3.17] and thus is differentially

large.

Definition 2.3.22. Let K be a differential field. A di [erentially large problem
over K is a pair (f,g) of differential polynomials from K{z} such that f is
irreducible, and ord(g) < ord(f) = n, for which there is @ € K" such that
fag(@) =0, s(f)ag(a) # 0 and gag(a) # 0. The order of a differentially large
problem (f,g) is ord(f).

A solution of the differentially large problem (f, g) over K in a differential
field extension L of K is an element a € L such that f(a) =0 and g(a) # 0.

Proposition 2.3.23 (Ledtn Sanchez-Tressl [44]). Let (K, 9) be a di[erential
field, and let L be a field extension of K which is large, with trdeg(L/K) > n.
Let (f,g) be a dilerentially large problem of order n over K. Then, there
is a subfield F C L, finitely generated over K as a field, and a derivation 0
on F extending ¢, such that there is a solution a € (F,0) of (f,g) such that
Jet,_1(a) is algebraically independent over K.

Proof Idea. Find a suitable tuple a = (ay, ..., a,) € L such that aq, ...,a,_1 are
algebraically independent over K, fug(a) = 0, s(f)ag(@) # 0 and g(a) # 0.
Extend § to a derivation on F' = K (a) by setting d(a;) = a;41 for i < n. Then
(F,0) has the required properties. H

Theorem 2.3.24 (Leon Sanchez-Tressl [44]). Let (K, ) be a di Cerkential field,
and let L be a large field extending K with trdeg(L/K) > |K|. Then, there is
a derivation 0 on L extending ¢ such that (L, ) is di [erentially large.

Proof Idea. Construct a chain of differential fields (K, ;)i with K; C L
for each 4, such that (K;,1,d;,1) contains solutions to all differentially large
problems over Kj, and |J,_, K; = L. Then, setting 0 = (Jd;, (L, ) solves all
differentially large problems over itself, i.e. (L,0) is differentially large. O]

Corollary 2.3.25 (Leon Sanchez-Tressl [44]). Every large field K of infinite
transcendence degree admits a derivation ¢ such that (K, 4) is di[erentially
large.

Proof. Apply the above theorem with (K, J) = (Q, 0). O
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In Section 4.3, we will adapt both of these methods to the valued field

context to construct differentially henselian fields.

2.4 An Introduction to Valued Fields

In this section, we give a brief introduction to the notion of a valued field and
their associated structures. We can think of a valued field in a similar way to
fields with absolute values: a valuation on a field is an abstract notion of the

‘size’ of field elements, and as such induces a field topology.

Definition 2.4.1. Let K be a field. A valuation on K is a surjective map
v: K — I'U{oo}, where I is an ordered abelian group and oco ¢ I, satisfying
the following for any a,b € K:

(i) v(a) = oo if and only if a = 0;

(i) v(ab) = v(a)+v(b), where we set y+00 = co+v = oo for any v € T'U{oo};

(iii) v(a + b) = min(v(a), v(b)), where we let oo >~ for all v € I
A valued field is a field K equipped with a valuation v, denoted as the pair
(K,v).

We sometimes think of elements a € K with zero valuation as ‘finite’, and
positive and negative valuation as ‘infinitesimal’ and ‘infinite’, respectively.
The reader may refer to [2, Section 3.1] for more on this viewpoint. Note in
particular that elements with large valuation are regarded as ‘small’, and vice
versa.

A valuation v on a field K naturally defines a field topology on K.

Definition 2.4.2. Let (K,v) be a valued field. Let a € K and v € vK. The
(open) ball of radius ~ with centre a is

B,(a) ={be K :v(a—b) > ~}.

The balls B,(a) for a € K and v € vK form a basis for a field topology on
K, called the valuation topology. For any element a = (ay, ..., a,-1) € K", we

write

B,(a) =[] B(a)

<n

for the ball of radius v around a in K™.

Definition 2.4.3. Let (K,v) be a valued field. We define the following asso-

ciated objects:
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e The value group vK is the ordered abelian group v(K ™).
e The valuation ring O, C K is the subring consisting of elements of

nonnegative valuation, i.e.
O,={a€ K :v(a) > 0}.

The valuation ring O, is a local ring with unique maximal ideal m,

consisting of the elements of strictly positive valuation, i.e.
m, = {a € K : v(a) > 0}.

e The residue field Kwv is the quotient field O,/m,. The residue map,
denoted res (or res, if the valuation needs to be specified) is the quotient

map O, — Kv.

Intuitively, we can think of the valuation ring as consisting of the ‘finite or
infinitesimal’ elements of the field, and the residue field as the field consisting
of ‘finite elements modulo infinitesimals’. Example gives a concrete

demonstration of this point of view.

Notation. The residue map res : O, — Kv induces a map O,[z] — Kwv[x] by
acting on the coefficients of polynomials. If no confusion arises, we denote this

map also by res : O,[z] = Kwv.

Definition 2.4.4. Let I be an ordered abelian group. The rank of I' is the
order type of the set of proper convex subgroups of I' ordered by inclusion.
For (K,v) a valued field, the rank of v is the rank of v K. If vK is the trivial
group, we say that v is trivial.

Definition 2.4.5. Let (K,v) be a valued field. The characteristic of (K,v)
is the pair (char(K),char(Kwv)). We say that (K,v) is equicharacteristic p if
char(K) = char(Kv) = p, where p is a prime or 0, and of mixed characteristic
if char(K') = 0 and char(Kv) =p > 0.

Example 2.4.6 (The p-adics). Let p be a prime. We first define the ring of

p-adic integers Z, as the inverse limit
Z,=UmZ/p"Z,
—
with the inverse system given by
mod p3 3 mod p? 9 mod p
- —— L/p°’l —— Z/p°L —— Z[pZ —— 0 .
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We can express an element a € Z, as a tuple (a;);<,, where a; € Z/p'Z, and
a; is the image of a;4; modulo p'.

The valuation v, is defined on Z, by
Up((ai)icw) = min{i € w : a; # 0}.
Equivalently, if we let m; : Z, — Z/p'Z be the natural projection,
vp(a) = min{i € w : m;(a) # 0}.

We now define the field of p-adic numbers @Q, to be the field of fractions of
Z,,. The valuation v, extends naturally to Q, by setting

0, () = vla) = uyl).

It is easy to see that Z, is precisely the valuation ring of Q,, the value

group is Z, and the residue field is F,,.

We have seen that every valuation v on a field K gives rise to a valuation
ring O,. It turns out that the converse is true, i.e. every valuation ring O on
K determines (in fact, uniquely up to equivalence) a valuation v on K with

valuation ring O.

Definition 2.4.7. Let K be a field. A valuation ring on K is a subring O C K
such that forany a € KX, a € O ora ! € O.

For any valuation v on K, it is evident that O, is a valuation ring in the

above sense.

Proposition 2.4.8 (|14, Proposition 2.1.2]). Let K be a field, and O C K be
a valuation ring. Then, there is a valuation v on K such that O = O,,.

Proof. We let I' = K*/O*, and define an ordering < on I' by setting

a0% < bOX = %eo.

It is easy to verify by a routine computation that this is well defined and
endows [ with an ordered group structure. We then define a valuation v on
K by setting, for a € K*, v(a) = aO* € I and v(0) = oo. It is now easy to
verify that v is indeed a valuation on K, with O, = O. n

Definition 2.4.9. Let K be a field, and v, w valuations on K. We say that v
and w are equivalent if O, = O,,.
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Proposition 2.4.10 (|14, Proposition 2.1.3|). Let K be a field, and v, w valua-
tions on K. Then, v and w are equivalent if and only if there is an isomorphism
¢ : vK — wK of ordered abelian groups such that ¢ o v = w. (We slightly
abuse notation and consider valuations to be maps from K* instead of K.)

We see that this gives a bijective correspondence between the valuation
rings of a field K and the valuations of K, up to equivalence. We give an

example of a valuation which can be more easily described in this way:

Example 2.4.11. Let R* be a proper elementary extension of the real ordered
field R. Let O = conv(R) C R* be the convex hull of R, i.e. O consists of
every element a € R* such that there exists b < ¢ € R with b < a < ¢. Then,
O is a (convex) valuation ring of R*. Indeed, if a € R* \ O, i.e. |a| > r for
every 7 € Ry, then as R* is an ordered field, |[a™!| < ¢ for every ¢ € R,.
This is an example of what is known as a real closed valued field.

The maximal ideal m of O consists of precisely the ‘infinitesimal’ elements,
i.e. the elements a € O with |a| < € for every € € R.. The residue field O/m
is isomorphic to R, and the residue map res : O — R (after composition with

an appropriate section) is commonly known as the ‘standard part map’.

This gives a convenient way to define the appropriate notion of an extension
of valued fields:

Definition 2.4.12. Let (K,v), (L,w) be valued fields with K C L. We say
that (K,v) C (L,w) is an extension of valued fields if O, = K N O,

An extension of valued fields (K,v) C (L,w) induces natural inclusions
of the value group vK C wlL and residue field Kv C Lw. We say that the
extension (K,v) C (L,w) is immediate if vK = wL and Kv = Lw.

If a field K has valuation rings O; C O, we say that O, is coarser than O .
Conversely, we say that O; is finer than O,. There is a natural correspondence

between the coarsenings of a valuation and convex subgroups of its value group:

Lemma 2.4.13 ([14, Proposition 2.3.1|). Let (K, v) be a valued field. There
IS a bijective correspondence between:

(a) The overrings of O,;
(b) The prime ideals of O,; and
(c) The convex subgroups of v K.
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The correspondence between prime ideals p and overrings O of O, is given by

p = (Oy)y
O—»m=0\0*CO,

where m is the maximal ideal of O. The correspondence between prime ideals
p of O, and convex subgroups A of vK is given by:

A—par={re K :v(x)>dforall o € A}
p= Ay ={yel:vy,—y <wv(x) for all z € p}.

We now consider two standard constructions of valuations: quotients by

convex subgroups and the composition of valuations.

Definition 2.4.14. Let (K, v) be a valued field, and let A be a convex sub-
group of vK. Define the quotient of v by A, to be the valuation va : K* —
vK /A given by the composition

K* —— oK —— vK/A

where 7 is the quotient map. Denote the valuation ring and residue map

corresponding to va by Oa and resa, respectively.

We observe that the valuation v induces a valuation va on the residue field
Kuva, with value group A. That is, for any a € Oa, we set va(resa(a)) = v(a).
This is well defined, as resa(a) = resa(b) if and only if v(a — b) > § for all
0 €A

We are able to reverse this process by ‘composing’ valuations.

Definition 2.4.15. Let (K,v) be a valued field, and let w be a valuation on
the residue field Kv. Define the composition of v with w as the valuation wow

on K given by the valuation ring
Owos = 1685, 1 (O,).

These are indeed inverse to each other:

Lemma 2.4.16. Let (K,v) be a valued field, and let A C vK be a convex
subgroup. Write w = vp ova. Then, O, = O,,.

Proof. By definition, O,, = res;'(Oy,). Thus, a € O, if and only if va(a) > 0,

and va(resa(a)) = 0.
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It is always possible to extend a subring R of a field K to a valuation ring

of K. This is Chevalley’s extension theorem:

Theorem 2.4.17 (Chevalley’s Extension Theorem, [14, Theorem 3.1.1]). Let
K be a field, and R C K be a subring. Let p C R be a prime ideal of R. Then,
there is a valuation ring O of K such that R C O, and mN R = p, where m is
the maximal ideal of O.

As a corollary, we obtain the existence of extensions of valuation rings to

field extensions:

Corollary 2.4.18 ([14, Theorem 3.1.2]). Let K be a field, and O a valuation
ring of . Let L be a field extension of K. Then, there exists a valuation ring
O’ of L such that KN O = O, i.e. (K,0) C (L,0') is an extension of valued
fields.

2.5 Henselian Valued Fields

In this section, we introduce the class of henselian valued fields, which are the
valued fields which satisfy a version of Hensel’s Lemma. These are a ‘tame’
class of valued fields where the model theory is relatively well understood,
at least in certain subclasses of henselian fields, through what are known
as Ax-Kochen/Ershov principles. We will begin by discussing various alge-
braic properties of henselian fields, then we will consider these fields from a
model-theoretic perspective, especially in the equicharacteristic 0 and unram-

ifiled mixed characteristic cases.

Definition 2.5.1. Let (K, v) be a valued field. We say that (K, v) is henselian
if, for every f(x) € O,[z] and a € O, such that res(f(a)) = 0 and res(f’(a)) #

0, where f” denotes the formal derivative of f with respect to x, thereis b € O,
such that f(b) = 0 and res(a) = res(b).

Remark. For any field K, the trivial valuation v on K satisfies the condition
above trivially, as the residue map res : K — Kv = K is the identity. There-
fore we will assume, unless otherwise specified, that a henselian valuation is

nontrivial.

Example 2.5.2. Let K be an algebraically closed field. Then, for any non-

trivial valuation v on K, (K,v) is henselian.

We state a few equivalent formulations of henselianity:
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Proposition 2.5.3 (|14, Lemma 4.1.1, Theorem 4.1.3|). Let (K, v) be a valued
field of characteristic 0. The following are equivalent:
() (K,v) is henselian.

(if) For any algebraic extension K C L, there is a unique valuation w on L
extending v.

(iii) For any f,g,h € O,[x] with res f = resgresh, with resg and resh rel-
atively prime in Kwv[z|, there are g;,9;1 € O,[x] such that f = gihy,
res g; = res g, resh; = resh and deg(g;) = deg(res(g)).

(iv) For any f € O,[z] and a € O, with v(f(a)) > 2v(f'(a)), where f’
denotes the formal derivative of f, there is o € O, with f(«a) = 0 and
v(a —a) > v(f'(a)). (Newton’s Lemma)

We will need the following fact:

Lemma 2.5.4 ([14, Corollary 4.1.5]). Let (K,v) C (L,w) be an extension of
valued fields. Suppose that (L, w) is henselian and K is relatively algebraically
closed in L. Then, (K, v) is also (possibly trivially) henselian.

Proof. Let f € O,[z], a € O, such that res(f(a)) = 0 and res(f'(a)) # 0. As
(L,w) is henselian, there is b € L such that f(b) = 0 and res(a) = res(b). As
K is algebraically closed in L, and b is algebraic over K, we also have that
a € K. Thus K is henselian. O

It turns out that, for any valued field (K, v), there exists a ‘minimal’

henselian extension called its henselisation.

Theorem 2.5.5 ([I4, Theorem 5.2.2|). Let (K,v) be a valued field. Then,
there exists a henselian valued field extension (K", v") called the henselisation
of (K,v), satisfying the following universal property:

For any henselian valued field extension (L, w) of (K,v), there is a unique
embedding (K", v") — (L, w) over (K, v).

Clearly, the henselisation is unique up to unique K-preserving isomorphism.

An important property of the henselisation is that it is an immediate extension:

Theorem 2.5.6 (|14, Theorem 5.2.5]). Let (K, v) be a valued field and (K", v")
its henselisation. Then, (K,v) C (K" v") is an algebraic and immediate ex-
tension.

A crucial property of henselian fields that we will use repeatedly is that
a version of the implicit function theorem holds for systems of polynomial

equations.
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Theorem 2.5.7 (Implicit Function Theorem for Henselian Fields, [29, p.
390]). Let fi1,..., fn € K[x1, .., Tin, Y1, vy Yn)- Sel

z = (,Ih ey Ty Y1, 7y7l)

and
%(2) %(5)
ayl ayn
J(z) = : : :
) o B )

Suppose that f = (fi,...f,) has a zero (a,b) = (a1, ..., Gm, by, ..., b,) € K™,
and the determinant of .J(a,b) is nonzero. Then, there is some o € vK such
that for all ¢ = (c1,...,¢) € K™ with v(a; — ¢;) > 2« for each i, there is a
unique d = (di, ...,d,) € K™ such that (¢, d) is a zero of f, and v(b; — d;) > «
for each i.

The reader may also refer to [40), Theorem 7.4], where Prestel and Ziegler
prove this result more generally for ¢-henselian fields. In particular, we note
that the function é — d as defined above is continuous with respect to the
valuation topology. The implicit function theorem gives a direct way to see

that henselian fields are large:

Proposition 2.5.8. Let (K, v) be a henselian valued field, where v is nontriv-
ial. Then K is large.

Proof. We apply the criterion in Definition 2.3.1fa). Let f € Klz,y] be an
absolutely irreducible polynomial, and let (a,b) € K? such that f(a,b) =
0 and g—i(a,b) # 0. Form the matrix J as in Theorem [2.5.7, and observe

that it consists of a single entry g—i(x,y), which does not vanish at (a,b) by

assumption. Then, there is some o € vK such that for any ¢ € By,(a), there
is a unique d € K such that f(c,d) = 0. In particular, there are infinitely

many such points as By, (a) is infinite, and we conclude that K is large. [

We also note that the a composition of valuations is henselian if and only

if the components are henselian, i.e.

Proposition 2.5.9 (|14, Corollary 4.1.4]). Let (K, v) be a valued field, let w be
a valuation on Kwv, and let wowv denote the composition valuation on K. Then,
(K,wow) is henselian if and only if both (K, v) and (Kv,w) are henselian. In
particular, if (K,v) is a henselian valued field, then so is (K ((¢)),v o v;).
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An interesting property of non-algebraically closed henselian fields is that
their henselian valuation topology is unique. This is because every henselian

valuation ring on a non-algebraically closed field is dependent:

Definition 2.5.10 (|14, p. 42]|). Let Oy, Oy be valuation rings on a field K.
We say that O; and Oy are dependent if their product 0105, i.e. the smallest
subring of K containing O; and O, is not K. We say that O; and O, are
independent if they are not dependent.

Dependence of valuation rings forms an equivalence relation on the set of
valuation rings on a field K. The crucial fact is that dependent valuation rings

induce the same valuation topology:

Theorem 2.5.11 (|14, Theorem 2.3.4]). Let O; and O, be nontrivial valuation
rings on a field K. Then, O; and O, are dependent if and only if they induce
the same topology on K.

A classical theorem of Schmidt then gives the following result:

Theorem 2.5.12 (|14, Theorem 4.4.1]). Let K be a field (of arbitrary char-
acteristic), and suppose that K admits two independent henselian valuation
rings. Then, K is separably closed.

That is, every non-separably closed (i.e. in the case of characteristic 0
fields, algebraically closed) henselian field admits a unique henselian valuation

topology.

2.5.1 Hahn Fields

In the following section, we introduce an important family of henselian valued
fields, known as Hahn series fields or generalised power series fields. These
are generalisations of the usual field of formal Laurent series K ((¢)) with the
t-adic valuation, where the powers of ¢t are taken from an arbitrary ordered

abelian group I'. This content is based on the construction given in Section 3

of [2].

Definition 2.5.13. Let (I', 4+, <) be an ordered abelian group. We say that a
subset A C I' is well-based if A is well-ordered with respect to the induced or-
dering. Equivalently, a subset is well-based if it contains no infinite descending

chain.

We think of the elements of I' as ‘exponents’ or ‘monomials’. We require

the following preliminary lemma:
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2.5. Henselian Valued Fields

Lemma 2.5.14 (|2, Lemma 3.1.2]). Let I' be an ordered abelian group, and let
A1, Ay C T be well-based. Then, for any v € I', there are finitely many pairs
(71,72 € Ay x Ay such that 41 + 72 = v, and the set

Ay - Ay ={11+72:7 € A1,72 € A}
is well-based.

Definition 2.5.15. Let K be a field, and I' be an ordered abelian group. A
series (with coefficients in K and monomials in I') is a function f: T' —» K €

K. We think of such a series as a formal sum

f=>_ foywith £, = f(v)

vyel

and denote it accordingly. The support of a series f € K is the set

supp(f) ={yeTl: f, #0}.

We are now able to construct fields of Hahn series.

Definition 2.5.16 (Hahn series). Let K be a field, and I" be an ordered abelian
group. The Hahn field with coe [ciehts in K and monomials from T is

K[[I] = {f € K" : supp(f) is well-based}.

Addition is defined pointwise, and multiplication is given by the ‘Cauchy prod-

- <Z fw) (Z 9w> => ( > fmgw> v

vyel vyel vyel' \v1+72=v

which is well defined by Lemma [2.5.14]

Lemma 2.5.17 (|2, Lemma 3.1.3|). For any field X" and ordered abelian group
I, K[[I']] is a field.

We will generally use the notation K((t')) to denote the Hahn series field
K[[T]], where we think of the elements of " as exponents of an indeterminate

t. That is, we write a series instead as

F=Y Kt

vel

45



Chapter 2. Background

We easily see from this that the field of formal Laurent series K ((t)) is a special
case of a Hahn series field, in particular it is isomorphic to K ((t%)) = K[[Z]].
A Hahn series field K((¢')) admits a natural valuation directly analogous

to the degree (t-adic) valuation on the field of formal Laurent series K ((t)).
Definition 2.5.18. Let K be a field and I' be an ordered abelian group. The
t-adic valuation on the Hahn series field K ((¢")) is the valuation
v s K((tY)) = T'U {00}
f = min(supp(f))

which is well defined, as supp(f) is well ordered for any f € K((t'))*, and
v4(0) is defined to be oo.

We note a few properties of the valued field (K ((t")),vs):

e The valuation ring O,, is

Oy, = {f € K((")) : min(supp(f)) > 0}

i.e. O,, consists precisely of series with non-negative support. The max-
imal ideal m,, consists precisely of series with strictly positive support,
i.e. elements f € O,, with f; = 0.

e The value group v, K ((t")) is precisely T.

e The residue field K((t"))v; is precisely K.

This gives a useful way to construct an equicharacteristic char(K) valued
field with a given residue field K and value group I'. We will see that all
(nontrivial) Hahn series fields are henselian with respect to the t-adic topology.
For this, we need the notion of spherical completeness:

Definition 2.5.19. Let (K, v) be a valued field. We say that (K, v) is spher-
ically complete if every chain of balls in K has nonempty intersection.

It is easy to verify that any Hahn series field has this property:

Lemma 2.5.20. Every Hahn series field (K ((t")),v;) is spherically complete.
Now, we apply a standard result from valuation theory:

Lemma 2.5.21. Every spherically complete valued field (K, v) is henselian.
This gives the desired conclusion:

Corollary 2.5.22. Every Hahn series field (K((t")), v;) is henselian.
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2.5. Henselian Valued Fields

2.5.2 Some Model Theory of Henselian Fields

In this section, we discuss briefly the model-theoretic properties of certain
‘tame’ classes of henselian valued fields, with a particular emphasis on the
equicharacteristic 0 case and unramified mixed characteristic cases.

In particular, we will discuss the Ax-Kochen/Ershov theorems (or princi-
ples), a class of results which allow certain model-theoretic properties to be
lifted from the value group and residue field to the valued field. Versions of
this theorem in the equicharacteristic 0 case were proved independently by Ax
and Kochen in their series of papers [4], 5l 6] and by Ershov in [15] 16, [17].
Further developments were made by a number of other authors, for exam-
ple by Anscombe and Jahnke prove several Ax-Kochen/Ershov principles for
unramified mixed characteristic henselian valued fields via Cohen rings.

There are many reasonable choices for the language of a valued field, for
example, the language of rings with a unary predicate V' for the valuation ring;
a three-sorted structure with sorts for the valued field, residue field and value
group, along with function symbols for the residue and valuation maps, etc.

For the purposes of this thesis, we fix the following choice:

Definition 2.5.23. The language of valued fields, denoted L., consists of the
language of rings L, along with a binary relation symbol | called ‘valuation
divisibility’, which is interpreted in all valued fields (K, v) by

K = alb if and only if v(a) < v(b).

The valuation ring and its maximal ideal are O-definable in this language,
by the formulae 1|z and (1|z) A= (z|1), respectively. The residue field and value
group are clearly interpretable, along with the valuation and residue maps. We
now take a brief detour to talk about the special case of algebraically closed

valued fields, which is particularly tame.

Definition 2.5.24. The theory of algebraically closed valued fields, denoted
ACVF, is the L s-theory of an algebraically closed field equipped with a non-
trivial valuation. The theory ACVF(, ), where (p,q) = (0,0), (0,p) or (p,p),
where p is a prime, denotes the L ¢-theory of an algebraically closed valued

field of characteristic p with residue characteristic q.

Theorem 2.5.25 (|39, Theorem 4.4.2, Corollary 4.4.3]). The theory ACVF
admits quantifier elimination, is model complete, and is the model companion
of the theory of valued fields.
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Chapter 2. Background

From this, we can obtain completeness of ACVF after fixing the character-
istic of the field and residue field:

Corollary 2.5.26 (|39, Corollary 4.4.4]). The theory ACVF, ) for any fixed
(p,q) is complete.

Proof. It suffices to find a prime substructure for each such theory: these are
Q with the trivial derivation, Q with the p-adic valuation, and F, with the
trivial valuation, for (0,0), (0,p) and (p, p), respectively. m

We now return to introduce the other class of ‘tame’ henselian valued field

which we are mainly concerned with:

Definition 2.5.27. Let (K,v) be a henselian valued field of mixed charac-
teristic (0,p). We say that (K, v) is unramified if vK has a minimal positive
element 1, and v(p) = 1.

We finally state various forms of the classical Ax-Kochen/Ershov theorem
for equicharacteristic 0 and unramified mixed characteristic henselian valued
fields.

In equicharacteristic 0, the classical result by Ax, Kochen and Ershov states

the following:

Theorem 2.5.28 (Ax-Kochen/Ershov, equicharacteristic 0 version [4][5][15]).
Let (K,v) and (L, w) be henselian valued fields of equicharacteristic 0. Then:
() (K,v) = (L,w) if and only if vK = wL as ordered abelian groups and
Kv = Lw as pure fields.
(i) Suppose that (K,v) C (L,w). Then, (K,v) < (L,w) if and only if
vK < wlL as ordered abelian groups and Kv < Lw as pure fields.
(iii) Suppose that (K,v) C (L,w). Then, (K,v) <3 (L,w) if and only if
vK <3 wlL as ordered abelian groups and Kv <3 Lw as pure fields.

Sometimes the above properties are referred to as AKE=, AKEZ and AKE5
principles, respectively. In the unramified mixed characteristic case, Anscombe

and Jahnke show the following versions:

Theorem 2.5.29 (Ax-Kochen/Ershov, unramified version [1]). Let (K, v) and
(L,w) unramified henselian valued fields. Then:
() (K,v) = (L,w) if and only if vK = wL as ordered abelian groups and
Kv = Lw as pure fields.
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2.5. Henselian Valued Fields

(ii) Suppose that (K,v) C (L,w). Then, (K,v) < (L,w) if and only if
vK < wlL and Kv < Lw as ordered abelian groups and pure fields,
respectively.

(iii) Suppose that (K,v) C (L,w) and that Kv and Lw have the same finite
degree of imperfection. Then, (K,v) <3 (L,w) if and only if vK <3 wL
and Kv <3 Lw.

These results hold in some more general classes of ‘tame’ valued fields,
for which the reader may refer to [30] for further details. Various versions of
relative quantifier elimination results are available, for example, for equichar-

acteristic 0 henselian valued fields with angular components, which we discuss
in Section (4.6l
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3 Taylor Morphisms

In this chapter, we explore in greater detail the classical and twisted Taylor
morphisms which we first discussed in Section [2.3.2] and introduce a gener-
alised notion of a Taylor morphism as a functor between certain categories.
We develop the basic theory of these generalised Taylor morphisms, and adapt
a number of theorems relating to differentially large fields to this generalised

context.

Recall from Definition that given a differential ring (A,J) and a Q-
algebra B, the classical Taylor morphism T, of ¢ is the differential ring homo-
morphism (A4, §) — (B[[t]], &) defined by

p(0'(a)) ;
o Y 2@y

<w

The main constraint which arises from working with this construction is
that the classical Taylor morphism 7" does not necessarily preserve differential
B-algebra structures. To illustrate this, suppose that B is equipped with a
nontrivial derivation d, (A, 0) is a differential (B, §)-algebra, and ¢ : A — B is
a B-algebra homomorphism. Then, the Taylor morphism of ¢, T, : (4,9) —
(B[[t]], &) is a differential ring homomorphism, but no longer a B-algebra
homomorphism. This is clear to see, as the standard structure map of B[[t]] as
a B-algebra is not differential if B is nonconstant. Indeed, if we letid : B — B
be the identity, the Taylor morphism of id, Tiq : (B,8) — (B[[t]], &) endows
(B[[t]], &) with a new B-algebra structure which is now differential, but here
Tiq is not the natural inclusion.

In [32], the authors develop the notion of a ‘twisted’ Taylor morphism
(Definition for applications to differential largeness. Essentially, where
(B,9) is a differential Q-algebra, we obtain differential ring homomorphism
17 2 (A,0) — (B[[t]],d + 4), which preserves the derivation on B. That
is, when (A, 9) is equipped with a differential (B, d)-algebra structure, and
¢ : A — B is a B-algebra homomorphism, then T7 remains a differential
(B, 6)-algebra homomorphism (A, d) — (BJ[[t]], + 4.
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3.1. Abstract Taylor Morphisms

3.1 Abstract Taylor Morphisms

As a convention for the remainder of this chapter, if K is a pure ring, a
di Cerential K'-algebra means a differential (K, 0)-algebra, where 0 is the trivial
derivation on K. More generally, a pure ring K is considered to be a differential

ring with the trivial derivation.

Let K be a QQ-algebra. We observe that the classical Taylor morphism
T satisfies the following property: for differential rings A and B, and ring
homomorphisms ¢ : A — K, ¢ : B — K and differential ring homomorphism
X : A — B such that ¢ = 1 o x, we have that T,, = T}, o x. This is easy to
verify by direct computation: let a € A, and consider T}, o x(a):

iy = 3 20,

<w

As x is differential, 6°(x(a)) = x(9(a)). Finally, as ¢ = 1 o x, we have that

7y xta)) = 0 2Dy o)

1<w
as required.

Consider the category C whose objects consist of pairs of the form (A, ¢),
where A is a differential ring and ¢ : A — K is a ring homomorphism (not
necessarily differential); and a morphism x : (4, ¢) — (B,1) is a commuting

triangle of the form
A5 K

%%

where x : A — B is a differential ring homomorphism. This is an instance of
a more general categorical construction known as a comma category, which we

introduce later in this chapter.

Now, similarly construct the category D whose objects are pairs of the form
(A, ¢), where A is a differential ring and ¢ : A — (K[[t]], &) is a differential
ring homomorphism; and morphisms x : (4, ¢) — (B,v) are the commuting
triangles of the form

A —= (K[t §)

dt
X
(4

B
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Chapter 3. Taylor Morphisms

where y : A — B is a differential ring homomorphism. This is the slice
category over (K[[t]], <) in the category of differential rings. We can now
observe that the earlier property of the classical Taylor morphism 7" says that
T is a functor T': C — D.

We also note that the classical Taylor morphism also preserves constants,
i.e. if C is a constant ring, and ¢ : ' — K is a ring homomorphism, then
the Taylor morphism of ¢ is precisely the composition ¢t o ¢ : C — K][[t]],
where ¢ : K — K][t]] is the inclusion. We may also translate this property into
categorical terms as above: let Cy be the full subcategory of C whose objects are
precisely pairs (C, ), where C' is a constant ring. Then, this implies that the
action of T on the subcategory Cy is equal to that of the functor to—: Cy — D
which sends and object (C, ) to (C, 10 @), and is identity on morphisms.

In our definition of an abstract Taylor morphism, we capture these prop-

erties of the classical Taylor morphism as follows:

Definition 3.1.1. Let K be a ring, and let L be a differential K-algebra. A
K-Taylor morphism for L is a map T which sends pairs of the form (A, ¢),
where A is a differential ring and ¢ : A — K is a ring homomorphism, to a
differential ring homomorphism T, : A — L satisfying the following:
(TM1) T,[s, = 1L o ¢lo, where Cy denotes the constants of A, and
nr : K — L is the structure map.
(TM2) Suppose A, B are differential rings, ¢ : A - K and ¢ : B - K
are ring homomorphisms, and x : A — B is a differential ring homomor-

phism such that the following triangle commutes:

I

K

N

sy

Then, the following triangle commutes:

I

N

Sy

If a K-Taylor morphism for L exists, then we say that L admits a K-Taylor

morphism.
Example 3.1.2. For a QQ-algebra K, the classical Taylor morphism 7T is a
K-Taylor morphism for (K[[t]], <) in this new sense.
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An interesting example of such a mapping arises from the Hurwitz series
construction. In particular, it also applies in the case when the characteristic

of K is not necessarily 0.

Definition 3.1.3 (|20, p. 1846]). Let K be a ring (of arbitrary characteristic).
We define the ring of Hurwitz series over K, denoted H (K) consists of elements

of the form
a = (ai)i<w € K¥

with addition defined termwise, i.e. (a;)+(b;) = (a;+b;) and for any (a;), (b;) €
H(K), their product (¢;) is defined by

C; = i (;) Cljbi_j.

Jj=0

The additive and multiplicative identities are given by the series (0, 0,0, ...)
and (1,0,0,...), respectively.

If we identify a series (a;) with the formal power series >, a;it* € K[[t]],
We see that H(K) is isomorphic to K[[t]] as an additive group, but the mul-
tiplication on H(K) is given by a binomial convolutions rather than the usual
Cauchy product.

The ring of Hurwitz series may be equipped with a natural derivation de-
noted Ok : H(K) — H(K), which is given by the shift operator

Ok (a;) = (ait1),

ie. Ok(ap,ai,as,...) = (ai,as,as,...). The inclusion K — H(K) defined by
a— (a,0,0,...) defines a natural K-algebra structure on H(K).

Example 3.1.4. Let K be a ring (of arbitrary characteristic). Let (A,0)
be a differential ring, and ¢ : A — K be a ring homomorphism. The map
H,: (A6 — (H(K),Ok) defined by

Hy(a) = (¢(6'(a))

for any a € A is a differential ring homomorphism by [26, Proposition 2.1].
We will refer to this map as the Hurwitz morphism of . We can verify simply
that H is a K-Taylor morphism for (H(K), Ok):

For (TM1), let a € A be a constant. Then, H,(a) = (¢(a),0,0,...), which

is the image of @ under the natural K-algebra structure map of H(K). For
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Chapter 3. Taylor Morphisms

(TM2), simply observe that if (A, ), (B, 0) are differential rings, ¢ : A — K,
Y : B — K are ring homomorphisms and y : A — B is a differential ring
homomorphism with ¢ =1 o x, then for any a € A,

(Hy o x)(a) = (¥(9"(x(a))))i = (¥ (x(0i(a)))); = (¢(0"(a))) = H,(a)
as x is differential.

Note (|26], Proposition 2.4|). In the case where K is a Q-algebra, the differential
rings of Hurwitz series (H(K), k) and formal power series (K[[t]], &) are in
fact isomorphic. We will recover this result later in this chapter from work on
evaluation maps as Corollary [3.7.13] This isomorphism is given by the map
Hey, : (K[[t]], &) = (H(K), 0k ), where evg : K[[t]] — K is the ‘evaluation at
0’ map which sends a series > a;t* to ap € K.

Further, for any differential ring A and ring homomorphism ¢ : A — K,
the Hurwitz morphism of ¢, H, is precisely equal to the composition Hey, 0T,

where T’ is the classical Taylor morphism.

Remark. The condition on K being a Q-algebra is important - in the case when

K has positive characteristic, for instance, H(K) is not even a domain.
An important property of K-Taylor morphisms is that they respect the

K-algebra structure of differential K-algebras (where K is constant):

Lemma 3.1.5. Let A be a dilerkntial K-algebra with structure map 74 :
K — A. Then, if o : A — K is a K-algebra homomorphism, 7,, : A — L is a
di Cerential K-algebra homomorphism.

Proof. Applying (TM1) on the identity map idx : K — K, we see clearly that

T, =z as K is constant. Consider the following diagram:

K 2, K
ml/
A

which commutes as ¢ is a K-algebra homomorphism. Now, we observe that

the triangle

K5 L
14 /
T,
A
commutes by (TM2). O
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Remark. In other words, for a K-point ¢ : A — K, the result of applying a
Taylor morphism 7', T,, : A — L is a differential K-point in L.

We now present a characterisation of differential largeness in terms of ex-

istence of Taylor morphisms.

Lemma 3.1.6. Let (K,0) be a dilerential field that is large as a field. Let
(L, 0) be a di [erential field extension of (K, 0), and suppose that (L, 0) admits
a K-Taylor morphism T'. Let id : K — K be the identity map, and suppose
that 7i4(K') is existentially closed in (L, 0) as a di Lerential field. Let S = A®P
be a composite di[erential K-algebra. Suppose that A has a K-rational point
¢ : A — K. Then, there exists a di[erkntial K-rational point S — K.

Proof. Since P has a K-rational point P — K, there is a point ¢ : S — K
extending . Then, T, : S — L is a differential ring homomorphism. Since T’

is a Taylor morphism, the following diagram commutes:

K ——

Tidlg

Tia

=
N W
e

) ——

Observe that T,,(S) is a differentially finitely generated Tiq(/K) subalgebra of
L, and it now suffices to find a differential point ~y : T;,(S) — Tia(K).

Since the differential polynomial ring over Tiq(K') in finitely many vari-
ables is differentially Noetherian, T, (S) is differentially finitely presented as a
Tia(K)-algebra, i.e. Ty,(S) is isomorphic to a differential Ti4(K) algebra of the
form Tiqa(K){ X1, ..., X } /I, where I is a differential ideal of Tiq(K){ X1, ..., Xk}
finitely generated as a radical differential ideal.

Since Ty (S) has a differential L-rational point, and [ is finitely generated
(as a radical differential ideal), by existential closure, there is a differential
point x : Ty(S) — Tia(K). Then, T,;' oxoTy : S — K is a differential
K-point, as required. O

Corollary 3.1.7. Let (K,¢) be a di[erential field that is large as a field. Let
(L,0) be a diLerkntial field extension of (K, 0) which admits a K-Taylor mor-
phism 7. Let id : K — K be the identity, and suppose that 7i;(K) is exis-
tentially closed in (L,0) as a di[lerential field. Then, (K,J) is dierkntially
large.

Proof. Follows from the previous lemma and Theorem [2.3.16|(vi). O]
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Chapter 3. Taylor Morphisms

Remark. Generally, it is difficult to prove the condition Ti4(K) <3 L, as the
structure of Ti4(K') can be quite complicated. We resolve this issue by applying

twisted Taylor morphisms, which we introduce in the following section.

3.2 Twisted Taylor Morphisms

As previously discussed, it is possible to construct a ‘twisting’ of the classical
Taylor morphism in order to preserve the differential structure of K in the
differential K-algebra K{[t]].

The twisted Taylor morphism 7™* constructed in Definition has a
similar functorial property to the one we described for the classical Taylor
morphism: construct the category C as in the previous section, and construct
the category D as before except replacing (K [[t]], &) with (K [[t]], o+ 4. We
can then view 7™ as a functor which sends objects (4, ¢) € C to (A, T) € D,
and is the identity on morphisms.

Instead of preserving constant rings, the twisted Taylor morphism preserves
differential ring homomorphisms: let Cs be the full subcategory of C which
consists of objects of the form (A, ), where ¢ : A — K is a differential ring
homomorphism. Then, the restriction of 7™ to the subcategory Cs is equal to
the functor which sends objects by (A, ¢) — (A,no ¢), where n: K — K[[t]]
is the structure map, and is the identity on morphisms.

We will define a generalised twisted K-Taylor morphism to be similarly a
functor which has such properties. To do this, we begin with a preparatory

lemma.

Lemma 3.2.1. Let (A,0) and (B, 0) be dilerkential rings, and ¢ : A — B a
ring homomorphism. Then, there is a unique maximal di Cerential subring A,
of A such that o[, is a homomorphism of di Lerential rings.

Proof. Let A, == {a € A : ply, is differential}. We prove that A, is a
differential subring of A. Clearly, A, contains both 1 and 0. Let ay,as € A,.
By definition, @[z, are differential morphisms for each i. Equivalently, for
every n < w, p(0"a;) = 0"(¢(a;)).

Consider ¢(6"(a; + az)). Since both ¢ and 0™ are additive, we have that

@(6" (a1 + ag)) = p(0"ar) + p(6"az) = 0" (p(ar)) + 0" (p(az)).

Thus A, is closed under addition. Since —1 is a constant and is preserved

by ¢, A, is also closed under additive inverse. Now consider ¢(0™(aias)).
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Expanding, we obtain that

PO (@1a) = o <Z () 56) =3 (5 )etmpeteran

n\ . 71, . )
- Z (Z.)&@(al)&" (ag) = 0" (plar)p(az)) = 0" (p(aras)).
i=0
by assumption. Clearly, A, is closed under d, and if C' is any other differential

subring of A where @[ is differential, then C' is contained in A,. O

We call the differential subring A, the di Lerntial part of ¢.

Remark. Let K be a differential ring. If A, B are differential K-algebras,
and ¢ : A — B is a differential K-algebra homomorphism, then A, is a
differential K-subalgebra as any differential K-algebra homomorphism respects

the structure map.

Definition 3.2.2. Let (K, J) be a differential field, and L be a differential
K-algebra. A twisted K-Taylor morphism 7™ for L is a map that assigns to
each differential ring (A, 9) and ring homomorphism ¢ : A — K a differential
ring homomorphism 77 : A — L satisfying the following properties:

(TTM1) T [, =70 (@[Aw), where 17, : K — L is the structure map;

(TTM2) For every commutative triangle of the form

A2 K

%%

where A, B are differential rings, ¢, 1 are ring homomorphisms, and y is

a differential ring homomorphism, the triangle

T*

s L

—

N

X

‘—

sy

commutes.

Remark. We will make precise the functorial properties of Taylor morphisms

later in Proposition [3.2.13

Lemma 3.2.3. For any di[erential Q-algebra (K, ¢), the twisted Taylor mor-
phism constructed in Definition [2.3.10] is a twisted K -Taylor morphism for
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Chapter 3. Taylor Morphisms

(K]0 + &)-

Proof. We verify this by direct computation: Let (A, d) be a differential ring,
and ¢ : A — K be a ring homomorphism. Then, recall that for any a € A,
writing 77} (a) = >, bit’, we have

1 a8 (VN 513 ( (50
b= 3 0 (1) el )

J<i

For (TTM1), let a € A,. Then, we have that §° 77 (o(d(a))) = ¢(d"(a)) for
any 4, j, as ¢ restricted to A, is differential. We then have that

b = 90(8"(@)% 2D (2)

i<i J

The alternating sum of binomial coefficients is 0 for all ¢ # 0 and 1 otherwise.

Thus,
b — pla) i=0
’ 0  otherwise

and so T;(a) = a (after identifying K with its image in K[[t]] under the usual
structure map) as required.

For (TTM2), differential rings (A, 0), (B,d), and ring homomorphisms ¢ :
A— K,vy:B— K and x : A — B with y differential, such that ¢ =1 o x.
Let a € A, and again write T} (a) = >, b;t’. Then,

1 aB (VY ciej j
b= 3 00 () wo i)

J<i

1 a8 (U 53 (1 (i
3 X (4@

J<i

as x is differential. Observe that this is the coefficient of t* in T;;(x(a)), which
gives that 77 = T} o x, as required. O]

It is often more convenient to avoid reference to restrictions of maps, and
we can reformulate our axiomatisation to do this. Fix a differential ring K
and differential K-algebra L, and let T be a map as in Definition i.e. for
any differential ring A and ring homomorphism ¢ : A — K, T, : A = Lis a
differential ring homomorphism. Axiom (TTM1’) states:

If o A— K is a differential ring homomorphism, then T = 7, o ¢, where
ng : K — L is the structure map.
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3.2. Twisted Taylor Morphisms

In other words, (TTM1’) states that T* "preserves differential maps".

Lemma 3.2.4. A map 7™ as in Definition[3.2.2] satisfies (TTM1) and (TTM2)
if and only if it satisfies (TTM1’) and (TTM2).

Proof. Suppose T* satisfies (TTM1) and (TTM2). Let ¢ : A — K be a
differential ring homomorphism. Then, A, = A, and by (TTM1),

T, =T1a, =nro(pla,) =nwoep.

Thus T™ satisfies (TTM1’). Conversely, suppose that 7™ satisfies (TTM1’).
Let ¢ : A — K be a ring homomorphism. Let ¢ : A, — A be the inclusion

map. Then the following commutes:

el
Ap K
e
In particular, we note that ¢ is a differential ring homomorphism. Thus, by

(TTM2),

A,

A

%
WAW

T
A, — K
A
commutes also. We observe that 77 ot =T7[, , thus 17, =13 [ - Asply
® P @ ®
is differential by the definition of A,, we may apply (TTM1’) to obtain that

T; wa = T;yAw =1Lo° (SOTAW)

as required. O

Remark. Viewing a twisted K-Taylor morphism 7' as a functor again, the
axiom (TTM1’) corresponds to saying that, when restricted to the subcategory
consisting of objects of the form (A, ), where ¢ is differential, 7" acts by
postcomposition with 7, where n;, : K — L is the structure map of L as a
differential K-algebra.

As in the untwisted case, a twisted K-Taylor morphism preserves differen-

tial K-algebra structures:

Lemma 3.2.5. Let K be a dilerkntial ring, L a di[erential K-algebra and 7'
a twisted K-Taylor morphism for L. Let A be a di[lerkntial K-algebra, and let
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Chapter 3. Taylor Morphisms

¢ : A— K be a K-algebra homomorphism. Then, 77 : A — L is a di [erential
K-algebra homomorphism.

Proof. This is the same as the proof for the untwisted case, Lemma [3.1.5] [
We should now also make the following obvious observation:

Lemma 3.2.6. Let 7™ be a twisted K-Taylor morphism for L. Let0: L — F
be a dilerential K-algebra homomorphism. Then, defining S, = 6 o T7; for
every dilerkential ring homomorphism ¢ : A — K, S is a twisted K-Taylor
morphism for F.

We now claim that every K-Taylor morphism is a twisted (K, 0)-Taylor

morphism.

Proposition 3.2.7. Let K be a field, considered to be equipped with the triv-
ial derivation, and let L be a dilerkntial K-algebra. Then, T is a K-Taylor
morphism for L if and only if 7" is a twisted (&, 0)-Taylor morphism for L.

Proof. Let T be a twisted K-Taylor morphism for L. As K is constant, we
have that for any differential ring A and ring homomorphism ¢ : A — K,
Ca C A, Thus, T* satisfies (TM1), and (TM2) follows immediately from
(TTM2).

Conversely, let T be a K-Taylor morphism for L. As above, (TTM2) follows
immediately from (TM2), thus it remains to show that (TTM1) holds for T
Let A be a differential ring, and ¢ : A — K be a ring homomorphism. Let /
be the maximal differential ideal of A contained in ker ¢. In particular, I is
the ideal generated by all a € ker ¢ such that a(™ € ker ¢ for every n < w. Let
7w : A — A/I be the quotient map, and ¢/I be the map A/I — K induced by

. Then, by construction, the following triangle commutes:

As I is a differential ideal, 7 is a differential K-algebra homomorphism. Ap-
plying (TM2), we obtain that the following also commutes:
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3.2. Twisted Taylor Morphisms

Now let a € 7 1(C4/r). By commutativity of the second diagram, we observe
that T,,(a) = Ty,yr o m(a). As m(a) € Cayr, we apply (TM1) to obtain that
Ty1(v(a)) = 1 0 9/ 1(r(a)). Thus, Ty(a) = 11 0 9(a)

Finally, we claim that 71(C4,;) = A,. For the forward inclusion, suppose
that a € 7 1(Cy4/r). To show that a € A, it suffices to show that ¢(6"(a)) =
d"p(a) for every n. The n = 0 case holds trivially. As m(a) € Ca 1, we have
that 0"(a) € ker ¢ for every n > 0, and thus ¢(6"(a)) = 0 for every n > 0.
Finally, as d is trivial on K, 6"(¢(a)) = 0 for every n > 0 also.

For the reverse inclusion, Suppose that a € A,. Then, as remarked above,
we have that ¢(0"(a)) = 6"(p(a)) for every n. As §"(¢(a)) = 0 for every n > 0,
we have that §"(a) € ker ¢ for every n > 0. Thus 6(a) € I, and 7(a) € Cy/y,

as required. O

From the proof above, we can harvest the following fact:

Corollary 3.2.8. Let A be a dilerential ring, K a constant ring and ¢ :
A — K a ring homomorphism. Let / be the maximal di[erential ideal of A
contained in ker ¢, and 7 : A — A/I be the quotient map. Then, 771 (Cy/;) is
the di [erkntial part of .

In this light, we will drop the adjective ‘twisted’ for Taylor morphisms,
as non-twisted Taylor morphisms are simply special cases of twisted Taylor
morphisms. That is, from this point, we simply write ‘K-Taylor morphism’
for a twisted K-Taylor morphism.

As previously stated, Taylor morphisms can be viewed as functors. In the
remainder of this section, we make this translation more precise. We begin by
defining a few categories, functors, and recalling a standard category theoretic

construction.

Definition 3.2.9. We define the following:

e The category RING is the category of (commutative) rings, with objects
being rings and morphisms ring homomorphisms.

e The category DRING denotes the category of differential rings, with ob-
jects differential rings and morphisms differential ring homomorphisms.

e The category 1 is the category containing a unique object e with the
only morphism being the identity id : @ — e.

e The functor U : DRING — RING is the forgetful functor, which sends a
differential ring to its underlying ring.

e For an object K in an arbitrary category C, the functor 1 : 1 — C sends

the unique object in 1 to K.
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Chapter 3. Taylor Morphisms

e For an arbitrary category C, ide : C — C is the identity functor on C.

Definition 3.2.10 (Comma Category). Let C,D,E be categories, and F :
C — & and G : D — & be functors. The comma category (£ | G) is the
category with objects given by triples of the form (¢, d, ¢), where ¢ € C, d € D,
and ¢ : F(c¢) — G(d) is a morphism in €. A morphism from (c,d;, 1) to
(c1,dy, 1) in (F | G), is a pair («, 3), where a : ¢; — ¢ is a morphism in C,
[ :dy — dg is a morphism in D, such that the following square commutes:

Fler) 2% p(ey)

&2 2

Gld) 225 G(dy)

The composition of morphisms (ay, 81) : (c1,d1, 1) — (c2, ds, @2) and (az, o) :
(co,da, o) — (c3,d3, p3) is defined by

(g, B2) o (a1, B1) = (ag 0 ay, B2 0 B1).

The domain functor D : (F' | G) — C is the functor which maps objects
by (¢, d, @) — ¢ and morphisms by (¢, 8) — a.

Examples 3.2.11. 1. For an object K in a category C, the slice category
C/K is the category with objects being morphisms in C with codomain
K, and morphisms being the appropriate commuting triangles. Then,
C/K is (isomorphic to) the comma category (id¢ | 1g).

2. Let K be a differential ring. The category C constructed on page 51| is
(isomorphic to) the comma category (U | 1k): its objects are triples
(A, e, ), where A is a differential ring, and ¢ : A — K is a ring ho-
momorphism, and the morphisms (A, e, ) — (B,e,%) in (U | 1) are
pairs (,id), where x : A — B is a differential ring homomorphism such

that the following square commutes:

UA) 2% y(B)

T

1x(o) 2% 1, (0
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3.2. Twisted Taylor Morphisms

That is, the following triangle commutes in the category of rings:

which is precisely the construction of the category C.

We naturally define two more functors that will be required in the definition

of the Taylor morphism as a functor:

Definition 3.2.12. Let K be a differential ring, and L a differential K-algebra.

By an abuse of notation, we may regard the forgetful functor U as a functor

U : (idprie 4 1x) = (U | 1k)

which simply forgets the differential structure on objects and acts as the iden-
tity on morphisms. Precisely, U(A, e, p) = (A, e, ), where A is now regarded
as a pure ring.

Let 1y, : K — L denote the structure map. Define

nr o — : (Idprie 4 1x) = (idprive 4 11)

by setting (A, e, ¢) — (A, e, n,0¢) for objects and the identity for morphisms.

Now, we can restate the axioms for Taylor morphisms in terms of categories

and functors:

Proposition 3.2.13. Let K be a dilerkntial ring, and L a dilerkntial K-
algebra. A K-Taylor morphism for L is precisely a functor

T:(U{1k) — (idprive 4 11)

such that the following two triangles commute:

(U ¢ 1[{) 1dDR1NG i 1L) (ldDRING \l/ 1K U i/ 1K)
\ l N lT
DRING (idprive 4 1)

The correspondence between K-Taylor morphisms for L and such functors is
given as follows: let 7" be a K-Taylor morphism for L. Then, the functor
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Chapter 3. Taylor Morphisms

T: (Ul 1k) — (idprwe 4 11) acts on objects by (A, e, ¢) — (A,e,T,), and
on morphisms by the identity. Conversely, if S is such a functor, for any
di Lerkntial ring A and ring homomorphism ¢ : A — K, we set S, = 1, where

S(A e, p) = (A e ).

Remark. The commutativity of the first triangle essentially just says ‘T’ does
not move the domain of maps’, which is necessary in this setting. The second
is a restatement of axiom (TTM1’) - it says that the action of 7" on the sub-
category which consists of differential rings with differential maps into K (i.e.
the slice category over K in the category of differential rings) is equal to that

of postcomposition by the structure map of L.

Proof. Let T be a K-Taylor morphism for L. As above, we define the functor
T: (U} 1) = (idprwe 4 11). We show that T is a functor satisfying the
above commutativity properties. By definition, 7, : A — L is a morphism
in DRING, thus T'(A,e,¢) = (A,e,T,) is an object in (idprixe 4 11). Now,
suppose that (a,id) : (A, e,¢) — (B, e,1) is a morphism in (U | 1x). Then,

by definition, the following diagram commutes:

U(4) = U(B)
v ¥

K—4 4K

Thus, applying (TTM2), we have that

_a
T,

id

e
e
&

also commutes. Thus, («,id) is a morphism (A,e,7,) — (B,e,Ty) in the
category (idprixe 4 11)-

We now check the two commutativity conditions. As every functor in
the diagram acts as the identity on morphisms, it suffices to check that the
diagrams commute for objects.

For the first diagram, let (A, e, ) € (U | 1g). Then,

D(T(A,e,0)) =D(A,0,T,)=A=D(A, e, ).
For the second, let (A, e, ) € (idprine 4 1x). Then, p : A — K is a differential
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3.3. Restrictions of Taylor Morphisms

ring homomorphism, and thus by (TTM1’), we have that T, = 7, o ¢. Hence,
T(U(Aa e, 30)) = T(Aa o, 30) = (Av e, T<p) = (Aa ®, 7L © 90) = (77L © _)(Av o, 90)

as required.

Conversely, let S : (U | 1x) — (idprive 4 11) be a functor satisfying the
above commutativity conditions. For a differential ring A and ring homomor-
phism ¢ : A — K define S, as above.

By commutativity of the first diagram, S(A,e, ) = (4,e,S,), i.e. S,
is a differential ring homomorphism A — L. We check (TTM1’) holds for
S. Suppose that ¢ : A — K is differential. Then, (A, e, ) is an object
in (idprive 4 1x). By commutativity of the second diagram, we have that
S(A,e,p) = (A, e,n,0¢), thus S, =g o ¢, as required.

Finally, for (TTM2), let A, B be differential rings, ¢ : A — K and
¥ : B — K be ring homomorphisms, and y : A — B be a differential ring
homomorphism such that ¢ = ¥ o x. Then, (¢,id) : (A,e,¢) — (B, e, 1) is
a morphism in (U | 1x). By functoriality, S(x,id) : S(A,e,p) — S(B,e,1)
is a morphism in (idprine 4 12). Now, by definition, S(A,e,¢) = (A,e,5,),
and similarly, S(B,e,9) = (B,e,5y). Thus, we have that S, = S, o x, as
required. O

3.3 Restrictions of Taylor Morphisms

In this section, we will show that Taylor morphisms are completely determined
by their restrictions to finitely differentially generated K-algebras, and in doing
so answer a question of Leén Sédnchez in the negative.

We begin by showing that a differential field cannot admit a K-Taylor

morphism into itself.

Proposition 3.3.1. Let (K, 0) be a di [erkntial field. Then K does not admit
a K-Taylor morphism.

Proof. Suppose that (K, J) admits a K-Taylor morphism 7. Consider the
evaluation map (at 0) ev : K[[t]] — K, where K][t]] is equipped with the
standard derivation 9 == § + 4. Then, T,, : K[[t]] = K is a differential K-
algebra homomorphism. Since T, is surjective onto K, kerT,, is a maximal
ideal of K[[t]]. As K][t]] is a local ring with maximal ideal ¢tK[[t]], we find
that ker T, = tK[[t]], and in particular, T, () = 0. This is a contradiction,
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Chapter 3. Taylor Morphisms

as Tey(0(t)) = T2,(1) = 1, and 0(Twy(t)) = 6(0) = 0, so Tiy is not a differential

morphism. O

We will now answer a question of Leén Sanchez negatively: it was asked
whether differential largeness could be characterised by a form of Taylor mor-
phism from K to itself, perhaps after restricting to differentially finitely gen-
erated K-algebras.

We know by Theorem [2.3.16(iv) that if K is a differentially large field, then
every differentially finitely generated K-algebra A with a K-point ¢ : A — K
has a differential K-point as well. We ask whether such points can be found

in a ‘uniform’ or ‘functorial’ way similarly to in the case of Taylor morphisms.

Definition 3.3.2. Let K be a differential ring, and L a differential K-algebra.
A finite K-Taylor morphism for L is a map T’ which sends pairs (A, @), where
A is a differentially finitely generated K-algebra, and ¢ : A — K is a K-
algebra homomorphism, to a differential K-algebra homomorphism TCP A >
L, satisfying the axioms (TTM1) and (TTM2), with the appropriate restriction
to differentially finitely generated K-algebras and K-algebra homomorphisms.

Question 3.3.3. Let K be a di[erential field. Is it true that K is di Lerentially
large if and only if there is a finite K-Taylor morphism for K?

Example 3.3.4. Let T be any K-Taylor morphism for a differential K-algebra
L, and let T be its restriction to differentially finitely generated K-algebras.
Then, T is a finite Taylor morphism.

We begin by showing that if we have a finite K-Taylor morphism T for L,

then we can extend its domain uniquely to all differential K-algebras.

Definition 3.3.5. A restricted K-Taylor morphism for L is a map T which
sends pairs (A, @), where A is a differential K-algebra and ¢ : A — K is a K-
algebra homomorphism, to a differential K-algebra homomorphism T<p A >
K, which satisfies the axioms (TTM1) and (TTM2) restricted to differential

K-algebras and K-algebra homomorphisms.

Proposition 3.3.6. Let K be a dilerkntial field, and L a dilerential K-
algebra. Suppose that L admits a finite K-Taylor morphism 7. Then, L
admits a restricted K-Taylor morphism 7" whose restriction to di [erkntially
finitely generated K-algebras is 7. Further, if L admits restricted K-Taylor
morphisms 7" and S such that their restrictions 7" and S to di [erkntially finitely
generated K -algebras is equal, then T = S.
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3.3. Restrictions of Taylor Morphisms

Proof. Let A be a differential K-algebra, and let ¢ : A — K be a K-algebra
homomorphism. Consider the directed system B = (B,, fas) of finitely gener-
ated K-subalgebras B, C A and inclusion maps f.p : B, — Bg. For each «,
the restriction ¢, == ¢l : B, — K is a K-algebra homomorphism. Further,
for any «, 8 with B, C Bg, the triangle

B, 25 K

wl
B

commutes. We note also that f,s3 is a differential K-algebra homomorphism.
Thus, as T satisfies (TTM2), we conclude that the diagram

B, —*o, [,
f"‘al /@B
Bg

of differential morphisms also commutes. Set Tso to be the union T, o Which
is well defined by the commutativity of the above diagram. We now claim that

T is a restricted K-Taylor morphism for L.

We establish that (TTM1) holds for T. Letae A,. In particular, we have
that @[,y is a differential K-algebra homomorphism. Since B := K{a} is
a differentially finitely generated K-algebra, we may apply T to ¢ = ¢[g.
Further, since g is differential on B, by (TTM1) for T, we have that TW =
Nz © ¢p. Finally, since B is a differentially finitely generated K-subalgebra of
A, we have, by the construction of T, that fp g = TAwB = n;, o ¢p. Thus,
T,(a) = (nL o ¢)(a), as required.

For (TTM2), let B be another differential K-algebra, v : B — K be a
K-algebra homomorphism and y : A — B be a differential K-algebra homo-

morphism such that
A5 K

%%

commutes. Let a € A, and let C' := K{a} be the differential K-subalgebra of
A generated by a. Let D = K{x(a)} be the differential K-subalgebra of B
generated by x(a). Denote the restrictions @[, x|~ and ¥ [, by ¢c, xo and
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¥p, respectively. Then, the following commutes:

PpC K

—
o

Since C' and D are finitely generated differential K-algebras, and y¢ is a

Q

xc

—

-

differential K-algebra homomorphism, we also have that

c Tee,

xCll) /% :

commutes by (TTM2) for T. Thus, for any a € A, we have by construction
that T,,(a) = Ty o x(a), and the diagram

Ty

I

L

N

Sy

commutes, as required. It is clear that the restriction of T' to differentially
finitely generated K-algebras is indeed T.

Now suppose that T and S are restricted K-Taylor morphisms for L such
that their restrictions 7" and S to differentially finitely generated K-algebras
are equal. Let A be a differential K-algebra and ¢ : A — K a K-algebra
homomorphism. Let a € A and let B = K (a) be the differential K-subalgebra
of A generated by a, and ¢ .= ¢[ 5. Since B is differentially finitely generated,
Ty = Sy by assumption. Since the triangle

b
E\F
N

commutes, and the inclusion map B C A is differential, we have that

Ty(a) = Ty(a) = Sy(a) = Sy(a)

as required. O

Notation. For differential rings A, B, A ®z B denotes their tensor product
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equipped with the standard derivation on the tensor product given by §(a®b) =
d(a)®@b+a®d(b). This is the coproduct in the category of differential rings. The
canonical maps from A, B into their coproduct are denoted by 14 : A - A®zB
and tg: B — A®y B.

For ¢ : A — C and ¢ : B — C (differential) ring homomorphisms, by
the universal property of the coproduct, there is a unique (differential) ring
homomorphism denoted by ¢ -1 : A ®z; B — C such that

NN

A, B 24 ¢
BTJ
B

commutes. Concretely, (¢ - 1¥)(a ® b) = p(a)(b).

We will now extend our restricted K-Taylor morphism to all differential
rings and ring homomorphisms. For the following, we let K be a differential
ring, L a differential K-algebra, and T a restricted K-Taylor morphism for
L. For an arbitrary differential K-algebra A, we denote its structure map by
na: K — A.

We begin by constructing suitable differential homomorphisms for each
pair (R, ¢), where R is an arbitrary differential ring, and ¢ : R — K is a ring

homomorphism.

Lemma 3.3.7. Let R be a di[erkntial ring, and ¢ : R — K a ring homomor-
phism. There is a unique di Lerential ring homomorphism T, : R — L such
that for any dilerkntial K -algebra A with a dilerkntial ring homomorphism
1 : R — A and a K-algebra homomorphism y : A — K with y oy = ¢, we
have that T, = T, o 1.

Proof. Let A, ¢, satisfy the above hypotheses. Observe that the following

diagram commutes:

R®z K

pridi
LK
/ ‘k\
K ®

YA R— K
m /
A X
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The left square commutes by the universal property of the coproduct. Now,
the lower right triangle commutes by assumption, and the upper right triangle
commutes again by the universal property of coproducts. We now observe that
we have the following commutative triangle of K-algebra homomorphisms:

R®ZKLM>K

where 1) - n4 is differential. Applying T and (TTM2), and adding maps from

R, we obtain that

TW‘idK

Ry Re, K 25T
xlw%
A

also commutes. Define T, : R — L to be TSD'idK o tg. Thus, we have shown
that for any A,,x satisfying the hypothesis in the lemma, we have that
Tx oY = fﬁp_id ot =T, as required.

For uniqueness, let T, satisfy the above condition. Then, R ®z K is a
differential K-algebra, tp : R — R ®z K is a differential ring homomorphism
and ¢-idg : R®z K — K is a K-algebra homomorphism such that (¢-id)oig =
¢. Thus by the above condition, T, = Tso~idx o ¢, as required. O

Now, for any differential ring A and ring homomorphism ¢ : A — K, we
define T, as in Lemma We now show that (TTM2) holds for 7.

Lemma 3.3.8. Let A, B be dilerkntial rings, ¢ : A - K, v : B —» K
ring homomorphisms, and y : A — B a dilerential ring homomorphism. If
p=1ox,thenT,=T,o0x.

Proof. Let 14 : A —- A®z K and 15 : B — B ®7 K denote the canonical maps

into the tensor product. We form the following commutative diagram:

®

Ay Ag, K 29 K

Xl X®idKl

B2 B, K

P-id
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Applying T to the right triangle and applying (TTM2), and by the definition

of T,,, T}y, we obtain the following commutative diagram:

Ty

ANy Awy K 2%

Xl X®idKl

B2 B, K

In particular, we have that T, = T;; o x. O]

Finally, we show that (TTM1’) holds for T

Lemma 3.3.9. Let A be a dilerkential ring, ¢ : A — K a dilerkntial ring
homomorphism. Let n;, : K — L denote the structure map. Then, T,, = n,o¢.

Proof. By definition, T,, = T,.q, o tr. Since both ¢ and idx are differential,
p-idg : A®z K — K is a differential ring homomorphism. In particular, it is
a differential K-algebra homomorphism. Applying (TTM1’), we obtain that
Tpiax =M1 o (¢ -idk). Composing, we get that

T,=nro(p-idg)otrg=mnLo¢p

as required. O

Proposition 3.3.10. Suppose L admits a restricted X-Taylor morphism T
Then it admits a unique K-Taylor morphism 7" whose restriction to di Lerkntial
K-algebras is T.

Proof. Existence is by Lemmas|3.3.7] [3.3.8] and [3.3.9] Uniqueness follows from

the uniqueness condition in Lemma [3.3.7| as any such Taylor morphism must

satisfy the hypothesis in this lemma. O]

Proposition 3.3.11. Suppose L admits a finite /&-Taylor morphism 7". Then,
it admits a unique K-Taylor morphism 7" whose restriction to finitely di [ert
entially generated K -algebras is 7'.

Proof. By Proposition [3.3.6| and [3.3.10] O

This gives a negative answer to Question [3.3.3

71



Chapter 3. Taylor Morphisms

Corollary 3.3.12. Let (K, 0) be a dilerkntial field. Then K does not admit
a finite K-Taylor morphism.

Proof. This follows from Proposition [3.3.10] and Proposition [3.3.1] O

Remark. We recall that if K is a differentially large field, then every differ-
entially finitely generated K-algebra A with an algebraic K-point also has a
differential K-point. Corollary simply states that there is no ‘functorial’
way to find these points.

3.4 Generalised Twistings

In this section, we consider a generalisation of the ‘twisting’ used to construct
the twisted Taylor morphism in [32], and show that the same construction can

be applied to K[[t]] with non-standard derivations.

Definition 3.4.1 (Generalised Twistings). Let (K, J) be a differential field.
Let L be a K-algebra, and let 0 and d be derivations on L satisfying the
following:

e K is contained in the 0-constants of L; and

e (L,d) is a differential K-algebra.
Let T be a (K, 0)-Taylor morphism for (L,d). A twisting 7 : (L,0) — (L,d)
(of T) is a differential ring homomorphism such that 7 o Tiy,, = tx, where

L : K — L is the inclusion.

Proposition 3.4.2. Let (K, ¢) be a di [erential field, and let L be a K-algebra
with derivations 0 and d such that:

e K is contained in the 0-constants of L; and

e (L,d) is a dierential K-algebra.
Let 7" be a (K, 0)-Taylor morphism for (L,0), and let 7 : (L,0) — (L,d) be a
twisting of 7. For a di [erential (K, §)-algebra A and K -algebra homomorphism
¢ : A — K, define T = 7o T,,. Then, T* is a (K, J)-Taylor morphism for
(L,d).

Proof. By construction, it is clear that T7 is a differential K-algebra homomor-
phism A — (K,d). For (TTM1), let A be a differential ring, and ¢ : A - K
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a ring homomorphism. Consider the following commutative diagram:

A T
.
® (Laa) ;> (Lad)
Tiaq
K "

Thus, identifying K with its inclusion in L, we find that o] A, = T304, as
required.

For (TTM2), suppose that we have A, B differential rings, ¢ : A — K
and ¢ : B — K ring homomorphisms and x : A — B a differential ring

homomorphism such that
A—*S3 K

%%

commutes. Then, by (TM2) and definition of 7%, we have that the following

commutes:
A T
N
X (Lv 8) — (La d)
>
B g
In particular, the outer triangle commutes, as required. O

We consider an example in a special case. Let (K, 0) be a differential field,
and let L denote the differential ring (K[[t],d + 8,), where a € Cy, and
d. = a. We construct an (untwisted) K-Taylor morphism for (K[[t]],d,)
similarly to the classical Taylor morphism, by setting, for any differential ring

A, ring homomorphism ¢ : A — K, and any a € A

p(a) i
Tp(a) =) =t
i<w )

This can be easily verified to be a K-Taylor morphism for (K{[t]],0,). With

this, we now perform construction analogous to Theorem [2.3.8

Lemma 3.4.3. Let K be a field, and let 6 and w be commuting derivations on
K. Fix a € K* with §a = 0 and wa = 0. Denote by 72+%  T&+d and T9+&+0
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Chapter 3. Taylor Morphisms

the maps given by the Taylor morphism 7" applied to the evaluation map ev :
K[[t]] = K at 0, where K[[t]] is equipped with the derivations 6 + d,, & + 0,
and § + & + 9, respectively. Then, considered as pure ring endomorphisms of

K[t]],
T5+o3+8a — Tz§+aa o T‘D+8a-

Proof. The result follows by simply verifying the equality by computation. Let
a =Y, ot € K[[t]]. Consider the coefficient of #/ on the left hand side. By
definition, this is given by

) j% . ( > (n im) (n;m> §rwm (Z Oé,-ti>)

n+m<j

1 4\ 4
o <n+;<j antm(j —n —m)nlm! “ (dt) (Z “ ))

1 n, m
- ( Z amtm(j —n — m)!n!m!d “
n+m<yj

2! o
4l—=J+n+m
(;(i—j#—n%—m)!alt ))
= Z ;(me(aj,n,m).

artmplm)
n+m<jy

Similarly, we compute T5+% (S a;t?). By definition, the coefficient of #/ is

given by:
1 I j % _ 1 ] n aj—n )
Wev (((5 + 8Q)J (; O(it )) = mev (nz<] (n)5 8{1 (; Oéz‘t ))
1 j . j—n n
= i Z (n) (j — k)la? 6™ (arj )
n<j
1 n

Note that by considering the case where ¢ is trivial, we also obtain that Ty, :
(K,0,) — (K, 0,) is precisely the identity map.
Let us now compute T35 % o T2+ (3" a;t'). By considering the previous

expression for the coefficient of ¢/ in va+ %a(3. a;t'), and replacing 0 with @,
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3.4. Generalised Twistings

we obtain that the coefficient of #7 in T3} o T%+0 (S, a;t?) is:

=Y W (aym)

_artmnlml

as required. O

As an immediate consequence, we obtain that 75 % : (K[[t]],d + 8,) —
(K[[t], 0,) is an isomorphism of differential rings (although not of K-algebras),

as Tésv+aa has a compositional inverse T(;Ha“-

We now show by direct computation that the ‘twisting map’ T,,°*% ob-
tained in this way allows us to retrieve a (K, §)-Taylor morphism for (K[[¢]], 6+
J,), 1.e. is an example of a generalised twisting as defined previously. This is
analogous to the construction in Definition [2.3.10]

Proposition 3.4.4. For a dilerkntial ring (A,w), and ring homomorphism
p: A— K, define T% : (A,w) — (K[[t]], + 0,) by the composition

% r—040,
T: =T o T,

Then, T* is a (K, §)-Taylor morphism for (K[[t]],6 + 0,).

Proof. Since T, : (A,w) — (K][[t]], 0,) and Te_VSJra“ (K([[t], 8,) — (K[[t], +
0,) are differential homomorphisms, the composition T, o 1s also a differential
homomorphism. Further, (TTM2) is directly inherited from (TM2) of T'. Tt
suffices now to show that 7™ satisfies (TTM1).

For (TTM1), it suffices to show that, for an element a € A such that ¢z,
is differential, then T3} [7¢,y = ©lz¢e- In particular, we will show that, if a € A
such that ¢(w"(a)) = §"(p(a)) for every n, then T (w"(a)) = p(w"(a)) for
every n.

We first explicitly compute an expression for T;(a) for arbitrary a € A.

Recall that T),(a) = 3, 29 @)4i and by previous computations, we have that

T ilat

e () = (¢ X oo

J n<j
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Chapter 3. Taylor Morphisms

Composing, we obtain that:

— (-1 wW(a
i) =3 (t] > G (g nﬂgﬂ)‘)"))

J

Now suppose that a € A is such that ¢(w"(a)) = 0"(¢(a)) for every n. Then,
T2 a) = Y <tf > csf'<so<wk<a>>>) .

Notice that for every j > 1, the coefficient of #/ is 0, thus we obtain that
x(, )k _ k : .

T3 (w(a)) = ¢(w (a))A for every k as required. Thus, 7% is a (K, d)-Taylor

morphism for (K[[t]],0 + 0,). O

Remark. By considering the sum in an alternative way, we can express our
‘twisting map’ 729 in terms of simpler maps. Let a = Y, a;t' € K[[t]], and

observe the following:

O () L o j
)= 3 (3 o )

J n<y
oy +
ot +  Lo(ag)t +
Tt 4 L)+ H2(a0)? +
D+ ' + : +

By summing the columns first, we get that

R # 5
15 (0) = 3 (0.

1

Now, consider the ring K|[[t,z]] as a K][[t]]-algebra, equipped with the

£ This differential ring admits the classical K [[t]]-Taylor mor-

derivation
phism S where we consider K[[¢,z]] as the ring of formal power series in
the variable x over the Q-algebra KJ[t]]. Considering the identity map id

of the differential ring K{[t]] equipped with the derivation 5, we get that
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3.5. Taylor Morphisms and Differential Largeness

Sia : K[[t]] = K|[[t, z]] is the map defined by
xt .
a Z 551(04)

for each o € K[[t]]. Evaluating x at t/a, we see that the composition of Sjy
with this evaluation map is precisely the map T2,

In other words, the following diagram commutes:

K[t ]]—>Ktx

i
Taml“

where ev, : is the map K[[t, z]] — K][[t]] evaluating = at L.

Note. By direct computation, one can verify that if a € K* is nonconstant with
respect to d, then the composition ev, : o Siq is not (generally) a differential
map. Thus, when a € K* \ Ok, we cannot in general express T°/% in this

form (for any suitably chosen Taylor morphism 7).

3.5 Taylor Morphisms and Differential Large-

ness

We now take a short interlude from discussing Taylor morphisms themselves,
and consider a few applications of generalised Taylor morphisms to differen-

tially large fields.

Proposition 3.5.1. Let K be a di[erkntial field that is large as a field. Let L
be a diLerkntial field extension of K, which admits a K-Taylor morphism 7.
Suppose that K is existentially closed in L as a diLerkential field. Then, K is
di Cerkntially large.

Proof. Follows from the proof of Lemma [3.1.6], by replacing every instance of
Tia(K) with K, and applying Theorem [2.3.16(vi). ]

An immediate corollary of the above result, and Proposition is the

following:

Corollary 3.5.2. Let (K, 0) be a di Lerkntial field, and a € C}. Then, (K, 6) is
di Lerentially large if and only if (K, 6) is existentially closed in (K[[t]], 0+ 0.).
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Chapter 3. Taylor Morphisms

Proposition 3.5.3. Let K be a di[erkntial field, and L be a di Lerkntial field
extension of K, admitting a twisted K-Taylor morphism 7™. Suppose that K
is existentially closed in L as a pure field. Then, K is dilerentially large if
and only if K is existentially closed in L as a di Lerkntial field.

Proof. Follows immediately from Proposition [3.5.1} O

Remark. We should point out that condition on K being existentially closed
in L as a pure field is necessary for the above proposition to hold. As an easy
counterexample, let k& be a model of CODF (which is differentially large). Let
(K, ) be a DCF extending k as a differential field, and L = K((t)) equipped
with the derivation & + %. Note that k is not existentially closed in K, even
as a pure field (K is algebraically closed, and k is not). Then, L admits a
twisted K-Taylor morphism (and hence a twisted k-Taylor morphism by taking
inclusions). However, k is not existentially closed in L as it is not existentially
closed in K C L.

Theorem 3.5.4. Let K be a di[erkntial field that is large as a field. Then, K
is di Lerentially large if and only if there is an elementary extension K* of K
such that K* admits a K-Taylor morphism.

Proof. First, suppose there is an elementary extension K* of K which admits
a twisted K-Taylor morphism. Then, since K is existentially closed in K*, by
Proposition [3.5.1], K is differentially large.

Conversely, suppose that K is differentially large. Then, by Theorem
[2.3.16[(ii), K is existentially closed in K'((t)), equipped with the natural deriva-
tion extending the derivation on K. Since K is existentially closed in K ((t)),
there is an elementary extension K* of K containing K((¢)). Since K((¢))
admits a twisted K-Taylor morphism, K* also admits a twisted K-Taylor

morphism. O

We will now adapt Proposition [2.3.20] for generalised Taylor morphisms.
We will follow the proof given in [32] closely.

Proposition 3.5.5. Let (K, f;;); jcr be a directed system of di Lerkntial fields
and di Lerbntial embeddings with the following properties:
(a) Each K; is large as a field.

(b) For each pair i < j, f;;(kK;) is existentially closed in K as a field.
(c) Foreachi € I, there is j > ¢ such that K; admits a K;-Taylor morphism.
Then, the direct limit L of the directed system is di [erentially large.
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3.6. Constructing Taylor Morphisms

Proof. For each ¢ < j € I, we identify K; with its image in K under the
embedding f;;. Similarly, we identify K; with its image under the natural
embedding K; — L. Following the same argument as in [32], L is large as a
field. Let S be a differentially finitely generated L-algebra which is a domain,
and suppose that S has an (algebraic) point S — L. Since S is differentially
finitely generated, S = L{z}/p for some = = (xy, ..., x,) and differential prime
ideal p C L{z}.

By the Ritt-Raudenbush basis theorem, there is a finite set ¥ C p such
that p is generated as a differential radical ideal by ». We will show that
has a differential zero in L. Take i € I with ¥ C K;{z}, let p = K;{Z}Np and
let So = K;{Z}/po. Then, Sy is a finitely differentially generated Kj-algebra,
and the composition of the natural embedding Sy — S with the point S — L
gives a point Sy — L.

It is easy to see that K, is existentially closed in L as a field. Thus, we
have that there is an algebraic point Sy — L;. Since there is 7 > ¢ admitting
a twisted K;-Taylor morphism, there is a differential point Sy — L;. Thus, ¥

has a differential solution in L, as required. O

3.6 Constructing Taylor Morphisms

We work towards building a diagram Dy in the category of differential K-
algebras such that the cocones of Dy correspond precisely to (finite) K-Taylor
morphisms. In doing so, we will show that for any differential ring K, there
exists a differential K-algebra L and a K-Taylor morphism 7" for L such that
every other K-Taylor morphism factors through 7.

We begin by showing that the category of differential K-algebras is cocom-
plete:

Proposition 3.6.1. Let K be a di[lerkntial ring. Then the category of di Lert
ential K-algebras is cocomplete.

Proof. By [34, Corollary V.2.2|, it suffices to show that the category of differen-
tial K-algebras has coequalisers of all pairs of arrows and all small coproducts.

We first show that for all differential K-algebras A, B and pairs of differen-
tial K-algebra homomorphisms f,g: A — B, there is a differential K-algebra
C and morphism h : B — C such that ho f = ho g, and, for any differential
K-algebra D and morphism ¢ : B — D such that 1o f = iog, there is a unique
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Chapter 3. Taylor Morphisms

morphism e : C' — D such that the following commutes:

/
A?B%C

|
e
( +

D

This is a generalisation of the analogous result for commutative rings. Let I be
the ideal of B generated by all elements of the form f(a) — g(a), where a € A.
Then, [ is a differential ideal of B, as §(f(a) —g(a)) = f(6(a)) —g(d(a)). Now,
let C' be the differential K-algebra B/I and h be the quotient map. Clearly,
by construction, ho f = hog.

Now, for any element b+ I € C, define e(b+ I) = i(b). This is well defined
as i(f(a)) = i(g(a)) for all a € A, and thus i(b) = 0 for any b € I. By
commutativity of the diagram, e is the unique morphism with this property.

For the second part, we observe that for pairs of differential K-algebras
A, B, their coproduct is given by the tensor product A ® B, with the deriva-
tion given by

da®b)=da®b+a® ob.

To see this, suppose that C' is a differential K-algebra with morphisms f :
A — Cand g : B — C, and let 14,15 denote the canonical morphisms of
A, B into their tensor product. Then, defining h : A @ B — C by setting
h(a ® b) = f(a)g(b), we obtain the unique morphism A ® x B — C' such that
f =houty and g = hotB. To verify that this is differential, observe the

following:
h(6(a®b)) =h(ba®@b+a® db) =df(a)g(b) + f(a)dg(b) = d(h(a @Db)).

Now, consider an arbitrary family (A; : ¢« € I) of differential K-algebras. For
any finite subset S C I, let Ag be the finite coproduct ), ¢ As with the
derivation defined above.

Let A be the directed limit of the family

(@ A SCI ﬁnite)
€S

where the ordering is given by inclusion of finite subsets of I. By [34, Theorem
IX.1.1], A is the coproduct of the family (A; :i € I). O

We now build the diagram Dy as follows:
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3.6. Constructing Taylor Morphisms

Definition 3.6.2. Let K be a differential ring. The diagram Dy is the diagram
in the category of differential K-algebras which contains, for each differentially
finitely generated K-algebra A and each K-algebra homomorphism ¢ : A —
K, a copy of A with a label ¢, denoted A¥. The morphisms in the diagram
Dy consist of all differential K-algebra homomorphisms y : A? — BY such
that ¢ =1 o yx.

Remark. We restrict our diagram to only consider differentially finitely gen-
erated K-algebras, as this diagram is small (set-sized), and by Proposition
3.3.11, constructing a finite Taylor morphism is equivalent to constructing a

full Taylor morphism.

Notation. We will denote a cocone of Dy by a pair (L, 7), where L is the sink
of the cocone, and for each object A% in Dk, the component at A? is denoted
Tae 1 A — L.

Proposition 3.6.3. Let K be a dilerkntial ring, and let (L,7) be a cocone
of Dk. For each pair (A, ), where A is a diLerkntially finitely generated -
algebra and ¢ : A — K is a K-algebra homomorphism, set 7,, = 74.. Then,
T is a finite K-Taylor morphism for L.

Conversely, if T" is a finite K-Taylor morphism for L, letting 74» = T, :
A¥ — L for each A%, then (L, 7) is a cocone for the diagram Dg.

This gives a bijective correspondence between cocones of Dy and finite K-
Taylor morphisms (and hence also K-Taylor morphisms).

Proof. We begin with the forward direction. Let (L,7) be a cocone for Dy,
and define T" as above. Let A be a differentially finitely generated K-algebra,
and ¢ : A — K a K-algebra homomorphism.

We first verify that (TTM1) holds. Let a € A,, and let B C A, be a
differentially finitely generated K-subalgebra containing a, and let ¢ : B — K
denote the restriction [ 5. In particular, since B is a differentially finitely gen-
erated K-algebra, and v : B — K is a differential K-algebra homomorphism,
BY is an object in Dg. In addition, ¥ : BY — K4 is a morphism in Dg.

Further, as the inclusion map ¢ : B — A is a differential K-algebra homo-
morphism such that ¢ = ¢ o+, we have that ¢ : BY — A¥ is a morphism in

Dy . Thus, observe that the following diagram commutes:

BY ——— A¥

wi {w,‘ qu,
Kd 5[
Tia
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Chapter 3. Taylor Morphisms

As Tiq is a K-algebra homomorphism, it preserves structure maps, thus Ty =
1z is the structure map of L as a differential K-algebra. Now, we have that
T,(a) = Ty(a) = (ny o v)(a), by the commutativity of the above diagram.
For (TTM2), let A, B be differentially finitely generated K-algebras, and
let ¢ : A —- K, Y : B — K be K-algebra homomorphisms, and y : A —
B a differential K-algebra homomorphism such that ¢ = 1 o x. Then, by

construction, y : A — BY is a morphism in Dy, and the triangle
AP 5
4
Ty
BY
commutes by construction as 7 is a cocone.
For the backwards direction, let T" be a (finite) Taylor morphism for L. Let

7 be as defined above. We need to show that for any morphism x : A¥ — BY
in the diagram Dy, the triangle

A¢L}B'¢’

S
L

commutes. This is immediate from the axiom (TTM2), as by assumption, x is
differential with ¢ = o, and so T, = T}, 0 x, i.e. Ta¢ = Tgw 0 X, as required.
The identifications between finite K-Taylor morphisms and cocones of Dy
are clearly mutually inverse to one another, thus we obtain the desired bijective
correspondence. Further, by Proposition[3.3.11] there is a bijection between K-
Taylor morphisms and finite K-Taylor morphisms. Thus, we obtain a bijective
correspondence between K-Taylor morphisms and cocones of Dy, as required.
O

By taking the colimit of the diagram Dy, we are able to find a ‘universal’ K-
Taylor morphism 7™ such that every other K-Taylor morphism factors through
T*.

Proposition 3.6.4. For any dilerkntial ring K, there is a dilerential K-
algebra K* and K-Taylor morphism 7™ for K* such that for any di[erkntial
K-algebra L admitting a K-Taylor morphism T, there is a unique K-algebra
homomorphism 7 : K* — L such that for any di[erkntial K-algebra A and
K-algebra homomorphism ¢ : A — K, we have that T, = 7o T7.
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Proof. As the category of differential K-algebras is cocomplete, the diagram
Dy has a initial cone (K*,7*), and let T* be the finite K-Taylor morphism
associated to this cocone given by Proposition [3.6.3] By Proposition [3.3.11]
there is a unique K-Taylor morphism 7™ whose restriction to differentially
finitely generated K-algebras is T*.

Let L be any differential K-algebra admitting a K-Taylor morphism 7'. Let
(L, T) be the cocone of D associated to T. As (K*,7*) is the initial cocone,
(L, 7) factors through (K*,7*). In particular, there is a unique K-algebra
morphism ¢ : K* — L such that for any differentially finitely generated K-
algebra A and K-algebra homomorphism ¢ : A — K, we have that T, = 6oT7.

Now, observe that for any differential K-algebra A (not necessarily finitely
generated) and K-algebra homomorphism ¢, T, is completely determined by
all of its restrictions to differentially finitely generated K-subalgebras of A.
Thus we still have T, = 6 o T7 in this case.

Finally, recall from Lemma that for any differential ring R and ring
homomorphism ¢ : R — K, we have that T, = T\ o1, where ¥ : R = A'is a
differential ring homomorphism, A is a differential K-algebra, and y : A — K
satisfies y o ¢y = . Since A is a differential K-algebra, we can apply the
above to obtain that T, = 0 o TY, thus T, = 0 o T} o 4. By (TTM2) for 7%,

15 o9 =T, therefore we recover that T, = 6 o T, as required. O]

Definition 3.6.5. For a differential ring K, the universal K-Taylor morphism
is the K-Taylor morphism 7™ for K* as constructed in Corollary

3.7 Evaluation Maps

In this section, we discuss the existence of inverses for certain Taylor mor-
phisms. These take the form of a generalised ‘evaluation map’, which capture

certain properties of the ‘evaluation at 0’ map evy : K[[t]] = K.

Definition 3.7.1. Let K be a differential ring, L a differential K-algebra,
and T a K-Taylor morphism for L. An evaluation map for 7" is a K-algebra
homomorphism ev : L — K satisfying the following:

(EV1) For any differential ring A and ring homomorphism ¢ : A — K,

evoTl, = .

(EV2) T, : L — L is the identity on L.
If an evaluation map for T exists, we say that 7" admits an evaluation map.
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Examples 3.7.2. 1. Let K be a constant (Q-algebra, and let T" be the clas-

sical untwisted Taylor morphism for (K[[t]], &). Then, the ‘evaluation

at 0’ map, evg : y_. a;t' — ag is an evaluation map for 7. This is easy to
verify: for (EV1), let (A,0) be a differential ring, ¢ : A — K be a ring

homomorphism and a € A. Then,

evo(T, (@) :( | ”‘?”ﬁ) — ola).

For (EV2), let a = >, a;t" € K[[t]], and compute Toy,(a):
1 (d
Tevy(a) = ZZ: —evo (dt ) t

B (n+1)! A

S LT

Zzal Zatz—a

so Ty, = id, as required.

2. Let (K, 6) be a Q-algebra, and let T be the twisted Taylor morphism for
(K[[1]], 6+ 4). Then evg : >, a;t’ + aq is also an evaluation map for T*.
We verify this as follows: to see that (EV1) holds, let A be a differential
ring, ¢ : A — K be a ring homomorphism and a € A. Observe by
applying the explicit formula in Definition that evg o T;(a), ie.
the coefficient of ¢°, is precisely ¢(a). For (EV2), let Y. a;t" € K[[t]],
and write T, (D" a;t') = > bit'. We compute b;:

evo

=2 () (oo (4 5) (£)))

Observe that

() (£r) ~Z (-5 ()

- LR ()

As evo((6 + 4)i(3, ant™)) is the coefficient of ¢° in the above sum, we
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see that

(000 () el

Substituting this into the equation for b;, we obtain that

=5 2= () (o))

I

S () (e

J<t k<j

Fix some k < i. Then, the coefficient ¢;; of 6" %(a;) in the above sum

P00 it

j=k

18

&)

1,+k d 1)k (i — k)
a 'Z]— (i = k)= (G — k)

@

Let [ = j — k and reindex the sum, obtaining:
ik ik .
i = z ()
The alternating sum of binomial coefficients is 0 unless i = k, in which

case it is 1. Observe then, that ¢;;, = 0 if 7 # k£ and ¢;; = 1. Finally, we

see the following:

bi= Y cind Flap) = cii0; = a;

k<t

and T%, (3, a;it’) = 3, a;t*, and T, = id, as required.
3. Let K be an arbitrary constant ring, and let H be the Hurwitz morphism
for (H(K),Ok) as constructed in Example [3.1.4 Then, the map ek :
H(K) — K given by (a;)i<w — ao is a evaluation map for H. We
verify this by direct computation: let (A,J) be a differential ring, and

let ¢ : A — K be a ring homomorphism and let a € A. Then,
ex(Hy(a)) = ex((¢(8'a))) = ¢(a).
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Thus (EV1) holds. (This is also the consequence of Proposition 2.1 of
[26].) Now, for (EV2), let (a;)i<, € H(K). Then, writing H., ((a;)i<w)
as (b;)i<w, we have that for any fixed j < w,

b = ex (O ((ai)icw)) = ex((@iy))icw) = a;
So (ai)icw = (bi)icw and H., = idg(x), as required.

For the remainder of this section, we let K be a differential ring, L be a

differential K-algebra and T' a K-Taylor morphism for L.

Lemma 3.7.3. Let ev : L — K be a K-algebra homomorphism. Then,
T., = idy, if and only if for any diLerential ring B and di Lerkntial ring homo-
morphism ¢ : B — L, Teyoy = .

Proof. For the forward direction, let T, = id;. Let B be a differential ring,
and ¢ : B — L be a differential ring homomorphism. Then, the following

commutes:
evor

B — K
of A

L

As 1) was assumed to be differential, we apply (TTM2) to obtain that the

following also commutes:

Tevow
B— K
al /
TEV
L
By assumption, T¢, = idz. Thus, Teyey = idg 0 90 = 2.
Conversely, assume that for any differential ring B and differential ring

homomorphism ) : B — L, Teyoy = 9. Then, consider the following commu-

tative diagram:

I evoidE K

w| 2
L

As idy, is differential, we apply (TTM2) to obtain that

Tevoidé
s
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also commutes. By assumption, Teyoiq, = idz. Thus, Toy oidy = Ty =

Tevoia, = 1dy, as required. ]
Lemma 3.7.4. If T" admits an evaluation map, then it is unique.

Proof. Suppose both ev and ev’ are evaluation maps for 7. Then, by (EV1)
on ev, we have that evo T, = ev'. By (EV2) on ev’, we have that T, = id.
Thus,

ev =evoTl,, =evoid;, =ev

as required. O

Proposition 3.7.5. Suppose 7" admits an evaluation map ev. Define the func-
tor

€vo — (idDRING \L 1L) — (U \L 1K)

by setting
(eV © _)(Av o, SO) = (A7 e,evo 90)

on objects, and (ev o —) to be the identity on morphisms. Then, (ev o —) and
T are inverse functors, and (U | 1x) and (idprwe 4 1z) are isomorphic as
categories.

Proof. We begin by verifying that (ev o —) is a functor. We check that if
(cr,id) : (A, @, ) — (B, e,1) is a morphism in (idpgrie 4 11), then it is also a
morphism (A, e, evop) — (B,eevor))in (U | 1k). Consider the following

diagram:
A2 L 2K
la lidL lidK
B2 L -5 K

The left square commutes by definition of morphisms in (idprmwe  17). The
right square is clearly commutative also. Thus, the large square commutes
(considered as a diagram in RING), and («,id) is a morphism (A, e evoy) —
(B,e,evot))in (U | 1). Clearly (ev o —) preserves composition.

Now, let (A, e, ) be an object in (idpgrixe 4 17). Then,

T(ev © _)(Av o, 90) = (A’ o, TeVOsD) = (A’ e, <P)
by Lemma [3.7.3] Conversely, let (B, e,1) be an object in (U | 1x). Then,
(evo _)T(B7.7’¢) = (B,.,GV OTw) = (B7.7¢)
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Chapter 3. Taylor Morphisms

by (EV1). As both T" and (ev o —) are the identity on morphisms, we obtain
the desired result. O

Proposition 3.7.6. Let K be a di[erkntial Q-algebra, and let 7 be the uni-
versal K-Taylor morphism for K*. Then, 7% admits an evaluation map ev*.

Proof. Let T denote the standard twisted Taylor morphism for (K [[t]], 6 + L),
and let 7 : K* — K][[t]] be the unique differential K-algebra homomorphism
such that T'=7oT™*. Let ev* =evgoT.

For (EV1), let A be a differential ring and let ¢ : A — K be a ring

homomorphism. Then,
* * *
ev oT@ =evgoT oTw =evol,.

As evy is an evaluation map for T, by (EV1) we have that evyo T, = .
We now claim that, for any A and ¢ as above, we have that T;,. o T} = To,.
We consider the following diagram:

A

T:gl
K

K

]
—_—
=T

* —— K]

The outer square commutes as 707, = T, and by (EV1) for evq. The triangles
commute by definition of ev*.

Applying T* to the upper triangle, we obtain that

A—>K*

" A

also commutes, as 77 is differential. This establishes the claim. Thus, T(.
is an automorphism of the cone of Dy corresponding to the Taylor morphism
. As T* is the initial cone, by the universal property of colimits, we have

that T

ev* T

= idg+ as it has no nontrivial automorphisms. O

We recall that we can represent K-Taylor morphisms as cocones of the
diagram Dg. In this light, we define a morphism of K-Taylor morphisms to

correspond with the notion of a morphism of cocones:

Definition 3.7.7. Let T, S be K-Taylor morphisms for L, F, respectively.
A morphism of K-Taylor morphisms 6 : T — S is a differential K-algebra
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3.7. Evaluation Maps

homomorphism 6 : L — F such that for any differential ring A and ring
homomorphism ¢ : A — K, we have

Sy =100T,.

If 0 is a differential K-algebra isomorphism, we say that 6 is an isomorphism
of K-Taylor morphisms.
We form the category of K-Taylor morphisms with objects being K-Taylor

morphisms and arrows consisting of morphisms of K-Taylor morphisms.

Remark. The above definition coincides precisely with the notion of a mor-

phism in the category of cocones of Dy.

Lemma 3.7.8. Let 7', S be K-Taylor morphisms for L, F', respectively. Sup-
pose 7' admits an evaluation map ev : L. — K. Then, S., : L — F is a
morphism of K-Taylor morphisms 7" — S. Further, if § : T"— S is any other
morphism, then 6 = S.,.

Proof. Let A be a differential ring, and ¢ : A — K be a differential ring
homomorphism. By (EV1), ev o T, = ¢. That is, the following triangle

commutes:
@
A— K

n] &
L
Applying S and (TTM2), we obtain that

S
_W>F
%ev

also commutes, and thus Sey o T, = S, as required.

BN

Ty

t~ —

For uniqueness, let 8 : T' — S be any other morphism of K-Taylor mor-
phisms. Then, by definition, for any differential ring A and ring homomor-
phism ¢ : A — K, we have that S, = 0 o T,,. In particular, applying this to
ev: L — K, we have that

Sevy =001, =0o0id;, =6

by (EV2), as required. O

We have in fact proven that:
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Chapter 3. Taylor Morphisms

Theorem 3.7.9. Suppose there is a K-Taylor morphism T for L which admits
an evaluation map ev : L — K. Then, T is the initial object in the category
of K-Taylor morphisms.

Theorem 3.7.10. Let 7,7’ be K-Taylor morphisms for L, L', respectively.
Suppose ev : L — K, ev' : L' — K are evaluation maps for T, 7", respectively.
Then, T. : L — L’ is an isomorphism 7" — T" with inverse Ty,..

Proof. By the previous lemma, 7" : L — L' and T, : L' — L are morphisms
T — T and T" — T, respectively.
By (EV1) for ev/, we have that ev' o T/ = ev. That is, the following

commutes:
L L K

) /
e

Applying (TTM2) for T, we then have that

also commutes. By (EV2) for ev, T, = idy. Thus, Tow o T, = id;. By
symmetry we also have that 7! oT., = id;s also. Hence, T is an isomorphism

of K-Taylor morphisms with inverse T,,/, as required. O

This gives us that for a differential Q-algebra K, the universal Taylor mor-

phism is the standard twisted Taylor morphism:

Corollary 3.7.11. Let (K,0) be a di[erkntial Q-algebra. Then, the univer-
sal Taylor morphism 7% for K* is isomorphic to the standard twisted Taylor
morphism 7" for (K[[t]],d + ).

Proof. By Proposition the universal Taylor morphism 7% admits an
evaluation map ev*. As noted previously, the usual evaluation at 0 map,
ev : K[[t]] — K is an evaluation map for the standard twisted Taylor mor-
phism for (K[[t]], + 4). Thus, by Theorem , T* and T are isomorphic
as K-Taylor morphisms. O

By the same argument, we also have:
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Corollary 3.7.12. Let R be an arbitrary constant ring. Then, the universal
Taylor morphism 7™ for R* is isomorphic to the Hurwitz morphism H for
(H(R), Or).

Applying the above two results, we recover |20, Proposition 2.4|, which
gives an isomorphism between the Hurwitz series ring and power series ring
over a (Q-algebra K, and in particular, between the Hurwitz morphism and

classical Taylor morphism:

Corollary 3.7.13. Let K be a constant (Q-algebra. Then, the Hurwitz series
ring (H(K), dx) and the ring of formal power series (K[[¢]], &) are isomorphic
as dilerkntial K-algebras. Further, the Hurwitz morphism H and classical

Taylor morphism 7" are isomorphic.

Proof. By Examples [3.7.2(1) and (3), the maps evy : K[[t]] - K and ex :
H(K) — K are evaluation maps for 7" and H, respectively. By Theorem
the maps 7., : H(K) — K[[t]] and H,,, : K[[t]] — H(K) are mutually
inverse isomorphisms of Taylor morphisms, and in particular of differential
K-algebras. O

Corollary 3.7.14. Let (K, ) be a di Lerkntial Q-algebra. Let S be a K-Taylor
morphism for a di Lerkntial K-algebra L. Then, there is a unique di Lerential
K-algebra homomorphism ¢ : (K[[t]],0 + &) — L such that 6 : 7 — S is a
morphism of K-Taylor morphisms.

Rephrased in terms of the category of K-Taylor morphisms, we can state:

Corollary 3.7.15. Let (K,¢) be a diLerbntial Q-algebra. Then, the standard
twisted Taylor morphism for (K7[[t]], 6 + 4 is the initial object in the category
of K-Taylor morphisms.

Corollary 3.7.16. Let (K,0) be a di[erential Q-algebra, and let L be a dif-
ferential K -algebra admitting a K-Taylor morphism S. Then, L contains
(K[[t]], 6 + 4) as a dilerkntial K-subalgebra, and S is given by the standard
K-Taylor morphism 7" into K[[¢]] composed with the inclusion of K[[t]] into L.

Proof. By the previous corollary, there is a differential K-algebra homomor-
phism 6 : (K[[t],d + 4) — L such that S =6 oT. As every ideal of K[[]] is
of the form (¢") for some n < w, no proper ideal of K{[t]] is differential. Thus,

f is injective, as required. ]
Again, we can rephrase this to say:
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Corollary 3.7.17. Let K be a di[erkntial Q-algebra. Then, there is a bijec-
tive correspondence between di Cerential (K[[t]],0 + 4)-algebras and K-Taylor
morphisms. In fact, the category of K-Taylor morphisms is isomorphic to the
category of (K[[t]],d + 4)-algebras.

Proof. The obvious identification suffices. Let S be a K-Taylor morphism
for some differential K-algebra L, and let T denote the standard twisted K-
Taylor morphism for K* := (K[[t]],d + ), and let ev : K* — K be evaluation
at 0. Let T, S be arbitrary K-Taylor morphisms for differential K-algebras
L, F', respectively.

Then, by Lemmal[3.7.8| T,, : K* — L is a morphism of K-Taylor morphisms
T* — T. This map endows L with a differential K*-algebra structure. Let S be
any other K-Taylor morphism for another differential K-algebra F'. Similarly,
Sev endows F' with a differential K*-algebra structure.

Let 8 : T" — S be a morphism of K-Taylor morphisms. Then, we claim
that Sey, = 0 0 Ty, i.e. 0 is a differential K*-algebra homomorphism. This is
clear, as # o T, is a morphism of K-Taylor morphisms, and as 7™ is initial in
the category of K-Taylor morphism, there is a unique morphism from 7™ to
every K-Taylor morphism.

Conversely, suppose L, I are differential K*-algebras with structure maps
nL, N, respectively. Then, n; o T* and ng o T* define K-Taylor morphisms
T,S for L, F, respectively. Let 6 : L — F be any differential K*-algebra
homomorphism. Let A be any differential ring, and let ¢ : A — K be a
ring homomorphism. Then, by definition, 6 o T, = ¢ oy o T7;. Since 0 is
a differential K*-algebra homomorphism, it preserves structure maps, thus
0 o nr, = np. Therefore we conclude that 0 o T, = S,, and 6 is a morphism of

K-Taylor morphisms 7" — S, as required. m

By the same argument, for any arbitrary differential ring K, the category of
K-Taylor morphisms is isomorphic to the category of differential K*-algebras.
This partially answers a question regarding whether the ring of differentially

algebraic power series admits a Taylor morphism:

Corollary 3.7.18. Let (K, 0) be a di Lerential Q-algebra, and let K[[t]].,, de-
note the di [erential subring of (K[[¢]], + 4) consisting of the elements which
are di [erentially algebraic over K. If K[[t]]ug # K[[t]], then (K[[t]]ag, 0 + )
does not admit a K-Taylor morphism.

Proof. Suppose otherwise. Then, there is a an embedding 0 : K[[t]] = K[[t]]ae
over K. As there is an element a € K|[[t]] \ K[[t]]alg, there is an element
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3.8. A Note on Multiple Derivations

b=0(a) € K[[t]]ag differentially transcendental over K, a contradiction. [

Remark. It is not known in general, when K is not a constant field, whether

K[[t]] contains a differentially transcendental element over K.

3.8 A Note on Multiple Derivations

In this final section, we make minor modifications to our framework to work
with differential fields with multiple commuting derivations. In this section, a
di Lerkntial ring/field/algebra means a ring/field /algebra equipped with a set
of n commuting derivations, and a di Lerential homomorphism is a homomor-
phism which respects all derivations.

In this new setting, we define a K-Taylor morphism exactly as in Definition
3.2.2] where all differential rings are now in n commuting derivations. The
twisted Taylor morphism for K((t)), where t = (¢1, ..., t,), constructed in [32]
is an example. We restate Lemma for this case.

Lemma 3.8.1. Let K be a dilerkntial field, large as a field. Let L be a
di Cerkntial field extension of K, admitting a twisted K -Taylor morphism 7™,
and suppose that K is existentially closed in L as a di Lerkntial field. Let A be
a diLerentially finitely generated K-algebra, suppose that A has a K-rational
point o : A — K. Then, A has a diLerkntial K-rational point.

Proof. By applying T* to ¢, we obtain a differential ring homomorphism 17 -
A — L. By existential closure of K in L and 2.1(ii) of [32], we have that A
has a differential point A — K. m

Corollary 3.8.2. Let K be a dilerkntial field, large as a field. Suppose there
is a di Lerkntial field extension L of K such that K is existentially closed in L,
and L admits a twisted K-Taylor morphism. Then, K is di [erentially large.

Proof. By the previous lemma and 4.3(iv) of [32]. O

Theorem 3.8.3. Let K be a di[erkntial field that is large as a field. Then, K
is di Cerkntially large if and only if there exists an elementary extension L of
K such that L admits a twisted K-Taylor morphism.

Proof. First suppose that K is differentially large. Then, by 4.3(ii) of [32], K
is existentially closed in K ((t)). Therefore, K((t)) embeds in an elementary
extension L of K. Further, K((t)) admits a twisted K-Taylor morphism,
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so taking the composition with the inclusion, we obtain a twisted K-Taylor
morphism for L.

The converse is given by the previous corollary. O

3.9 An Adjunction

We recall from [26] that the functor H : RING — DRING which sends a ring
to its ring of Hurwitz series is the right adjoint to the forgetful functor U :
DRING — RING. It was noted by Tomagi¢ that the twisted Taylor morphism
could potentially be realised as the natural bijection of hom-sets in a certain
coslice category.

Let K = (K, 6) be a differential ring. Let K/DRING and U K/RING denote
the coslice categories of DRING and RING under K and UK, respectively.
These categories are isomorphic to the categories of differential K-algebras,
and non-differential K-algebras, respectively.

We define the induced functor Hy : UK/RING — K/DRING as follows:
Let A be a UK-algebra, with structure map o4. Define Hx(A) = H(K) as a
differential ring, equipped with the differential K-algebra structure map given
by the composition

K "5 HUK 2%, A

where 7 is the unit of the adjunction (U - H). Concretely, nx = Hiq, where
id is the identity (ring) homomorphism (K,§) — K. Hg acts by H on mor-
phisms.

This is right adjoint to the induced forgetful functor U : K/DRING —
UK /RING. From this, we see that for any differential K-algebra A, there is a

natural bijection of hom-sets
UK/RING(UA,UK) — K/DRING(A, Hx (UK)).

This is concretely given by the map sending a U K-algebra homomorphism
¢ :UA — UK to the composition

A" HUA 22 H(K) = Hg(UK)

which we see is equal to the Hurwitz morphism of ¢, H, : A - H(K).

From this, we observe that the Hurwitz morphism (restricted to differential
K-algebras) is a K-Taylor morphism for (H(K), k), where H(K) is equipped
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with the differential K-algebra structure map Hiq.

In the case where K is a differential QQ-algebra, this is equal to the classi-

d
) dt
Corollary 3.3|, we can recover the twisted Taylor morphism.

cal Taylor morphism for (K{[t]], ;). By applying the twisting map from [32,
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4 Differential Henselianity

In this chapter, we discuss the class of henselian valued fields equipped with
‘generic derivations’, which we will call di[erentially henselian. These are
a special case of a topological field with a generic derivation as studied by
Cubides Kovacsics and Point in [12] and were also introduced by Guzy and
Point in [19] as the class of henselian valued fields satisfying the axiom scheme
(DL). These were also studied by Guzy in [18] as the models of a generalised
uniform companion for henselian valued fields.

Throughout this chapter, we adopt the following convention:

Definition 4.0.1. A valued-di Lerkntial field (K, v,0) is a field K of charac-
teristic 0 equipped with a valuation v and a derivation §. No interaction is

prescribed between v and 9.

4.1 Existing Work

In this section, we give a brief summary of the main results of various papers
by Cubides Kovacsics, Guzy and Point which are relevant to the topic of differ-
entially henselian fields. In [19] and [12], Cubides Kovacsics, Guzy and Point
study classes of topological differential fields with generic derivations, of which
differentially henselian fields will be a special case. In the paper [18], Guzy
generalises the work of Tressl in [46] on the uniform companion for large fields
to the henselian context. Analogously to the case of differentially large fields
(cf. Proposition , the models of Guzy’s generalised uniform companion
will coincide precisely with the class of differentially henselian fields.

Following the setup of [12], we let Lying = (+,—,+,0,1), Lgera = LringU{ '},
and L is a (possibly multi-sorted) language extending Lgeq. We denote by ()
a (possibly empty) set of constant symbols, and let £{; = Lgea U Q.

Let IC be an L-structure. Then, we denote the field sort F(K) of K by K.
Other sorts are known as auxiliary sorts.

Definition 4.1.1 ([12, Definition 1.1.2]). An L-definable field topology 7 (on
K) is a field topology 7 on K such that there is an L-formula x,(z, z), where

x is a F-variable, such that
{x-(K,a):a € K*}
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is a basis of neighbourhoods of 0.

That is, we require the field topology 7 to be uniformly definable by a
single L-formula. The work of Cubides Kovacics and Point relies mainly on
the assumption that the theory of the topological field is an open L-theory of
topological fields:

Definition 4.1.2 (|12 Definition 1.2.1]). An L-theory of topological fields is
an L-theory T such that any model K |= T satisfies the following conditions:
1. The field sort K of K is a field of characteristic 0.

2. The restriction of £ to the sort F is a relational extension of L.

3. For any F-valued term ¢(z, Z) with Z a tuple of F-variables and Z a tuple

of auxiliary sort variables, there is an F-valued term #(z) such that
K = Vava(t(z, z) = t(z)).

4. K has an L-definable field topology.

If T also satisfies the following condition, we call it an open L-theory of topo-
logical fields:

5. For any L-formula ¢(Z, z) with Z a tuple of F-variables and Z a tuple of
auxiliary sort variables, there is a finite set H, and for each h € H, an
L-formula 1,,(Z) and a finite set I, and for each h € H and ¢ € I, an
L-formula 0;,(z, Z), and finite set J;,, and for each h € H,i € I},,j € Jip,
a nonzero polynomial P, € Q(Q)[z], such that ¢(z,Z) is equivalent

modulo 7" to:

\V <¢h<z) — (\/ N Pin(T) =0 A0 (z, z)))

hecH 1€y j€EJin

and for any model K |= T and every a € K*, 0;;,(KC,a) is an open set.
Examples 4.1.3 (|12, Examples 1.2.5]). 1. Let £ = Ly, and T be an L-

theory of a henselian valued field of characteristic 0. Then, 7" is an
open L-theory of topological fields, where the topology is the valuation
topology. This follows from quantifier elimination in the RV language.

2. Let £ = Lying U{<} and let T = RCF. Then, T is an open L-theory
of topological fields, with topology given by the order topology. This
follows by quantifier elimination of RCF in L.

Remark. Let T be an open L-theory of topological fields. Then its Morleyi-

sation Ty is an open Ly-theory of topological fields. This is since Ly, is
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a relational expansion of £ by predicates definable in £, and thus automati-
cally satisfies (1)-(4). For (5), we simply observe that every Ly,-formula is
equivalent modulo Ty, to a L-formula, which satisfies condition (5).

For the same reason, every expansion of an open L-theory of topological

fields by L-definable relations is also an open theory of topological fields.

We let L5 denote the language LU {0}, where § is a unary function symbol
(in the field sort) which will be interpreted as a derivation. Let T be an L-
theory of topological fields. Denote by Tj the Ls-theory consisting of 7" and

the axiom stating that 0 is a derivation.

Definition 4.1.4 (|12, Definition 2.2.2|). Let T" be an L-theory of topological
fields, and let K be a model of T;5. We say that K satisfies the axiom scheme
(DL) if, for every differential polynomial f(x) € K{z} of order n,

VE(Elgj(fa1g(gj) =0A S(f)alg(?j) #0) —
Jz(f(z) = 0N s(f)(x) # 0A x-(Jety(z) — 7, 2)))

holds in K. The scheme (DL) is clearly axiomatisable in the language L5 by
quantifying over the coefficients of f. Denote by 75 the Ls-theory T5 U (DL).

Remark. We can think of the scheme (DL) as stating the following property of
the topological differential field K: for every differential polyonomial f(z) €
K{x} (in one variable) of order n, if there is a tuple a € K™™' such that
fag(@) = 0 and s(f)ag(@) # 0 (i.e. @ is a simple root of f,,), then, for
any open neighbourhood B of a, there is a differential root b of f such that
Jet,(b) € B, and s(f)(b) # 0.

We assume for the rest of this section that 7' is complete and 7% is a
consistent theory. General consistency results can be found in [I2, Section
2.3]. In particular, where T is the theory of a henselian valued field or a real

closed field, T is consistent.

Example 4.1.5. Let T" = RCF. Then, Ty is complete and is precisely the
theory CODF of closed ordered differential fields.

The main relative quantifier elimination result in [12] is the following;:

Theorem 4.1.6 (|12, Theorem 2.4.2|). Let T" be an open L-theory of topological
fields. If T eliminates field sort quantifiers then 7} also eliminates field sort
quantifiers.
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Remark. By a previous remark, the Morleyisation Ty, of an open L-theory of
topological fields T is an open Ly,-theory of topological fields. Thus, by the
above theorem, for any open L-theory of topological fields T, (Thior); eliminates

field sort quantifiers in the language L£3;,.

From the above relative quantifier elimination result and by passing to
the Morleyisation, Cubides Kovacsics and Point prove the following relative

completeness theorem:

Corollary 4.1.7 (|12, Corollary 2.4.7|). If T is a complete open L-theory of
topological fields, then the theory 7 is complete.

With a similar argument, Cubides Kovacsics and Point also show a number
of results which transfer various model-theoretic properties from the topolog-
ical field to the topological differential field. Again, we make the assumption
that T is a complete open L-theory of topological fields.

Theorem 4.1.8 (|12, Theorem A.0.3]). The theory 7; is NIP if and only if
T is NIP.

Theorem 4.1.9 (12, Theorem A.0.5]). The theory 77 is distal if and only if
T is distal.

Theorem 4.1.10 (|12, Theorem A.0.6]). The theory 7 eliminates 3*° in the
field sort.

We also recall an Ax-Kochen/Ershov type result by Guzy and Point for
existential closure of henselian fields with generic derivations satisfying the

axiom scheme (DL).

Theorem 4.1.11 (|19, Theorem 8.3]). Let (K, v,0) be a valued-di Lerential
field such that (K, v) is henselian and (K, v, 0) satisfies (DL). Let (L,w,0) be
a valued-di [erkntial field extension of (K, v,4) such that:

o w(Cp) =wL,

o Kv=<3lLw

o VK <3 wL
Then (K, v,0) is existentially closed in (L, w, 0) as valued-di Lerential fields.

In [18], Guzy shows that there is a analogue of Tressl’s uniform companion
for the theory of henselian valued fields with K commuting derivations. We
denote by Lyf the language of valued fields, i.e. the language of rings expanded

by a binary predicate | interpreted as valuation divisibility. The language of
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valued-differential fields (with k& commuting derivations) £F, is the language of
valued fields L, expanded by a k£ unary function symbols 41, ..., d; interpreted
as commuting derivations. We write § for the tuple of derivations (&, ..., d;).
For the remainder of this section, a valued-di Lerbntial field means a valued
field (K, v) equipped with k& commuting derivations ¢, ..., d.

Guzy constructs the £F -theory (UC}) which carries many of the same
properties for henselian valued fields as (UC) has for large fields. As the
construction is fairly intricate, we do not reproduce it here and instead direct

the reader to [I8, Definition 2.7]. We list some of the main results below:

Theorem 4.1.12 (|18, Theorem 3.14], cf. [46, Main Theorem 6.2(II)]). Let
(K,v,0) be a valued-di [erential field, henselian as a pure valued field. There is
a valued-di [erkntial field extension (L, w,d) of (K, v,d) such that (L,w,d) =
(UC’), and (K,v) < (L, w).

Following Tressl and Guzy, we will adopt the following notational conven-

tion:

Notation. For £ an arbitrary language, and M, N arbitrary £-structures with

A a common subset of M and N, we write
M E>;|7AN

if every existential £(A)-formula which holds in M also holds in N. We also
write M =34 N if M =)54N and N =)3 4M. We observe that M =34 N if
and only if M and N have the same universal £(A)-theory.

Theorem 4.1.13 (I8, Theorem 3.14], cf. [46, Theorem 3.3]). Let (K,v,9),
(L,w,d) be valued-di [erential fields, and A be a common valued-di [erkntial
subfield. Assume that

1. As pure valued fields, (K,v) =34 (L, w);

2. (L,w,0) is a model of (UC}).
Then,

(K,v,0) =)3,4(L,w,0)

as valued-di [erential fields.

We will show a version of this result for the class of differentially henselian
fields in Section as Corollary 4.4.7] An immediate corollary of this is the

analogous version of [46, Main Theorem 6.2(I)]:
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Corollary 4.1.14. Let (K,v,6), (L,w,d) be models of (UC}), and suppose
that A is a common valued-di [erential subfield. Then, if (K, v) and (L, w) have
the same universal theory over A as pure valued fields, i.e. (K,v) =34 (L, w),
then (K,v,d) and (L,w,d) also have the same universal theory over A as
valued-di Lerential fields.

We finally remark that, as with (UC), the theory (UC}) is also inductive:

Lemma 4.1.15. Let (K;,v;,0;)i € I be a chain of valued-di Cerkntial fields
which are models of (UC}). Then, (K,v,6) = U,c;(K;, vi,0;) is also a model
of (UC}). That is, (UC)) is an inductive theory.

Proof. Fix a J-algebraically prepared system {fi, ..., fi; Q1, ..., Qn_q} over K
with respect to the tuples a,a’ in K, and fix v € vK. It is easy to see that
if {f1,..., fi; @1,-..,Qn_q} is a J-algebraically prepared system over K with
respect to the tuples @, a’, then it is also a J-algebraically prepared system in

any member K; of the chain containing all the coefficients and a,a’. Take 4

such that v € v;K;. As (K;,v;,0;) E (UC)), a solution of the desired form

exists in (K, vy, 9;), thus a solution exists in the union of the chain. O

4.2 Basic Properties

In this section, we discuss the basic properties of differentially henselian fields,
including properties of the constant subfield, various equivalent axiomatisa-
tions, and their relationship with the class of differentially large fields. We

begin by fixing a choice of language:

Definition 4.2.1. The language of valued-di [erkntial fields, denoted L4, con-
sists of the language of valued fields L (i.e. the language of rings along with a
binary relation symbol | for valuation divisibility), along with a unary function

symbol & which will be interpreted as the derivation.

Definition 4.2.2. We say that a valued-differential field (K, v,d) is di [erkn-
tially henselian if (K, v) is nontrivially henselian, and satisfies the following

axiom scheme:

Let f € K{z} be a differential polynomial of order n, and a € K" such
that fae(a) =0 and s(f)ag(@) # 0. Then, for any v € vK, there is some
b € K such that f(b) =0 and Jet, (b) € B,(a).

We denote the Lyq-theory of a differentially henselian field by DH.
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Remark. In this sense, a ‘differentially henselian field’ is precisely a valued-
differential field which is henselian as a pure valued field and satisfies the

axiom scheme (DL).

Remark. There is a notion of ‘differential henselianity’ introduced by Aschen-
brenner, van den Dries and van der Hoeven in [2] in the setting of transseries
fields and valued-differential fields with small derivation. This notion is unre-

lated to the one discussed in this thesis.

Intuitively, the above axiom scheme states that if a differential polynomial
has a simple algebraic root a, then it has a differential root b which is arbitrarily
close to a with respect to the valuation topology.

We begin by exhibiting some of the basic properties of the constant subfield
of differentially henselian fields.

Proposition 4.2.3. Let (K,v,0) be a dilerkntially henselian field, and let
(Ck,w,0) denote its constant subfield, considered as a valued-di Lerential sub-
field of K. Then, as pure valued fields:

(1) Ck is dense in K with respect to the valuation topology.

(i) Cxw = Kv and wCxk = vK.
(iii) (Ck,w) is a henselian valued field.

(iv) If K is equicharacteristic 0 or of mixed characteristic and unramified,
then (Ck,w) < (K,v) as pure valued fields.

Proof. (i) It suffices to show that for every ball around a point a € K of
radius v € vK, there exists an element ¢ € Cx N B,(a). Consider the
differential polynomial f(x) = 2/, and the point (a,0) € K?. Observe
that fag(a,0) = 0, and s(f)ag = 1, thus we may apply axiom (2) and
obtain ¢ € K such that ¢ =0, and ¢ € B,(a), as required.

(ii) This follows immediately from (i).

(iii) Let f € O,lx] be a polynomial and a € O,, such that w(f(a)) > 0 and
w(f'(a)) = 0. Then, as K is henselian and O,, C O,, thereis b € O, such
that f(b) = 0 and v(a — b) > 0. Since b is algebraic over the constant
subfield, b is itself constant, thus b € O, = O, N Ck and (Ck,w) is
henselian, as required

(iv) Since (Ck,w) C (K, v) are henselian and equicharacteristic 0 or unram-
ified mixed characteristic, and Cxw = Kv and wCx = vK, we may
apply the elementary substructure version of the appropriate AKE theo-

rem (Theorems [2.5.28] [2.5.29) to conclude that (Ck,w) < (K, v) as pure
valued fields. O
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We now show that we can simplify our axiomatisation to only reference the

valuation ring.

Proposition 4.2.4. Let (K,v,J) be a valued-di Lerkntial field, henselian as a
pure valued field. Then, (K,v,d) is dilerentially henselian if and only if it
satisfies the following axiom scheme:

For every di Lerential polynomial f(z) € K{x} of order n, and a € K™ such
that fag(a) =0 and s(f)ag(a) # 0, there exists b € K such that f(b) =0 and
§4(b) — a; € O, for each i.

Proof. Clearly, if (K, v, ) is differentially henselian, it satisfies the above axiom
scheme. It remains to show the reverse direction. Let f(x) be a differential
polynomial of order n, and @ € K" such that fug(a) = 0 and s(f)ag(a) # 0.
Let v € vK. Take ¢ € Ck such that v(c) > 7.

Let g(x) be the differential polynomial defined by g(z) = f(cx). Observe
that the tuple (ag/c,...,a,/c) is a simple algebraic root of g. Thus, by the
above axiom scheme, there exists b € K such that g(b) = 0 and for each i,
0;(b) — a;/c € O,. Set d = cb. By construction, d is a root of f, and we have
that w € O,. Further, v(0;(d) — a;) > v(c) > 7, as required. O

In fact it suffices to take polynomials with coefficients in the valuation ring:

Proposition 4.2.5. Let (K,v,0) be a valued-di Lerkntial field, henselian as a
pure valued field. Then (K, v,d) is dilerkntially henselian if and only if it
satisfies the following axiom scheme:

For every di[erential polynomial f(z) € O,{x} of order n, and n + 1-tuple a
such that f.(a) =0 and s(f)ag(a) # 0, there exists b € K such that f(b) =0
and 6°(b) — a; € O, for each i.

Proof. The forward direction is clear from the previous proposition. For the
backwards direction, multiply f with a nonzero element ¢ € K with sufficiently
large valuation such that all the coefficients of c¢f lie in Og. Then apply the

above axiom scheme to obtain the desired solution. ]

In all of the above, we can restrict our axiomatisation to consider only
irreducible differential polynomials f(x), as we can replace a reducible f with

an irreducible factor on which a vanishes:

Lemma 4.2.6. Let (K,¢) be a dilerential field, and f(z) € K{z} be a dif-
ferential polynomial of order n such that f = gh, where g, h € K{xz} are not
units. Let a € K™ such that f,.(a) =0 and s(f)ag(a) # 0. Then, either
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Proof. As fag(a) =0 and f = gh, at least one of g4(@) and h,,(a) vanishes.

Consider s(f)ag(a) = %(d). By the product rule,

(st = G205 ) @ha(@) + 900(0) (o ) @ 20

In particular, it is not the case that both ga,(@) and hag(a) vanish, otherwise
$(f)ag(@a) = 0, a contradiction. Without loss, suppose that g,.(a) = 0 and
hag(a) # 0. If ord(g) < n, then gi‘z}ﬁ = 0, and s(f)ag(a) = 0, again a
contradiction. Thus ord(g) = n. Now,

S(f)ag(@) = 5(9)aig(@)hag(a) +0 # 0

and since hug(a) # 0, we obtain that s(g)ag(@) # 0 also. The other case
follows by symmetry. O]

Lemma 4.2.7. Let (K, ) be a dilerkntial field, and f(z) € K{z} be a dif-
ferential polynomial of order n, and @ € K" such that f..(a) = 0 and
s(f)(@) # 0. Then, there is a unique irreducible factor g of f such that
gag(@) = 0. Further, ord(g) = n and s(g)a(a) # 0.

Proof. As K{x} is a unique factorisation domain, we may write f as the
product of its irreducible factors. Applying Lemma repeatedly to this
factorisation, we observe that there is a unique irreducible factor g such that
g vanishes on a. Further, also by Lemma [4.2.6] such a factor necessarily has
order n, and s(g)ag(a) # 0. O

Now, it is clear that we can restrict our axiomatisation of differentially

henselian fields to only irreducible polynomials:

Proposition 4.2.8. Let (K, v,J) be a valued-di Cerkntial field, henselian as a
pure valued field. Then, (K,v,d) is dilerentially henselian if and only if it
satisfies the following axiom scheme:

For every irreducible di [erkntial polynomial f(x) € K{x} of order n, and
a € K™ such that f,e(a) =0 and s(f)ag(a) # 0, for any v € vK, there is
b € K such that f(b) =0 and Jet,(b) € B,(a).
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Proof. The forwards direction is trivial. For the reverse, let f(z) € K{z}
be an arbitrary differential polynomial of order n and @ € K™*! such that
fag(@) = 0 and s(f)ag(a) # 0. Let v € vK.

By Lemma [4.2.7] there is a unique irreducible factor g of f such that
Galg(@) =0, s(g)aig(a) # 0 and ord(g) = n. By the axiom scheme above, there
is b € K such that g(b) = 0 and Jet, (b) € B,(a). Then as g is a factor of f,
we also have that f(b) = 0, as required. O

As we stated earlier, every differentially henselian field is differentially large.

We can see this by applying the characterisation of differentially large fields
from Proposition [2.3.17}

Proposition 4.2.9. Let (K,v,60) be a dilerkntially henselian field. Then,
(K, 9) is diLerentially large.

Proof. Let f,g € K{z} with n = ord(f) > ord(g), and @ € K™™' such that
fag(@) =0, s(f)ag(a) # 0 and gaz(a) # 0. By the continuity of g, there is some
v € vK be such that B,(a) does not intersect the solution set of g, (z) = 0.
By differential henselianity of K, there is b € K such that f(b) = 0 and
Jet,(b) € By(a). In particular, g(b) # 0. Thus, K satisfies the condition in
Proposition [2.3.17], and is differentially large. O

We are able to obtain a partial converse to the above, which follows from
work by Widawski relating the étale-open topology to differential largeness.
We direct the reader to the article [24] by Johnson, Tran, Walsberg and Ye
for the requisite background and definition of the étale-open topology which
we do not reproduce here. The critical fact that we will need is the following

consequence of Theorem B of [24]:

Theorem 4.2.10. Let K be a henselian field that is not algebraically closed.
Then, the étale-open topology coincides with the unique henselian valuation
topology.

We now apply the following theorem due to Widawski, which says that
regular differential points of varieties of a certain type are dense in the set of

regular points with respect to the étale-open topology:

Theorem 4.2.11 ([47]). Let (K,¢) be a dilerkntial field which is large as
a pure field. Then, (K,0) is dilerentially large if and only if, for every
irreducible closed variety V' C A™*! of dimension n, and not of the form
W x A for a subvariety W of A", the set (K"*1); N Reg(V) N V(K) is dense
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in Reg(V) N V(K) with respect to the étale-open topology on V(K), where
(K" g = {Jet,(a) : a € K}, and Reg(V') denotes the regular points of V.

Combining these two results, we readily conclude the following:

Theorem 4.2.12. Let (K, v,6) be a valued-di [erkntial field such that K is
not algebraically closed, (K, v) is henselian, and (K, §) is diLerentially large.
Then, (K,v,0) is diLerkntially henselian.

Proof. Let f be an irreducible differential polynomial of order n, and suppose
we have a € K™ such that fue(a) = 0 and s(f)ag(a) # 0. Let V C Am+?
denote the variety defined by the equation f,,; = 0. Then, we have that
a is a regular K-rational point of V. Let v € vK, and consider the open
set U = B,(a) N V. By Theorem [£.2.10| U is also open with respect to the
étale-open topology. Now, by Theorem [£.2.11] as U contains a regular K-
rational point, it contains a differential regular K-rational point Jet, (b), as

required. O

This result is optimal in the sense that it cannot be extended to the case

of algebraically closed fields. We construct a counterexample:

Proposition 4.2.13. Every dilerentially closed field (K,6) = DCF, ad-
mits a nontrivial henselian valuation v such that (K, v,d) is not di Cerentially
henselian.

Proof. Let (K,d) be a differentially closed field, and denote by Ck the field
of constants of K. Let a € K\ Ck. As Cf is algebraically closed, a is
transcendental over C, and Ckla] is isomorphic to the ring of polynomials
Ck|t]. Let p be the maximal ideal aCk[a] of Cklal.

By Chevalley’s Extension Theorem (Theorem , there is a valuation
ring O of K containing Ck[a] such that mNCk|a] = p, where m is the maximal
ideal of O. In particular, O is a nontrivial valuation ring of K containing C'x.
Let v denote the valuation on K corresponding to the valuation ring 0. As K
is algebraically closed, v is automatically a henselian valuation.

Now, we observe that v(Cj) = {0}, as every nonzero constant is a unit of
the valuation ring. Thus, there are no nonzero constants in the (open) ball
By(0) = m, and Cf is not dense in K with respect to the valuation v. As
the constants of any differentially henselian field are dense with respect to
the valuation topology (Proposition [£.2.3(1)), we conclude that (K, v,d) is not
differentially henselian. O
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Corollary 4.2.14. The theory DCF, UACVF o is not complete.

Proof. By Corollary , there exist models of DCFy UACVF oy which are
differentially henselian, and by Proposition [4.2.13, there are models which are

not differentially henselian. O

Definition 4.2.15. A di[erentially closed valued field is a valued-differential
field which is a model of DCVF := ACVF U DH. The theory of differentially
closed valued fields of characteristic 0 with residue characteristic p, denoted
DCVF (), is the Lyg-theory ACVF () UDH.

Proposition 4.2.16. The theory DCVF,, is complete, and eliminates quan-
tifiers in the language L.q4.

Proof. This is by completeness and quantifier elimination of ACVF ) in the

language Ly¢ (Theorem [2.5.25] and Corollary [2.5.26|), which lifts to the differ-
entially henselian extension by Theorem and Corollary 4.1.7] [

We may also combine Theorem [4.2.12| with Corollary to obtain the

following;:

Corollary 4.2.17. Let (K, v,0) be a valued-di [erential field, not algebraically
closed, such that (X, ¢) is diLerentially large, and (K, v) is henselian. Then,

Th(K,v) UTh(K, ) k= Th(K, v, 6).

Proof. As (K, v,0) is differentially large, not separably closed, and henselian,
by Theorem [4.2.12] (K,v,0) is differentially henselian. Thus, we may ap-
ply Corollary , to obtain that the theory Th(K,v,d) is determined by
Th(K,v). O

We note in particular that the above axiomatisation specifies no interaction

between the derivation and valuation.

4.3 Constructing Differentially Henselian Fields

In this section, we will exhibit various methods for constructing differentially

henselian fields. These are adaptations of the methods used to construct dif-
ferentially large fields as described in Section [2.3.4]
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We begin by considering a construction via iterated power series (cf. Ex-
ample 2.3.21)). Let (K, v,d) be a valued-differential field, henselian as a pure
valued field. Let (K, vo,00) = (K,v,0), and for each n < w, let

~

(Kn—l-ly Un+1, 5n+1) = (Kn((t(g))7 Up © U, 6” + %)

Define
(K007 Vo, 500) - U (Knu Un, 571)

n<w
to be the union of the chain that we have constructed.

We can explicitly describe the valuation v, as follows: we let vy be the
valuation v : K* — vK, and suppose we have constructed v, : K, — vK xQ",
ordered reverse lexicographically. Then, let a = Zie@ a;t! be an element of
Kni1 = K, ((t2)). We then define

Unt1(a) = (vp(an), N) € vK x Q™!

where N = minsupp(a). Ordered reverse lexicographically, this gives precisely
the valuation v, on K, ;. Taking the union, we have that the valuation v,
is valued in vK x Q<¥, where Q<% is considered as the subset of elements of

Q“ with finite support, ordered reverse lexicographically.

Proposition 4.3.1. The valued-di Lerential field (K, v, 000 ) IS di Lerkntially
henselian.

Proof. Firstly, (K, V) is henselian as it is a union of henselian valued fields.
We show this by induction: for n = 0, vy = v is henselian by assumption.
Assume v,, is henselian. Then, v,y = v, o vy, by definition. v, and v, are
both henselian, thus v, is henselian.

Now, let f € K. {z} be a differential polynomial of order k, and let a €
KEF such that fag(a) = 0 and s(f)ag(@) # 0. Let v = (q,0) € vK x Q<% =
VoK. Let N < w such that f € Ky{z}, a € Ky, and N > max(supp(o)).

Let T™* denote the standard twisted Ky-Taylor morphism for Kx|[t]], con-
sidered as a Ky-subalgebra of Ky((t%)). We drop the subscript N of ¢ for
readability. Let A = Ky{x}/I(f). Define an algebraic K y-algebra homomor-
phism ¢ : A — Ky as follows: for i < k, set ¢(2)) = a;, and for i > £k,
define (%)) recursively by taking derivatives of the relation ¢(f(x)) = 0 and
rearranging.

Consider the element o = T (x) € Kyy1. We claim that, for n < &, the

constant term of a(™ is precisely a,. Let o = >, ait’, and recall that the

108



4.3. Constructing Differentially Henselian Fields

coefficients are given by the formula
o= 3 20 (F) o e
7<s

where 0 and § denote the derivations on Ky and A, respectively. Thus, for

< j, we have that

o= 3 20 (F) o a)

J<i

Now, we compute the constant term of (9 + £)"(3"; ast’). Observe that this

is precisely

i m! (Z) " "oy, = i

m=0

I
'MS
T
=

3

Al
s
3

m!(n —m)! j!(m — j)! )

Collect the terms by the index j, and observe that the sum is equal to:

I S

1
por m)J(m 7)!

Setting [ = m — j, we rewrite the sum as follows:

ZZ n—]—l) |l!8n_j(aj)

—J
7=0 [=0

) S (S )L

== Jln— )i (n -5 —1)!

_ ‘no (?) jz_:(—l)l("l_j) 0 (ay).

Since 77 (—1)! (",7) is simply an alternating sum of binomial coefficients, it
is 1 precisely when n = j, and 0 otherwise. We therefore conclude that the

constant term of a(™ is precisely a,,.

Thus, for i < k, veo(a® —a;) > 7, as o — q; is a series in t,1 with zero
tny1-constant term, and v(t,41) > 7. Since T is a differential Ky-algebra

homomorphism, « is a solution to f with Jety(a) € B, (a), as required. O
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Remark. As noted previously, if K is an algebraically closed, real closed or
p-adically closed field, then so is K((t9)). Thus, K., as constructed in these
cases gives natural concrete examples of models of algebraically closed, real

closed and p-adically closed differentially henselian fields.

We note that, for the same reason as in the differentially large construction,
it suffices to take K ((t)) in place of K ((t?)). We therefore obtain:

Corollary 4.3.2. Let (K,v,d) be a valued-di Cerential field which is henselian
as a pure valued field. Then, the union of the chain

(K7U>5) - (K((t(J))?vovtma—i_%) C <K<<t0))<<t1))7Uovtoovtu5+%+%> c ...

is di Lerbntially henselian.

We recall that a formulation of largeness for pure fields states that a field is
large if and only if it is existentially closed in a henselian field (Corollary [2.3.5]).
We now use the above construction to present a generalisation to differential
fields:

Proposition 4.3.3. A diLerkntial field (K, ) is di Cerkntially large if and only
if there is a di [erentially henselian field (L, w, 0) with (L, 0) 2 (K, ¢) such that
(K, ¢) is existentially closed in (L, 0) as a di Lerential field.

Proof. For the backwards direction, suppose that (K,0) and (L,w,0) are as
above. We show that (K, ) satisfies the condition in Proposition [2.3.17 Let
f,g € K{x} be differential polynomials with ord(g) < ord(f) = n, and let
a € K such that fu.(a) =0, g(a) # 0 and s(f)ag(a@) # 0. Considering fu,
and g, as polynomials in L, by continuity, there is v € vL such that B,(a)
contains no root of g. Now, by differential henselianity of (L, w,d), there is
b € L such that f(b) = 0, and Jet,(b) € B,(a). In particular, we have that
g(b) # 0. Finally, by existential closure of (K, ) in (L, ), there exists ¢ € K
such that f(c) = 0 and g(c) # 0.

For the forwards implication, we first note that by 4.3(iii) of [32], (K, 0) is

existentially closed in (K, d,) == (K((t0))((t1))...((tn)), 5+%+...+%) for any

n < w. Thus (K, 0) is existentially closed in the union (L, ) = |, ., (K5, 0n)-
By Corollary 4.3.2 (L, w, d) is differentially henselian, as required. O

We will now show that any henselian valued field with sufficiently large
transcendence degree admits a derivation which induces the structure of a dif-
ferentially henselian field. This is an adaptation of the construction in Theorem
to the henselian case.
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To simplify the notation, we adapt the notion of a di Lerkntially large prob-
lem as in Definition 2.3.22] to the valued context:

Definition 4.3.4. Let (K, v,6) be a valued-differential field. A v-Singer prob-
lem over K of order n is a triple (f,¢,v), where f € K{x} is a differential
polynomial of order n, ¢ € K" satisfies faq(¢) = 0 and s(f)ag(¢) # 0, and
v € vK. We say that (f,¢,~) is irreducible if f is irreducible.

Let (L, w, 0) be a valued-differential field extension of (K, v,d). An element
a € L is a solution to the v-Singer problem (f,¢,~) if f(a) = 0 and Jet,(a) €
B, (c). We say that L solves (f,¢,~) if it contains a solution a to (f,¢, 7).

From the definition of differential henselianity, it is clear that a valued-
differential field is differentially henselian if and only if it is henselian and solves
all v-Singer problems over itself. Further, by Proposition [£.2.8] it suffices to
solve all irreducible v-Singer problems over itself. We begin by constructing a

solution for a single v-Singer problem.

Lemma 4.3.5. Let (K,v,6) be a valued-di Cerkntial field, and let (f,c,~) be
an irreducible v-Singer problem over K of order n. Let (L,w) be a henselian
valued field extending (K, v) as a pure valued field, such that trdeg(L/K) > n.
Then, there is a derivation on L extending the derivation on K such that there
is a solution a € L to (f,¢,~) with Jet,_1(a) algebraically independent over
K.

Proof. Since fa(¢) = 0 and s(f)ae(¢) # 0, and as s(f)ag(¢) € K*, by the
Implicit Function Theorem for Henselian Fields (Theorem , there is p €
vK such that there is a unique continuous function g : U = B,(co, ..., ¢p—1) =
L with fae(7,9(y)) = 0 for any y € U. By shrinking the ball if necessary, and
by continuity of g, we may also assume that for any y € U, (y,9(y)) € B,(c).

We claim that U contains a point of transcendence degree n over K. Since
L/K is an extension of transcendence degree of at least n over K, there is
a tuple (bg, ...,b,—1) € L™ algebraically independent over K. By replacing b;
with b; ! if necessary, we may also assume that v(b;) > 0 for each i. Take
d € K* with v(d) > p. Then, we claim that the tuple (aq, ..., a,_1) = (dby +
Coy -y Abp_1 + 1) suffices.

If the a; are not algebraically independent over K, then there is a nonzero
polynomial h(xg, .., z,_1) € K|z, ..., £,_1] such that h(ay, ..., a,_1) = 0. Then,
defining

h(zo, ..., Tn_1) = h(dzo + co, ..., dTpy_1 + Cpn_1),
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and since d, co, ..., cn_1 € K with d # 0, we have that h € Klxg, ...,z 1] is
nonzero with & (by, ..., by_1) = 0, which contradicts the algebraic independence
of the b; over K. Further, v(a; — ¢;) = v(db;)) = v(d) + v(b;) > p as we
have assumed that v(b;) > 0 and v(d) > u. Thus (ao,...,a,-1) is a point of
transcendence degree n in U.

Setting a, = g(aog,...,a,—1) and defining a; = a4, for i < n, we obtain
a derivation on K(aq, ..., a,). This derivation extends uniquely to its relative
algebraic closure in L. We now extend this arbitrarily to a derivation 0 on L.

Now observe that, by construction, a = ag is a solution to the v-Singer
problem (f,¢,7) in (L,w,0). O

Note. We may construct the derivation 0 on L such that (L, 0) is a differen-
tially algebraic extension of (K, J): we observe that every element of the alge-
braic closure of Klay, ..., a,| in L is differentially algebraic over K. Extending
(ag, ..., an—1) to a transcendence basis B of L/K, and by setting d(b) = 0 for
every b € B\ {ao,...,a,_1}, we obtain a derivation 0 on L such that every

element of L is differentially algebraic over (K, J), as required.

We now show with an inductive construction that given a henselian valued
field extension (K, v) C (L, w) of sufficient transcendence degree, it is possible
to construct a derivation on L such that every irreducible v-Singer problem

over K has a solution in L.

Lemma 4.3.6. Let (K,v,d) be a valued-di [erential field, and let (L, w) be a
henselian valued field extension of (K, v) with trdeg(L/K) > |K|. Then, there
is a derivation 0 on L extending ¢ such that (L,w,0) solves all irreducible
v-Singer problems over K.

Proof. Let |K| = k, and enumerate all irreducible v-Singer problems over K by
(Sa)a<w- This is possible, as the set of irreducible v-Singer problems is a subset
of K{z} x K<¥ x vK which has cardinality x. Let B C L be a transcendence
basis for L over K, and let (B,)a<x be a partition of B such that |B,| > N
for each a < k.

For o < k, let L, be the relative algebraic closure of K <Uﬁ<a Bﬁ). In
particular, L, is henselian for all & < k. Set 9y = 9, fix some a < k, and
suppose we have constructed dz for all § < « such that (Lg,dg) solves the
v-Singer problem S, for every p < 3.

For a = £ + 1, since S¢ is a v-Singer problem over L¢ of finite order, by
Lemma , there is a derivation 0, extending 0J¢ such that (L, 0,) solves
Se. When a is a limit, let 0, = U, 95-
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4.3. Constructing Differentially Henselian Fields

Take 0 = |
(L,w,0) all v-Singer problems over K. ]

a<r O, and observe that 0 is a derivation on L such that

Note. By applying the previous remark in every step, we may construct 0 such
that (L, 0) is a differentially algebraic extension of (K 0).

Theorem 4.3.7. Let (K,v,0) be a valued-di Lerkntial field, and let (L,w) be
a henselian extension of (K,v) with trdeg(L/K) > |K|. Then, there is a
derivation 0 on L extending ¢ such that (L, w, ) is di [erkntially henselian.

Proof. We construct a derivation 0 on L such that (L,w,0) solves all irre-
ducible v-Singer problems over itself. Let k = trdeg(L/K) > |K|, and let B
be a transcendence basis for L over K. Let (B,),<, be a partition of B such
that |B,| = k for each n < w. Let L, be the relative algebraic closure of
K (Um “n Bm) in L. In particular, L,, is henselian for every n < w.

By construction, trdeg(L,.1/L,) = k for each n < w. We construct the
derivation 0 inductively. Let dy be the unique extension of § to the relative
algebraic closure of K in L. Suppose we have constructed 9, on L, such
that (L, 0,) solves all v-Singer problems over L,, for each m < n. Applying
Lemma we find a derivation d,,,; on L, 1 such that (L, ,0,,1) solves
all irreducible v-Singer problems over L,,.

Take 0 = |J,,., On. Since every (irreducible) v-Singer problem over L is
an irreducible v-Singer problem over L, for some n < w, and since (L, w,0)
solves all irreducible v-Singer problems over L,, for every n < w, we have that

(L,w, ) solves all irreducible v-Singer problems over itself, as required. n

Again by the previous remark, we may construct each derivation 9,, such
that (L, 0,) C (Lpt1,0nt1) is differentially algebraic for every n. Thus, we

obtain the following:

Corollary 4.3.8. Let (K,v,d) be a valued-di Lerkential field, and let (L, w) be
a henselian extension of (K,v) with trdeg(L/K) > |K|. Then, there is a
derivation 0 on L extending ¢ such that (L,w,d) is diLlerkntially henselian,
and the extension of di Lerkntial fields (L, 0)/(K,¢) is di Lerkntially algebraic.

We also obtain that every henselian valued field of infinite transcendence
degree admits a derivation such that the resulting valued-differential field is

differentially henselian.

Corollary 4.3.9. Every henselian valued field (K, v) of infinite transcendence
degree admits a derivation ¢ such that (K, v, d) is di Lerkntially henselian.
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Proof. Take Q with the trivial derivation and induced valuation as a valued-
differential subfield of K, and apply Theorem [4.3.7] O

We recall that given any differential field (K, ¢) which is large as a pure
field, there is a differential field extension (L, d) such that (L, 0) is differentially
large and K < L as pure fields (cf. Theorem [2.3.18). From the above, we can
extract an analogous result for valued fields, and recover [12, Theorem 2.3.4]

for the differentially henselian case.

Corollary 4.3.10. Let (K, v, ) be a valued-di Cerkntial field which is henselian
as a pure valued field. There is a valued-di Lerential field extension (L, w, ) of
(K,v,0) such that (L, w,0) is diLlerkntially henselian, and (K,v) < (L,w) as
pure valued fields.

Proof. Let (L,w) be an elementary extension of (K, v) such that trdeg(L/K) >
|K|, for example, taking any elementary extension with cardinality at least
| K| suffices. Then, apply Theorem to obtain a derivation 0 extending
d such that (L, w,0) is differentially henselian, as required. ]

4.4 Existential Lifting

In this section, we will prove an existential transfer theorem from pure valued
fields to differentially henselian fields. This follows work by Tressl and Guzy
for models of UC and UCY, respectively. From this work, we will also extract a
powerful relative embedding theorem for differentially henselian fields, which
will, in later sections, allow us to adapt many classical model-theoretic results
from pure henselian fields to differentially henselian fields.

We will show that if (K,v,0) and (L,w,d) are valued-differential fields,
where (L, w, 0) is differentially henselian, and A is a common valued-differential
subfield, then, if (K,v) =)34(L,w) as pure valued fields, then we also have
that (K,v,0) =)34(L,w,0) as valued differential fields (cf. Theorem [4.1.13)).

Our proof strategy is as follows: replacing (L, w, d) with a sufficiently sat-
urated elementary extension if necessary, we show that for any finite tuple a
in K, and any realisation b of the quantifier-free L, ¢-type of Jet(a), we can
find a realisation ¢ of the quantifier-free Lyq-type of @ in L such that Jet(¢) is
arbitrarily close to b. This implies the existential lifting condition above.

We recall that, in the language L.q4, every atomic formula with parameters
in A is equivalent (modulo the theory of valued differential fields) to an atomic

formula in of the form
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o ‘f(z) =03
o ‘vu(g(7)) < v(h(T)),
where f, g, h are differential polynomials over A. For convenience, we will say

or

that atomic formulae of these forms are ‘algebraic’ and ‘valuation’, respectively.
As every atomic formula in the language L.q(A) is equivalent modulo the
theory of valued differential fields to an algebraic or valuation atomic formula,
we will assume that for every L,q(A)-formula, every atomic subformula is of
one of these two forms.

We begin with a preparatory lemma.

Lemma 4.4.1. Let (K, v) be a valued field. Let ¢(z) be a consistent L¢(K)
formula which is a boolean combination of valuation atomic formulae. Let
a € K be such that K = p(a). Then, there exists v € vK such that for any
b € B,(a), K | »(b). That is, the set defined by ¢(z) is open in K™ with
respect to the valuation topology.

Proof. As polynomials are continuous with respect to the valuation topology,

for every polynomial f appearing in ¢, there is some v € vK such that for
all b € B,(a), v(f(b) — f(a)) > v(f(a)). In particular, for any b € B,(a),

v(f(@)) = v(f(b)). Fix v € vK such that the above holds for all polynomials
f appearing in ¢. Now, for any atomic formula ¥ (Z) of the form v(f(z)) <
v(g(z)) appearing in ¢, and for any b € B,(a), K [ ¢(a) if and only if
K = (b). As the truth of every atomic formula is preserved by replacing a

with b, we also have that K = o(b). O

Remark. We can also present a topological version of this proof: we first note
that the set {(z,y) € K* : v(z) < v(y)} is clopen in K?, and for any polyno-
mials f(Z),g(z) over K, the map K" — K? : Z — (f(Z),g(Z)) is continuous.
Thus, the preimage {Z € K™ : v(f(Z)) < v(g(Z))} is also clopen. Since the set
defined by ¢(Z) is a finite boolean combination of clopen sets, it is also clopen

(and hence open).

Lemma 4.4.2. Let (K, v,6) be a valued-di Lerkntial field, and A a di [erential
subfield of K. Let ¢(z) be a quantifier-free £,q(A)-formula, and a € K such
that K |= ¢(a). There are L,q(A)-formulae v (z), x(z) such that

=V ((¢(z) A x(3)) = o(7)),

and

K |=y(a) A x(a),
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and ¢, x are conjunctions of algebraic and valuation atomic formulae and nega-
tions of algebraic and valuation atomic formulae, respectively.

Proof. We begin by enumerating the algebraic and valuation atomic formulae

appearing in ¢ as (¢;)i<, and (X;)i<m, respectively. Let

Y(z) = /\ ¥i(T) A /\ i (Z).

K =i (a) K= (a)

Similarly, set
x@= N x@r A @
K Exi(a) K Exi(a)

By construction, if b is a tuple of a L,q(A)-structure M, such that M =
¥(b) A x(b), we have that M |= 0(b) <= K |= 0(b) for every atomic formula
6 appearing in . Thus, M = ¢(b) and so we have that = VZ((¢(Z) A x(Z)) —
(7))

Further, it is clear by construction that K = ¢ (a) A x(a), and that ¢ and

x are of the form required. m

Note. In the above lemma, the formula 1 A x is precisely the disjunct of the
disjunctive normal form of ¢ which holds for @ in K, where we separate the

algebraic and valuation atomics into 1 and y, respectively.

For convenience, we will call the formulae v and x in the above lemma the
algebraic and valuation parts of ¢ (with respect to a), respectively.

Notation. For a valued-differential field (K,v,d) and a set of parameters
A C K, the quantifier-free L,; and L q-types of a € K are denoted qftp(a/A)
and qftp,q(a/A), respectively.

We first consider the case where the tuple a is differentially algebraically

independent over A.

Lemma 4.4.3. Let (K,v,0) be a valued-di Lerential field, (L, w,0) a dilert
ential henselian field, and A a common valued-di Lerential subfield. Suppose
that (L,w,d) is |A|"-saturated, and let a = (a;)i<, € K be dilerkntially
algebraically independent over A. Let ¢ = (c¢jj)i<nj<w € L be a realisation
of qftpy(Jet(a)/A) in L. Then, for any ¢ € wL, there is u € L realising
aftp,q(a/A) and Jet(u) € B.(c).

Proof. We show that the type qftp,4(a/A) along with ‘Jet(y) € B.(¢) is
finitely satisfiable in L. Let ¢(y) € qftp,q(a/A), and let ¢ and x be the
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algebraic and valuation parts of ¢, respectively. Let N be the highest order
derivative of any variable appearing in ¢. Since a is differentially algebraically
independent over A, we may assume that 1 consists only of differential polyno-
mial inequations. As polynomials are continuous with respect to the valuation
topology, there is some p € wL such that for any differential polynomial in-
equation ¢(y) # 0 appearing in ¢, and nN-tuple @ € B, ((¢ij)i<n,j<n), We have
that g(u) # 0.

Further, by Lemma [4.4.1] there is some A\ € wL such that for any nN-
tuple @ € Ba((¢ij)i<nj<n), ¥(u) holds. Let ¢’ = max(e, u, A). By differential
henselianity, there is & = (u;);<n € L such that Jety(v;) € B.r((¢ij);<n). Thus,
we find that L = ¢(0) A Jetn(0) € B:((¢ij)icn,j<n), as required. Now, apply

saturation. ]

Lemma 4.4.4. Let (K,v,0) be a valued-di Lerential field, (L,w,0) a dilert
entially henselian field, and A be a common valued-di Lerbntial subfield. Sup-
pose that (L,w,d) is |A|f-saturated. Let ab € K be such that a = (a;)i<n
is diLerkntially algebraically independent over A, and b is dilerentially al-
gebraic over A(a). Suppose there is éd = (ci;)i<nj<w(dr)i<w € L realising
aftpye(Jet(a) Jet(b)/A). Then, for any v € wL there is @5 € L such that

af = dftpyq(ab/A) and Jet(«) Jet(B) € B, (cd).

Proof. Let f(x) be the differential minimal polynomial of b over A(a). Let
ord(f) = m. By clearing denominators, we may write f(x) as F'(a,z), where
F(y, x) is a differential polynomial over A in n+1 variables. Denote its separant
(with respect to x) by s(F)(y, x).

We claim that p(y, ) = qftp,q(ab/A) along with the partial type express-
ing that ‘Jet(y) Jet(z) € B,(ed) is finitely satisfiable in L. Let ¢(y, ) be
some formula in p. Let ¢ and x denote the algebraic and valuation parts of ¢,
respectively.

For a tuple tu to satisfy ¢ (7, x), it suffices for ¢ to be differentially alge-
braically independent over A, F(¢,u) = 0 and for each differential polynomial
inequation g(7, z) # 0 appearing in ¢, g(t,u) # 0. By continuity, there is some
i € wL such that B,,(¢d) contains no roots of g, for each of the g appearing
above, and also does not contain any roots of s(F),,. Further, by Lemma[d.4.1]
there is some A € wL such that for any tu € L with Jet(f) Jet(u) € By(ed),
X (tu) holds.

Let M be the highest derivative of x appearing in the formula ¢. Since the
differential algebraic relation F(y,z) = 0 holds, we may express the derivatives

ymF | yM) as continuous (in fact, rational) functions of 4 and z, 2, ..., (™.
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Therefore, there is some ¢ € wL such that, for any tu € L with F(t,u) = 0,
s(F)(t,u) # 0, Jet(t) € Be(b) and Jet,,(u) € Be(¢l,,), we have that Jety(u) €
Bax(huy) (€ar)-

By the implicit function theorem for henselian fields (Theorem [2.5.7)), there
is some # € wlL, such that for any differentially algebraically independent
tuple 7 over A with Jet(f) € By(¢), there is a unique d,, € L such that
Fug(Jet(8), do, ... dy1, dp) = 0, and w(dy, — dp) > max(\, 11, ¢, y) = 1.

Let ¢ = max(A, 41,6, ¢, 7). By Lemma [£.4.3] there is a tuple ¢ € L differ-
entially algebraically independent over A, realising qftp,4(a/A), and Jet(t) €
B.(¢). We find d,, € B,(d,,) such that Fy,(Jet(f),do, ..., dm_1,dy) = 0 and
S(F)ag(Jet(f), do, ..., dm—1,dm) # 0. Therefore, by differential henselianity,
there is a u € L such that F(¢,u) = 0, and Jety(u) € B, (d[ )

Thus, L = ¢(t,u), and the partial type p is finitely satisfiable in L. By

saturation, we find af € L realising p, as required. O

We will now drop the restriction on the form of the tuple we embed, and
show that the valued-differential quantifier-free type of a finite tuple with a

realisation of its valued-field quantifier-free type can be realised.

Proposition 4.4.5. Let (K,v,d) be a valued-di [erkntial field, (L,w,d) be a
di Lerentially henselian field, and A a common valued-di Lerential subfield. Sup-
pose that (L, w, ) is |A|T-saturated and that (K, v) =)34(L,w) as pure valued
fields. Let a = (a;)i<, € K be an arbitrary finite tuple. Suppose there is
b = (bij)i<n,j<w realising qftp,(Jet(a)/A). Then, for any v € wL, there is

¢ € L realising qftp,4(a/A) such that Jet(c) € B, (b).

Proof. We will show that the quantifier-free type p(z) = qftp,4(a/A) along
with the partial type stating that ‘Jet(Z) € B,(b)’ is finitely satisfiable in
(L,w, ), and use compactness.

First, we assume that the differential field extension K C K{(a) = F has
nonzero differential transcendence degree. If not, possibly after replacing K
with a suitable elementary extension, adjoin an arbitrary differentially tran-
scendental element ¢ to a.

By Corollary [2.1.26] there are subtuples ag and @; partitioning a such that
ao is differentially algebraically independent over A, and the extension A(ag) C
Alag){a;) = F is differentially algebraic. Partition the tuple z of variables
similarly as ZoZ; and similarly reindex b = (b;;) as bobl = (bo;;)(br;). That
is, bob; realises qftp,(Jet(ag) Jet(a;)/A).
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As the derivative on A{ag) is nontrivial (in particular, there exists an ele-
ment differentially transcendental over A), we may apply the differential prim-
itive element theorem (Theorem to obtain a single element ¢ € F' such
that A(ag)(c) = F. In particular, writing a; = (ai;); < m, each derivative
aﬁ”ﬁ is expressible as g¢; j(ao, c), where ¢(Zo,y) is a differential rational func-
tion over A (i.e. a ratio of differential polynomials over A with non-vanishing
denominator).

As b is a realisation of qftp¢(a/A), setting Jet(a) — b induces an embed-
ding of valued fields over A. Let d be the image of Jet(c) under this embedding,
i.e. bod is a realisation of qftp;(Jet(agc)) in L.

By continuity of the g; ;, for any N < w, there is some 6 € wL such that
for any realisation @3 of qftp,q(doc/A) in L with Jet(aB) € Bs(byd), we have
that w(g; j(a, f) — b1, ;) > v for each i <m,j < N.

By Lemma [£.4.4] there is a realisation af of qftp(dge) in L such that
Jet(aB) € Bmax(s) (bod). Let ¢ : A(a) — L be the valued-differential field
embedding induced by setting agc — @. By construction, ¢(Jety(aoar)) €
B, (boby).

Thus, p(apay) is a realisation in (L, w,d) of qftp,q(apa;/A) as well as the
formula stating ‘Jety(ZoZ1) € B, (bo| yb1ly). We conclude therefore that the
desired partial type is finitely satisfiable in (L, w, 9). O

From this, we harvest a number of more applicable results regarding em-
beddings of valued-differential fields.

Proposition 4.4.6. Let (K,v,d) be a valued-di Lerential field, (L, w,0) be a
di Cerkentially henselian field, and A a common valued-di Lerbntial subfield. Let
(L,w,d) be |A|*-saturated. Suppose that (K,v) =)34(L,w) as pure valued
fields. Then, every di Lerentially finitely generated extension A{a) C K embeds
in L over A as valued-di Lerential fields.

Proof. As (K, v) =)3 (L, w), and by saturation of (L, w), there is a realisation
b of qftp,¢(Jet(a/A) in L. By Proposition , there is a realisation ¢ of
qftpyg(a/A) in (L, w,d). In particular, setting a — ¢ induces an embedding of
valued-differential fields A(a) — L, as required. O

From the above embedding lemma, we obtain the desired existential lifting
property of differentially henselian fields (cf. [18, Theorem 3.14|)

Corollary 4.4.7. Let (K,v,¢) be a valued-di Cerential field, (L, w, ) a di[er
entially henselian field, and A a common valued-di Lerential subfield. Suppose

119



Chapter 4. Differential Henselianity

that (K,v) =)3.4(L,w) as pure valued fields. Then, (K,v,0) =)34(L,w,0) as
valued-di [erential fields.

Proof. Let ¢(z) be an L,q(A)-formula, and suppose that (K, v, ) = 3z¢(Z).
Let a € K such that K | ¢(a). Let (LT,w',0%) be an |A|"-saturated
elementary extension of (L,w,d). By Lemma , there is an embedding
f: A{a) — L7 as valued-differential fields. Since ¢ is quantifier-free and f is an
embedding of valued-differential fields, we have that (LT, w™,07) E ¢(f(a)),
and so (L1, wt,0%) | 3Tp(Z). Since (L,w,d) < (L1, wt,0%), we also have
that (L,w,0) = 3T¢(Z) as required. O

Corollary 4.4.8. Let (K,v,¢) be a valued-di [erential field, (L, w,0) a diler-
entially henselian field, and A a common valued-di [erential subfield. Suppose
that (K,v) =)3.4(L,w) as pure valued fields, and (L, w, d) is max(|A|*",|K])-
saturated. Then, (K,v,d) embeds in (L,w,0) over A as valued di[erential
fields.

Proof. Let |K| = k, and enumerate K as @ = (aq)a<x. It suffices to find
a realisation of the quantifier-free type p(z) = qftpyy(a/A). Since we have
that (K,v) =)3.4(L,w) as pure valued fields, by Corollary £.4.7, we also have
that (K,v,0) =)3.4(L,w,0) as valued-differential fields. Thus, p is finitely

satisfiable in L, and by saturation, we also have that p is realised in L. O

From these existential lifting results, we will now show that differentially
henselian fields can be characterised in a similar way to differentially large
fields, that is, in terms of an existential closure condition (cf. Definition|2.3.11)).

Theorem 4.4.9. Let (K, v,d) be a valued-di Lerential field. Then, (K, v,0) is
di Cerkntially henselian if and only if (K, v) is henselian, and for any valued-
di Cerential field extension (L, w, d) of (K, v,6), if (K,v) is existentially closed
in (L,w) as a valued field, then (K, v,d) is existentially closed in (L,w, d) as
a valued-di LCerential field.

Proof. For the forwards direction, let (K,v,d) be a differentially henselian
field, and let (L,w, ) be a valued-differential field extension such that (K, v)
is existentially closed in (L, w) as pure valued fields. Observe that (K,v) <3
(L, w) is equivalent to the condition (L, w) =)3 x (K, v). By Corollary , we
also have that (L, w, 0) =)3 x (K, v,0) as valued-differential fields, i.e. (K,v,?)
is existentially closed in (L, w, d).

For the backwards direction, suppose that (K, v,d) is henselian as a pure

valued field and, for every valued-differential field extension (L, w, d) in which
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K is existentially closed as a pure valued field, we have that K is existentially
closed in L as a valued-differential field.

Conversely, by Corollary [4.3.10] we let (L, w, 9) be a differentially henselian
field such that (K,v) < (L,w) as valued fields. As (L,w) is an elementary
extension of (K, v), we have in particular that (K, v) is existentially closed
in (L,w). Thus, by assumption, we have that (K, v,d) is existentially closed
in (L,w,0). Let f be a differential polynomial over K of order n, and let
a € K such that fy.(a) = 0 and s(f)ag(a) # 0. Let v € vK. As (L,w,0) is
differentially henselian, there is b € L such that f(b) = 0 and Jet,, (b) € B, (a).
By existential closure, we have that there is a ¢ € K satisfying the same. Thus,

(K,v,9) is differentially henselian, as required. a

Using this characterisation of differential henselianity, we can re-prove the
fact that every differentially henselian field is differentially large without ap-
pealing to the characterisation in Proposition [2.3.17

Proof of Proposition [4.2.9] Suppose that (K, v,0) is a differentially henselian
field. Let (L,0) be a differential field extension of (K, §) such that K is exis-
tentially closed in L as pure fields. Let (K*,v*, %) be an elementary extension
of (K,v,d), sufficiently saturated such that L embeds in K* as a pure field. Let
w be the valuation induced on L under this embedding. Since (L, w) embeds
in an elementary extension of (K,v), (K,v) is existentially closed in (L, w)
as valued fields. Thus, by Theorem m, (K,v,0) is existentially closed in
(L,w, ) as valued-differential fields. Taking reducts, we also have that (K )
is existentially closed in (L,d) as pure differential fields. Therefore (K, ¢) is
differentially large, as required. O

We will now harvest a useful relative embedding theorem:

Theorem 4.4.10 (Relative Embedding Theorem). Let (K, v,d) be a valued-
di Cerential field, (L,w, ) be a diLerkntially henselian field and A a common
valued-di [erential subfield. Suppose that there is an embedding ¢ : (K,v) —
(L,w) as pure valued fields over the common subfield A. Suppose also that
(L,w,0) is |K|"-saturated. Then, for any v € wL, there is an embedding
Y (K,v,0) = (L,w,0) of valued-di [erential fields over A such that for all

a € K, P(a) € By(p(a)).

Proof. Enumerate K as k and consider the quantifier-free type p(z) which
contains qftp,q(k/A) along with the formulae which express ‘7 € B, (p(k)’.
This is finitely satisfiable by Proposition [4.4.5] as any finite subset of p involves
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only finitely many variables, and p restricted to these variables is realisable in
L. Applying compactness, we find a realisation [ of p in L, i.e. setting k — [
induces a differential embedding 1) of K into L such that for any a € K, we
have that ¢(c) € B,(¢(a)). O

From this, we can reprove a relative completeness result for differentially
henselian fields in the case where the theory of the underlying valued field is
model complete. This is an analogue of |46, Theorem 7.1|, and is a version of

[18, Corollary 3.16] in the case of one derivation.

Theorem 4.4.11. Let (K, v,6), (L, w,0) be dilerkntially henselian. Suppose
that (K,v) = (L,w) and are model complete as pure valued fields. Then
(K,v,0) = (L,w,0) as valued-di Lerbntial fields.
Proof. Let (Ko, vo,d0) = (K,v,d) and (Lo, wg,dy) = (L,w,d). By standard
model theoretic results, there is an embedding (Ko, v9) — (L1, w;), where
(Ly,wn,01) is a sufficiently saturated elementary extension of (Lg, wp, dy). By
Theorem [{.4.10] taking the common differential subfield to be @, we find an
embedding (Ko, vo,d9) — (L1, wq,0;). Identifying (Ko, vg,d9) with its image,
and by model completeness, we have that (Ko, vg) < (L1, wq).

We now perform an inductive construction. Assume that we have con-

structed a chain of valued-differential fields
(Ko, v0,00) C (L1, w1,01) C ... € (Kp-1,0p-1,0n-1) C Ly, Wy, )

for some n < w, and assume that the following hold:
1. The subchain

(Ko, v0,00) < (K1,v1,01) < oo < (K1, U1, 0n1)

is an elementary chain of valued-differential fields.

2. The subchain
(Lo, wo, 0) < (L1, w1,01) X ... < (L, wy, Op)

is also an elementary chain of valued-differential fields.

3. The reduct of the chain to the language of valued fields
(Ko, vo) < (L1, w1) < oo S (K1, 0n1) < (L wyn)

is an elementary chain of valued fields.
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As (Kp_1,v5-1) < (Lp,w,), we have in particular that (K, _1,v,_1) is exis-
tentially closed in (L, w,), thus (L,,w,) embeds in any sufficient saturated
elementary extension of (K,,_1,v,_1) over (K, _1,v,_1).

Let (K,,v,,0,) be such an elementary extension of (K, _1,v,1,0,-1). By
Theorem there is an embedding of (L, w,, 0,) over (K,_1,v,_1,8,_1)
into (K, vn,d,) as valued-differential fields. Identifying L, with its image in
K, and applying model completeness, we have that (L,,w,) < (K,,v,) as
valued fields.

Now, by a symmetric argument exchanging the roles of L and K, we find an
elementary extension (L1, Wni1,0ns1) Of (Lp,wy, dy) such that (K, vy, d,)
embeds in (L1, Wni1,0041) as valued-differential fields, and the embedding
of valued fields (K, v,) = (Lpi1, Wny1) is elementary.

Let

(Fou,d) = | (K, vi,60) = | (Liywi, 0)).
1<w 1<w
Since (F,u,d) is the union of the elementary chain (K;,v;,d;)i<,, it is an
elementary extension of (K,v,d). Similarly, we also have that (L,w,d) <
(F,u,d). Thus, (K,v,9) = (L,w,0), as required. a

We will now demonstrate that the class of differentially henselian fields co-
incides with the henselian models of Guzy’s (UC},) when k = 1. The argument
is essentially the same as for the differentially large case, i.e. for Proposition
2.3.19

Proposition 4.4.12. Let (K,v,0) be a valued-di Lerkntial field, henselian as
a pure valued field. Then, (K, v,0) is dilerkntially henselian if and only if

Proof. First suppose that (K, v,9) is differentially henselian. Then, by The-
orem there is a valued-differential field extension (L, w,d) of (K, v, )
such that (L,w,d) | (UC)) and (K,v) < (L,w) as pure valued fields. Then,
as (UCY}) is inductive by Corollary (K,v,0) is also a model of (UCY).
Now, suppose that (K,v,d) = (UC}). We verify the condition in Theorem
.49 Let (L,w,d) be any valued-differential field extension of (K,v,d) such
that (K,v) <3 (L,w). By existential closure, there is an elementary exten-
sion (F,u) of (K,v) such that (L,w) embeds in (F,u) over (K,v). Extend
the derivation 0 arbitrarily to a derivation d on F. It suffices to show that
(K,v,0) is existentially closed in (F,ud), so replace (L,w,d) with (F,u,d) (in

particular, we may assume that (K,v) < (L, w)).

123



Chapter 4. Differential Henselianity

By Theorem[£.1.12] there is a valued-differential field extension (L*, w*, 0*)
of (L, w,d) such that (L*, w*,d*) E (UC)) and (L,w) < (L*,w*). In particu-
lar, (K,v) < (L*,w*) as valued fields, and thus (K,v) <3 (L*,w*), i.e. (K,v)
and (L, w) have the same universal theory over K as pure valued fields. Now,
as both (K, v,8) and (L*, w*, 8*) are models of (UC}), by Corollary[4.1.14] they
have the same universal L,4-theory over K. That is, (K,v,0) is existentially
closed in (L*,w*, 9%). This is sufficient, as (K, v,0) C (L,w,d) C (L*,w*,9*),
so (K,v,0) <3 (L,w, ), as required. ]

4.5 Ax-Kochen/Ershov Principles

In this section, we apply the various embedding results from Section
to prove Ax-Kochen/Ershov-type results for various classes of differentially
henselian fields.

We recall from Section 2.5.2] that in certain ‘tame’ classes of henselian
valued fields, the theory (and other model-theoretic properties) of the valued
field can be understood completely in terms of the theories of the value group
and residue field. We mainly consider the cases of equicharacteristic 0 and

unramified mixed characteristic fields.

The Equicharacteristic 0 Case

We begin by proving a few versions (non-relative and relative) of this result
for differentially henselian fields of equicharacteristic 0. We begin with the
existential-closure version, which follows immediately from our existential lift-

ing results from the previous section:

Theorem 4.5.1. Let (K,v,6) C (L,w,0) be an extension of di [erkntially
henselian fields of equicharacteristic 0, and suppose that v K <5 wL and Kv <5
Lw as ordered abelian groups and pure fields, respectively. Then, (K, v,0) <3
(L,w,0) as valued-di Cerkntial fields.

Proof. By the existential closure version of the Ax-Kochen/Ershov theorem
for non-differential henselian valued fields of equicharacteristic 0 (Theorem
2.5.28((iii)), we have that (K,v) <3 (L,w) as valued fields. As (K, v,0) is dif-
ferentially henselian, we may apply Theorem[4.4.9|to conclude that (K, v,6) <3
(L,w, 0) as valued-differential fields as well. O

This reproves a special case of Theorem [4.1.11, We now consider other for-

mulations of the Ax-Kochen/Ershov principle. Let us begin with a definition:
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4.5. Ax-Kochen/Ershov Principles

Definition 4.5.2. Let G C H be abelian groups. We say that G is pure in
H if the quotient H/G is torsion-free, equivalently, for any positive integer n,
and h € H, if nh € G, then h € G.

Recall the following embedding result in the non-differential henselian set-

ting:

Lemma 4.5.3 ([39, Lemma 4.6.2]). Let (K;,v1), (K>, v,) be henselian fields of
equicharacteristic 0, with respective henselian subfields (K7, v}), (K5, v)). Let
o' (Ki,v}) — (K}, v5) be an isomorphism of valued fields, and let o). : Kjv] —
Kjvy and oy, : v1 K] — v, K be the induced isomorphisms of the residue field
and value group, respectively. Suppose vj K] is pure in v;K;. Then, if K, is
| K1|T-saturated, and if o/ and o, extend to embeddings o, and o, of K;v; and
v K7 into Kyvy and v, K5, respectively, then o’ also extends to an embedding
o : K; — K, of valued fields, inducing o, and oy.

We will apply the above lemma along with the relative embedding theorem

to show a similar result for differentially henselian fields.

Lemma 4.5.4. Let (K;,vy,d1) and (K», v, d,) be valued-di Cerential fields of
equicharacteristic 0, where (K7,.v;) is henselian and (K,,vq,d2) is dilerkn-
tially henselian. Let (K7, v},07) and (K3, v}, 04) be valued-di Cerential subfields
of K; and K, respectively, henselian as valued fields. Let o' : K — K]
be an isomorphism of valued-di Lerential fields, and let ¢/, : K{v] — Kiv} and
o, v K] — vy K be the induced isomorphisms of their residue fields and value
groups, respectively. Suppose that v] K7 is pure in v; K. Then, if (K3, vq,d2) IS
| (;|"-saturated, and if ¢/ and a; extend to embeddings o, : Kiv; — Kyv, and
o, 11Ky — v Ky, respectively, then o’ extends to an embedding o : K7 — Ko
of valued-di Lerkntial fields which induces o, and o, on the residue field and
value group, respectively.

Proof. By the non-differential version of the embedding lemma (Lemma4.5.3)),
there is an embedding o4, : (K71, v1) = (K2, v2) of pure valued fields extending
o which induces o, and o,. As (K, v9,02) is |K;|T-saturated, there exists
v € vo K such that v > og(v1K).

Now, by Theorem [4.4.10] there is a valued-differential field embedding o :
(K1,v1,61) = (K3,v9,02) with ofg, = o' and for every a € K, vy(o(a) —
Oag(a)) > 7. In particular, va(o(a) — oag(a)) > ve(oag(a)) for every a, thus
va(0(a)) = va(0ag(a)) for every a. Hence o and o,), induce the same embedding
of value groups, i.e. they both induce o,. Similarly, o also induces o, on the

residue field, as required. O
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Chapter 4. Differential Henselianity

Applying our differential embedding lemma, we now adapt Lemma 6.1
of [30] to the differential case to show that the class of equicharacteristic 0
differentially henselian fields is relatively subcomplete.

Proposition 4.5.5. The class of diLerkntially henselian fields of equicharac-
teristic O is relatively subcomplete. That is, if (K,v,d) and (L, w,0) are dif-
ferentially henselian fields of equicharacteristic 0, and if (£, u,d) is a common
valued-di [erential subfield such that «F is pure in vK, then if Kv =p, Lw
and vK =, wlL, as pure fields and ordered abelian groups, respectively, then
we also have (K,v,d) = (L, w, 0) as valued-di Lerkntial fields.

Proof. Let (K,v,0) and (L, w,d) be differentially henselian fields with a com-
mon valued-differential subfield (F,u,d), and suppose that Kv =g, Lw and
vK =,r wL. Further, suppose that uF' is pure in vK.

As the henselisation of a valued field is an immediate extension, replacing
F with its henselisation does not change our assumptions on the residue field
and value group. Thus, we may assume that (F,u) is henselian.

We may also assume that (K, v,0) and (L, w,d) are |F|"-saturated, by re-
placing them with suitable elementary extensions of (K, v,0)r and (L, w,0)p.
Using the differential embedding lemma, we will construct chains (K;, v;, 6;)i<w
and (L;, w;, 0;)i<w of valued-differential subfields of K and L, respectively,
along with a chain of valued-differential isomorphisms o; : K; — L;.

Let (Ko, vg,00) = (F,u,d) = (Lo, wo, ), and oq : Ky — Lo be the identity.
We perform a back-and-forth construction as follows:

Suppose that we have constructed, for some n < w, the valued-differential
fields (Ko, Von, 021 ), (Lo, Wap, O2y,) and the isomorphism o9, : Ks, — La,. We
will assume that (Ky,,vs,) and (Lg,, ws,) are henselian as pure valued fields
and of cardinality |F|, and the induced embeddings o}, : Ks,v9, — Loywa,
and 03, : vy, Ko, — Way Lo, of the residue field and value group, respectively,
are elementary.

Let (Kaopi1,V2nt1, 02n41) be an elementary substructure of (K, v, d)r of car-

dinality |F|, containing Ks,, such that the extensions Ko,vo, C Kopi1U2n41

and vy, Ko, C vg,41 Ko,y are elementary. Then, (Ko, 1v9,41) py = LWy, and
by saturation, there exists an elementary embedding 03, | : Kopq1v2p41 — Lw
extending the embedding o%,. Similarly, there is an elementary embedding
0941t Von+1Kony1 — wL extending the embedding oF,. Further, as vo, Ks, <
Von+1Kon11, we have that vy, Ky, is pure in v, 11 Kopy1.

We can now apply the differential embedding lemma (Lemma [4.5.4). This

gives an embedding 0o, 11 : (Kani1, Vont1, 02nr1) — (L, w,0) extending oy, and
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inducing o9, ., and o}, ;. Denote the image of 09,41 by (Lon+1, Won+1, Oont1).
By exchanging the roles of K and L, in the even steps we construct the em-
bedding (02,12) 7" : Lonyo — Kopyo in the same way.

We now observe that the chain (Ko,y1, U241, 02041 )n<w 1S an elementary
chain of elementary substructures of (K, v,d)r. Similarly, we also have that
(Lons2, Wanio, Oopio)n<y 1S an elementary chain of elementary substructures of
(L,w,d)p. Thus, by taking K = |JK,, L = |JL, and 6 = |Jo,, we obtain
an isomorphism between elementary substructures of (K, v,d)r and (L, w, 0)f.
Thus, we conclude that (K, v,d) =¢ (L, w, d), as required. ]

As a direct consequence, we obtain that

Corollary 4.5.6. Let (K, v,d) be a di Lerkntially henselian field of equicharac-
teristic 0. Suppose that vK and Kv are model complete as an ordered abelian
group and a pure field, respectively. Then, (K,v,d) is model complete as a
di Cerkntial-valued field.

Proof. Let (K,v,0) C (L,w,d) be differentially henselian fields of equichar-
acteristic 0, such that (K,v,0) = (L,w,0). Assume that Kv = Lw and
vK = wL are model complete. Then, we have that Kv < Lw and vK < wL.
Equivalently, Kv =k, Lw and vK =,x wL. By relative subcompleteness, we
have that (K,v,6) =k (L,w,d) and thus (K,v,6) < (L, w,d). Thus (K,v,0)

is model complete. O

From relative subcompleteness, we also obtain a differential version of the
‘relative model completeness’ version of the Ax-Kochen/Ershov theorem in

equicharacteristic 0.

Theorem 4.5.7. Let (K,v,0) C (L,w,d) be dilerentially henselian fields
of equicharacteristic 0, and suppose that Kv < Lw and vK < wL. Then,
(K,v,9) < (L,w,d) as valued-di Lerkntial fields.

Proof. The conditions Kv < Lw and vK < wL are equivalent to Kv =g, Lw
and vK =,k wL, respectively. Further, vK < wlL implies that vK is pure
in wL. Thus, by Proposition [£.5.5, we have that (K,v,0) =¢ (L,w,d), ie.
(K,v,9) < (L,w,d). O

We are now able to show the ‘elementary equivalence’ version of the Ax-
Kochen /Ershov theorem for differentially henselian fields of equicharacteristic
0. The back-and-forth construction construction in the proof below is largely

similar to the one in the classical case.
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Theorem 4.5.8. Let (K, v,0) and (L, w, 0) be di Lerkntially henselian fields of
equicharacteristic 0 with Kv = Lw and vK = wL. Then, (K,v,6) = (L,w,0)
as valued-di Lerential fields.

Proof. We first assume that (K, v,d) and (L, w, 0) are X;-saturated, by replac-
ing them with elementary extensions if necessary. We will use the differential
embedding lemma to perform a back-and-forth construction to produce iso-
morphic elementary substructures of (K,v,d) and (L,w,d). We construct
ascending chains (K, v;,0;)i<w and (L;, w;, 0;) of (K, v,d) and (L, wd), respec-
tively, along with a chain of isomorphisms o; : (K;, v, ;) — (L, w;, 0;).

Let (Ko, vo,00) and (Lg,wp,dy) be Q equipped with the trivial deriva-
tion and valuation, and let oy : Ky — Lo be the identity. Suppose we
have constructed (Ksy,, Vo, 02,), (Lop, Wapn, O2,) and the isomorphism og,. As-
sume that Ky, and L, are countable, and let o3 : v, K, — wo,Lo, and
04+ Kopva, — Lonwa, be the induced isomorphisms of value groups and
residue fields, respectively. Further, if n # 0, assume that vy, Ko, woy, Loy,
Ks5,v9, and Ls,ws, are elementary substructures of vK, wL, Kv and Lw,
respectively.

Let (Kapi1, Vont1, 02nt1) be a countable elementary substructure of (K, v, d)
such that vy, Ko, < vo,411Kon11 < vK and Ko,vg, < Kopi1vo,y1 < Kv. By
elementary equivalence of the value groups and residue fields and Ny-saturation
of (L,w,d), there are elementary embeddings 03, : va,11 K241 — wL and
Ohni1 @ Kopp1voni1 — Lw extending o3, and o3,,.

In the n = 0 case, the trivial group is a pure subgroup of v; Ky, and if
n > 0, then vy, Ky, < von11Ks,11 and therefore is pure. Hence we may
apply the differential embedding lemma to obtain an embedding of valued-
differential fields 02,11 1 (Kaont1, Vant1, 02n41) — (L, w, ) inducing o3, , and
09,+1. Denote by (Lopi1, Wopt1, Oant1) the image of gg,41.

Exchanging the roles of K and L, construct similarly a countable elemen-
tary substructure (Lo, 2, Wopto, Oonya) of (L, w,d) and an embedding agnlﬁ :
(Lont2, Wopni2, Oant2) — (K, v,9) such that the induced embeddings of value
groups and residue fields are elementary. Let (Ko, 2, Won12, Oani2) be the im-
age of g9, 0.

Set (K,9,6) = U, (Kpn,vn,6,), (L,0,d) = U

Un<w @n- Then, (K, 0,0) and (L, #, D) are countable elementary substructures

L,,w,,0,) and o =

n<w< n<w(

of (K,v,0) and (L, w, d), respectively. Further, o : K — L is, by construction,
an isomorphism of valued-differential fields. Since (K, v,d) and (L, w, d) have

isomorphic elementary substructures, we conclude that (K,v,0) = (L, w,d) as
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required. O

Remark. The above theorem is also a consequence of Corollary for dif-

ferentially henselian fields of equicharacteristic 0.

The Unramified Mixed Characteristic Case

In this section, we consider Ax-Kochen/Ershov type results for differentially
henselian fields in the unramified mixed characteristic case. To do this, we
will adapt results due to Anscombe and Jahnke in [I], where the authors
prove various embedding properties for Cohen rings, which are applicable to
unramified mixed characteristic henselian valued fields. The AKE theorem for
unramified differentially henselian fields then follows from an adaptation of the
arguments in [I] and the application of the corresponding AKE principle for
differentially henselian fields in the equicharacteristic 0 case.

We begin by recalling some of the background and terminology introduced
in [1].

Recall that a ring A is local if it has a unique maximal ideal (usually
denoted m). The residue field of a local ring A, usually denoted k is the
quotient ring A/m, and the quotient map is called the residue map, denoted
res : A — k. The residue characteristic is the characteristic of k. We will
think of a local ring A as the pair (A, k), where k is the residue field of A. A
local ring has a natural topology called the local topology, also known as the
m-adic topology, which is generated by the base of neighbourhoods around 0
given by m D m? D ...

Definition 4.5.9 ([1, Definition 2.3]). A pre-Cohen ring is a local ring (A, k)
such that A is Noetherian and the maximal ideal m is pA, where p is the

residue characteristic.

In particular, pre-Cohen rings have residue characteristic p, and have either

characteristic 0 or p™ for some m.

Lemma 4.5.10 ([1, Lemma 2.4]). Let (A, k) be a pre-Cohen ring. The follow-
ing are equivalent:
(i) A has characteristic 0,

(if) A is an integral domain,

(iii) A is a valuation ring.
Definition 4.5.11 ([1, Definition 2.5]). We say that a pre-Cohen ring (A, k)
is strict if it satisfies any of the equivalent conditions of [4.5.10]
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Definition 4.5.12 (I, Definition 2.7]). A Cohen ring is a pre-Cohen ring
(A, k) which is complete with respect to the local topology.

Example 4.5.13. The ring of p-adic integers Z,, is a strict Cohen ring.
The crucial results we will need are the following:

Theorem 4.5.14 ([I, Corollary 6.4 (Relative Embedding Theorem)|). Let
(A1, k1) and (Asq, ko) be two Cohen rings, and let (A, ko) be a common Cohen
subring. Suppose that ¢, : ki — ko IS an embedding over k,, and that both
ki/ko and ko /iy (k1) are separable. Then, there is an embedding ¢ : A; — As
inducing ¢, and fixing A, pointwise. Moreover, if ¢, IS an isomorphism then
@ IS an isomorphism.

Theorem 4.5.15 ([, Corollary 6.6, Cohen Structure Theorem v.2]). Let
(A, k1) and (Asq, ko) be Cohen rings of the same characteristic, and let ¢y :
k1 — ko be an isomorphism of residue fields. Then, there exists an isomor-
phism of Cohen rings ¢ : A; — A, inducing ..

We now prove a differential version of Theorem 8.3 of [I], by adapting their

proof with the differential version of the embedding theorem above.

Theorem 4.5.16. Let k be a field of characteristic p, and I" be an ordered
abelian group with a minimal positive element. The L,4-theory 7" of unramified
di Cerentially henselian fields with residue field and value group elementarily
equivalent to £ and T, respectively, is complete.

Proof. Let (Kj,v1,01), (K2, v9,02) be models of T'. By the Keisler-Shelah The-
orem, we replace (Ki,v1,01) and (K3, vs,02) with suitable ultrapowers such
that both (K7, v1,01) and (Ko, vg,d2) are Ny-saturated, and that there are iso-
morphisms ¢, : Kjv; — Kyvy and ¢y @ 11K — vaKy of residue fields and
value groups, respectively.

Let w; denote the finest proper coarsening of the valuation v; on Kj;, given
by the quotient of v; K; by the convex subgroup Z generated by their respective
minimal positive elements. Denote the residue field of K;w; by k;, and let v;
denote the valuation induced by v; on k;. Note in particular that char(k;) = 0,
and that (K, w;) are of equicharacteristic 0.

By Nj-saturation, the (k;,v;) are spherically complete and hence the val-
uation rings Oy, are strict Cohen rings. By the Cohen Structure Theorem
(Theorem [4.5.15), there is an isomorphism ¢ : Oy, — Oy, which induces the

isomorphism ¢, of residue fields. Further, ¢ induces an isomorphism of the

130



4.5. Ax-Kochen/Ershov Principles

value groups @, : U1k1 — U2ks, as any isomorphism of ordered abelian groups
sends the minimal positive element, and hence the convex subgroup generated
by the minimal positive element, to the corresponding copy in the codomain.

Since (Kj;,v;,d;) are differentially henselian, their coarsenings (K;,w;, d;)
remain differentially henselian, and are of equicharacteristic 0. Thus, we
may apply Theorem to obtain that (K, wi,d1) = (Ky, ws, dy) as valued-
differential fields. Further, by |21, Corollary 2|, we have that the valuations
vy, vy are O-definable in K, Ky, respectively, in the language of rings. Thus,
we conclude that (K7, v1,01) = (K, v9,d2) as valued-differential fields. O

In other words, we have the following Ax-Kochen /Ershov relative complete-

ness theorem:

Theorem 4.5.17 (Relative Completeness). Let (K, v,4) and (L, w, d) both be
unramified di Lerentially henselian fields. Then, (K,v,0) = (L, w, ) as valued-
di Cerential fields if and only if (K,v) = (L, w) as pure valued fields. That is,
the theory of an unramified di[erentially henselian field is determined by the
theory of the underlying valued field.

The above recovers Theorem in the case of unramified differentially
henselian fields. We also want a relative version, where we have completeness

over a common subfield. This is an adaptation of Theorem 9.2 of [1].

Theorem 4.5.18 (Relative Model Completeness). Let (K,v,d) C (L, w,0)
be unramified diLerentially henselian fields such that the induced embeddings
Kv C Lw and vK C wlL are elementary as pure fields and ordered abelian
groups, respectively. Then, the inclusion (K, v,0) C (L,w, ) is elementary as
valued-di Lerential fields.

Proof. We will show the following modified statement: let (Kj,vq,6;) and
(K3, v2,d) be unramified differentially henselian fields with elementarily equiv-
alent value group and residue field, and let (Ko, vp,d) be a common dif-
ferentially henselian subfield of K, Ky such that Kovg < Kjvi, Kovs and
voKo < v1K7,v9K5. Then, (Kq,v1,d1) and (K3, vy, d,) are elementarily equiv-
alent over (Kj, vp).

By the Keisler-Shelah Theorem, we may replace each field with a suit-
able ultrapower such that (Ky,vo,do), (K1,v1,01) and (K3, vs,d2) are all W;-
saturated, and there are isomorphisms ¢, : Kiv; — Kyvy and ¢4 @ 11K —
v K5 over Kgvg and vy Ky, respectively. Let w; denote the finest proper coarsen-

ing of v;, i.e. the quotient by the convex subgroup generated by the minimum
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positive element, denote the reside field K;w; by k;, and let v; denote the
valuation on k; induced by v;.

We observe that these coarsenings are compatible, i.e. (K, wp, dp) is a com-
mon valued-differential subfield of (K7, ws, 1) and (Ks, we, ds), and (Kowy, Ug)
is a common valued subfield of (Kjw;, v1) and (Kyws, U2). Further, ¢, induces
an isomorphism @, : w1 K1 — wq Ky fixing wo Ky, as ¢, restricts to an isomor-
phism of the convex subgroups generated by the minimum positive elements
of v1 K7 and vo K.

By Nj-saturation, the valuation rings of each (Kjw;,v;) are strict Cohen
rings. Apply Theorem to obtain an isomorphism ¢ : (Kjwy,v;) —
(Kowsy, U3) over Kgwg inducing ¢,. Thus, we obtain that (Ki,wi,d;) and
(K3, ws, 0) are differentially henselian fields of equicharacteristic 0, with value
groups and residue fields isomorphic over woKy and kg, respectively.

Thus, by Lemma we have that (K, wq,01) and (K3, wse,d) are el-
ementarily equivalent over K,. Again by [2I, Corollary 2|, we have that
v; is O-definable in K; by the same formula in the language of rings, thus
(K1,v1) =k, (K2,v2), as required.

Now, if (K,v,0) C (L,w,0) are unramified differentially henselian fields
with Kv < Lw and vK < wL, we obtain from the above statement that
(K,v,0) =k (L,w,d) as valued-differential fields. Thus, (K, v,d) is elementary
in (L,w,d), as required. O

We also obtain the following relative model-completeness result:

Corollary 4.5.19. Let (K, v,¢) be an unramified di Cerkntially henselian field.
Then, if Kv and vK are model complete as a pure field and ordered abelian
group, respectively, then (K,v,d) is model complete as a valued-di Lerkntial
field.

Now, we move to adapting the embedding lemma [I, Proposition 10.1] to

differentially henselian fields. The classical version states the following:

Proposition 4.5.20 ([I, Proposition 10.1], Embedding Lemma). Let (L, v;)
and (L, vy) be extensions of (K, v), where all three are X;-saturated unramified
henselian fields. Suppose that L,v,/Kwv is separable, and v, L, /vK is torsion-
free. Further, assume that (L, vs) is | L;|"-saturated, and there are embeddings
©p © Lyvy — Lovg and ¢, : v1L1 — wveL, over Kv and vk, respectively.
Suppose that Lovs /. (Livq) is separable. Then, there is an embedding ¢ :
(L1,v1) = (Lo, v2) over K inducing ¢, and ¢, on the residue field and value
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group, respectively. Further, if ¢, and ¢, are elementary embeddings, then ¢
is also an elementary embedding.

We will prove the following differential version:

Proposition 4.5.21. Let (Ly,vy,6;) and (Lq, vo, 0) be extensions of (K, v, ),
where all three are N;-saturated unramified di Lerentially henselian fields. Sup-
pose that Liv;/Kwv is separable, and v,L;/vK is torsion-free. Further, as-
sume that (L, vq, d2) is |L;|"-saturated, and there are embeddings ¢, : Lyv; —
Lyvy and ¢, : v1Ly — vaLy over Kv and vk, respectively. Suppose that
Lovy /o, (Lyvy) is separable. Then, there is an embedding ¢ : (L1,v1,01) —
(Lo, vq,02) over K inducing ¢, and ¢, on the residue field and value group,
respectively. Further, if ¢, and ¢, are elementary embeddings, then ¢ is also
an elementary embedding.

Proof. By the classical Embedding Lemma, there is an embedding ¢ : L; —
Ly over K as valued fields. Thus, by Theorem [£.4.10] there is a differential
embedding ¢ : Ly — Ly over K such that for any a € K, ¢(a) € B,(¢(a)),
where v > va¢(Ly). In particular, ¢ also induces the embeddings ¢, and ¢,.
If ¢, and ¢, are elementary, then, identifying L, with its image in L, under
©, v1 L1 and Liv; are elementary substructures of vo Ly and Lovs, respectively.
Thus, by Theorem [£.5.18 L is an elementary substructure of Lo, i.e. ¢ is an

elementary embedding. O

We now have everything in order to adapt [I, Theorem 10.2|, an AKE

principle for existential closure, to the differential case.

Theorem 4.5.22. Let (K,v,0) C (L,w,0) be an extension of unramified dif-
ferentially henselian fields, such that Kv and Lw have the same finite degree
of imperfection. If vK and Kwv are existentially closed in wL and Lw, as an
ordered abelian group and pure field, respectively, then (K, v, ) is existentially
closed in (L, w,d) as a valued-di Cerential field.

The above follows from the proof of Theorem 10.2 in [I] without significant

modification. We reproduce the proof below for the convenience of the reader.

Proof. By replacing with appropriate ultrapowers if necessary, we may as-
sume that (K,v,0) and (L, w,d) are N;j-saturated. Let (K*,v*,6*) be a |L|*-
saturated elementary extension of (K,v,d). As vK and Kwv are existentially
closed in wL and Lw, respectively, there are embeddings ¢, : wL — v*K* and

or : Lw — K*v*. Let B C Kv be a p-basis. As Kwv is existentially closed in
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Lw, B is also a p-basis of Lw. Since K*v* is an elementary extension of K, we
also have that B is a p-basis of K*v*. In particular, K*v*/p,(Lw) is separable.
Further, since vK is existentially closed in wL, wL/vK is torsion-free. Finally,
applying Proposition [4.5.21] we find an embedding (L,w,d) — (K*,v*,§*) of

valued-differential fields inducing ¢, and ¢, as required. O]

We will now make an adaptation to show a relative subcompleteness result

for unramified differentially henselian fields.

Proposition 4.5.23. Let (K, vk,0) and (L, v, 0) be unramified di Cerkntially
henselian fields, and let (F,vr,0r) be @ common valued-di Lerkntial subfield
such that vpF is pure in v K. Then, if (K, vx) =¢ (L,vy) as valued fields,
then (K, vk, 0x) =r (L,vr,0r) as valued-di Cerential fields.

Proof. Applying the Keisler-Shelah theorem, we may replace K, L, F' with ap-
propriate ultrapowers such that (K, vg) and (L, vy) are isomorphic as valued
fields over (F,vp).

We begin by considering the finest proper coarsenings of vk, vy, vp, which
we denote by wg,wr, wr, respectively. This is the result of the quotient of
their respective value group by the convex subgroup generated by the minimal
positive element 1. We now observe that (F,wpg,dr) is a common valued-
differential subfield of (K, wg,dx) and (L,wy,dr). Further, (K, wg, Jx) and

(L,wr,dr) are differentially henselian fields of equicharacteristic 0.

We claim that wgF is a pure subgroup of wx K. As Z = (1) is a common
convex subgroup, and as vpF is pure in v K, we have that vpF/Z = wpF
remains pure in vxK/Z = wxg K. Now, we claim that wxK =,,.r wrL and
Kwg =py, Lwyg as ordered abelian groups and rings, respectively. In fact,
by our assumption on isomorphism above, we have that wx K and wpL are
isomorphic over wrF' as ordered abelian groups, and Kwg and Lwy, are iso-

morphic over Fwp as rings, respectively.

Now, we may apply Lemma to obtain that (K, wg, k) and (L, wp, dr)
are elementarily equivalent over F. Finally, as vx and vy, are O-definable (in the
language of rings) with the same formula, we also conclude that (K, vk, 0x) =F

(L,vr,0r), as required. O
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4.6 Angular Components and Quantifier Elimi-

nation

In this section, we adapt relative quantifier elimination results for equicharac-
teristic 0 henselian valued fields in the Pas language to the differential context.
We generalise results by Borrata (|10, Corollary 4.3.27]) from the context of
closed ordered differential valued fields to differentially henselian fields. We

begin by recalling a definition:

Definition 4.6.1. Let (K,v) be a valued field. An angular component map
for (K, v) is a map ac : K — Kwv satisfying:

(1) ac(z) =0 if and only if z = 0;

(2) aclgx : K — Kv* is a group homomorphism, and

(3) aclpx =T1es [px.
An ac-valued field is a valued field equipped with an angular component map.
Similarly, an ac-valued differential field is an ac-valued field equipped with a

derivation.

Example 4.6.2. Let K be a field of characteristic 0, and consider the field of
formal Laurent series K ((t)). For a nonzero a € K((t)), we set ac(a) = Gy(q),

i.e. ac(a) is the first non-zero coefficient in a.

Note. Not every henselian valued field admits an angular component map.

If we have a cross section s : vK — K>, that is, s is a group homomorphism

satisfying vos = id,x, then we can define an angular component map by setting

0 otherwise.

ac(z) = { res(a/s(v(z)) for @ £ 0

Example 4.6.3. The angular component map for K ((¢)) in the example above

is given by the cross-section s : Z — K((t)) defined by n > t™.

Lemma 4.6.4. Let (K,v) C (L, w) be an unramified extension of valued fields,
i.e. vK = wlL, and let ac be an angular component map for (K, v). Then, there
IS a unique angular component map on L extending ac.

Proof. Let b € L*. Since the extension is unramified, there is a € K* such
that v(a) = w(b). Then, w(b/a) = 0, and thus b/a € OF. If ac is an angular
component map on (L,w), then we have that ac(b/a) = res(b/a). By mul-

tiplicativity of ac, we have that ac(b) = ac(b/a)ac(a) = res(b/a)ac(a), which
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is uniquely determined by ac on K. This gives the unique extension of ac to
L. O

We work in the three-sorted Denef-Pas language Lp.s, with a sort K for the
valued field (the ‘field sort’), a sort I' for the value group, and a sort & for the
residue field. We add the usual symbols for operations and relations on each
of the sorts, i.e. the language of rings in the sort K, the language of ordered
abelian groups in the sort I' and the language of rings for the sort k. We also
include symbols v : K — I for the valuation, and a symbol ac : K — k for
an angular component map. Note that we do not need to include the residue
map as it is quantifier-free definable from ac as ac = res on O*, and we can
set res(z) = 0 otherwise.

We denote by L3, the language Lp,s augmented with a unary function
symbol § : K — K in the field sort. That is, £3,_ is the language of di [erential
ac-valued fields.

The relative quantifier elimination result in the classical setting is as follows:

Theorem 4.6.5 (|37]). The theory of henselian ac-valued fields of equicharac-
teristic O eliminates K-quantifiers in the language Lp,s.

We claim that the appropriate analogue holds in the differential case. From
the proof of the classical theorem found in [20], we can extract the following

lemma:

Lemma 4.6.6. Let (K, v,ack) and (L,w,acy) be henselian ac-valued fields,
considered as Lp,s-Structures. Suppose that K is countable, and (L, w,ac) is
N;-saturated. Let (A, u,acs) be an Lp,s-substructure of (K, v,ack), and let
f (A u,acy) — (L, w,acr) be an Lp,s-embedding such that the induced maps
fy and f, on the value groups and residue fields are elementary. Then, f
extends to an Lp,s-embedding of (K, v,ack) into (L,w,acy).

We require one more preparatory lemma before we proceed to the relative

quantifier elimination result:

Lemma 4.6.7. Let (K,v,ack) and (L,w,acy) be ac-valued fields. Let ¢ :
K — L be an ac-valued field embedding, and ¢ : K — L be an embedding of
valued fields such that w(¢(a) —¥(a)) > w(p(K)) for any a € K. Then, for
any b € K, acp(p(b)) = acp(v(b)), and ¢ is also an embedding of ac-valued
fields.
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Proof. We begin by showing that, for a € L* and b € L such that w(b) > w(a),
we have that acy(a) = acg(a + b). By multiplicativity, we have that:

acz(a +b)(acy(a™t)) = acp(1+a~'b)

Since w(a) < w(b), we have w(a='b) = w(b) —w(a) > 0, thus w(l+a~'b) = 0)
and 1+ a'b € OF. Thus,

ac(14+a b)) =res, (1 +a'b) =1

and so acy(a + b) = acg(a) = acy(a™')™! as required.

Now, let ¢, 1) be as above. Observe that for any b € K, w(e(b) — (b)) >
w(p(b)), thus by the above claim, acy(1(b)) = acp(¢(b)). Since ¢ is an ac-
valued field embedding, so is . m

We will now apply the above lemmas to adapt the proof of the classical

Pas’ theorem found in [20] to the differentially henselian case.

Theorem 4.6.8. The L3, -theory of di[erentially henselian ac-valued fields
eliminates quantifiers in the field sort.

Proof. Let (K, v,ack,d) and (L, w,acy, d) be differentially henselian ac-valued
fields. We assume K is countable and (L,w,0,acy) is Nj-saturated. Let
(A,u,aca,d) be an L}, -substructure of K, and f : A — L be an L3 -
embedding, such that the embeddings f, and f, of the residue field and value
group sorts are elementary with respect to the languages of rings and ordered
abelian groups, respectively. It now suffices to show that f extends to an
L3, -embedding K — L.

Now, by Lemma[£.6.6], there is an Lp,s-embedding ¢ : K — L extending f.
By Nj-saturation of L, there is some v € wL with v > w(p(K)). Now, apply
Theorem to obtain a valued-differential field embedding ¢ : K — L

extending f with w(p(a) — 1(a)) > ~ for every a € K. By Lemma [4.6.7], ¢
also preserves ac, thus is an £J, -embedding, as required. ]

4.7 Stable Embeddedness

In this section, we prove a stable-embeddedness result for the value group and
residue field of a differentially henselian field in both the equicharacteristic 0
and unramified mixed characteristic cases, adapting analogous results for their

pure valued field counterparts.
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We recall the definition of stable-embeddedness:

Definition 4.7.1. Let M be an arbitrary first-order structure, and let P C M™
be a definable set. We say that P is stably embedded if, for all formulae ¢(z, 7).
and all b € M o(M™2! b) N P#l is P-definable.

To work with the value group and residue field as definable sets in the valued
field, for the rest of this section, we consider a valued field K as a three-sorted
structure (K, vK, Kv) equipped with the usual languages for each sort, along
with functions for the valuation and residue map. Our result and proof are an
adaptation of [I, Theorem 11.3| to the differential context, and by transitivity,
also of [22] Lemma 3.1]

Theorem 4.7.2. Let (K,v,6) be an dilerkntially henselian field, either of
equicharacteristic 0 or mixed characteristic and unramified. Then, the value
group vK and residue field Kv are stably embedded as a pure ordered abelian
group and pure field, respectively.

Proof. Let (L,w,d) be a sufficiently saturated elementary extension (|K|*-
saturated suffices) of (K, v,9), and let a,b € Lw have the same type over Kv
in the language of rings. We will show that a and b have the same type over
K.

Let (Lo, wo,dy) be an Nj-saturated elementary substructure of (L, w,0)
containing Ka. Since a and b have the same type over Kv, there is an elemen-
tary embedding ¢, : Lowy — L,, over Kv with ¢,(a) =b. Let ¢, : woL — wL
be the inclusion.

In the equicharacteristic 0 case, we observe that v K is pure in wgyLg, as vK
is elementary in wgLg. Thus we may apply Lemma to find an embedding
¢ : (Lo, wp, ) = (L, w,0) inducing ¢, and ¢,.

In the unramified mixed characteristic case, we apply observe that since
@, is elementary, Lw/p,(Lowy) is a separable extension. Similarly to the
equicharacteristic 0 case, vK is pure in wglLg. Thus, we apply Proposition
to obtain an embedding ¢ : (Lg, wo, dy) — (L, w, d) inducing ¢, and ¢,.

By Theorems [4.5.7| and [4.5.18| respectively, as ¢, and ¢, are elementary

embeddings, so is .

We finally conclude the following;:

tpy(a/K) = tpr,(a/K) = tpyr,)(b/ K) = tpy(b/ K),

where tp; (a/K) denotes the valued-differential field type of a over K in L, as
required. This gives that the residue field vK is stably embedded. A similar
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argument replacing the conjugation of residue field elements with value group

elements gives that the value group is also stably embedded. O

We now consider the case of the constant subfield. For a differentially
henselian field (K, v,¢), it is not generally the case that the constant subfield
(Ck,v) is stably embedded as a pure valued field in K. To see this, consider
the following:

Example 4.7.3 (|11, Proposition 2.5|). Let (K,v) | ACVFq. Let (K,v) <
(L,w) be an elementary extension such that K is dense in L. Let a € L\ K,

and consider the following definable set:
D={(y,z) € K*:v(a—1y) >v(a—2)}

Suppose that D is definable in with parameters in K. Then, the family of
open balls
D, ={yeK:(yz2) €D}

is definable in K. Observe that D, is a nested family of nonempty balls with
empty intersection. However, every model of ACVF is definably maximal, i.e.
every definable family of nested non-empty balls has nonempty intersection
(see |1, Definition 2.1]).

In particular, where (L,w,0) is a model of DCVF g, taking (K, v) to
be its constant subfield equipped with the induced valuation, we have that
(K,v) < (L,w) as pure valued fields, and K is dense in L with respect to the
valuation topology. Applying the above, we find that D is not definable with

parameters in K.

Thus, we expand the language to include sets definable in the pair of pure
valued fields (K,Ck). Let LI denote the language L. U {P}, where P is
a unary predicate (later to be interpreted as a distinguished subfield). Let
K be a differentially henselian field, and endow K with a Lf-structure by
interpreting P(K) = Ck.

Now, we will equip Cx with the structure induced from the pair (K, Ck).
For every LI (K)-definable subset A of (Ck)", we let Py be a new n-ary
predicate. Define

Lo=LyU{Py: AC (Cg)"is LE(K)-definable}.

We equip C'x with an Lo-structure in the natural way, by interpreting P4 as
A C (Ck)™ for each such predicate Pj,.
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Lemma 4.7.4. Let £ be a relational expansion of the language of rings, and
let £0 = LU{d}. Let K be an £°-structure which is a di [erkntial field. Suppose
A is quantifier-free definable by an £°(K)-formula ¢(z). Then, AN (Ck)* =
BN (Ck)* for some gquantifier-free £(K)-definable set B.

Proof. It is sufficient to prove this statement in the case where A is definable
by an atomic £°(K)-formula and taking the relevant boolean combinations.

Every atomic £°(K)-formula ¢(Z) is of the form P((fi(%))i<n), where P is
an n-ary relation symbol of £, and f;(z) is a differential polynomial in K{z}
for each i < n. Let T = (zg, ..., Tpm).

Writing fi = (fi)aig(o, 20, ...,LCék), ...,x£,’§>), we set

gi(x07 EEET) xm) - (fi)alg('TO; Oa ) 07 xy, Oa ) Oa Tm, Oa ) 0)

That is, g; is the algebraic polynomial in K [z] obtained from (f;)a by setting
:chj) =0 for all j > 0.

Let ¢(z) be the L(K)-formula P(go(Z),...,gn—1(T)), and let B = (K7).
We claim that BN (Cx)™ = AN (Ck)™. We observe that for any a € (Ck)™,
we have f;(a) = g;(a), since every element of a is a constant. Thus, we have
that

K =vi((z € (Ck)™) = (p(2) < 9(2))).

Finally, we have that AN (Ck)™ = BN (Ck)™, as required. O

Theorem 4.7.5. Let (K, v,d) be a dilerkntially henselian field. Then, C is
stably embedded in K as an Lg-structure.

Proof. Let T be the L,-theory of K, and let T™°" be its Morleyisation with
corresponding language Lyi,. By Theorem , the theory TM°*UDH admits
quantifier elimination in the language Lyor(0). Since K (with its Lyior(d)-
structure) is a model of T™°" U DH, it eliminates quantifiers in the language
Laten(0).

Let ¢(Z) be an L,q(K)-formula, and let A = o(K*)N(Ck)®. As TM"UDH

has quantifier elimination in Ly (0), we have that
TM" UDH |= Vi (p(z) < (7))

for some quantifier-free Lyjo, (0, K)-formula (7).
By Lemma [4.7.4] there is a quantifier-free Ly, (K )-formula y(Z) such that
X(K®)N(Ck)® = A. As y is a Ly (K)-formula, it is equivalent modulo 7™
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to an L;(K)-formula 6(Z), possibly with quantifiers. Thus, A is Li-definable,

and so by construction, A is also Lo-definable in Ck. n

4.8 Equivalent Characterisations

In this section, we will show a number of equivalent characterisations of dif-
ferentially henselian fields, in the style of Theorem 4.3 of [32]. We begin by
making a modification to the notion of an (abstract) Taylor morphism for appli-
cation to differentially henselian fields, namely that a ‘valued” Taylor morphism

should only move points infinitesimally.

Definition 4.8.1. Let (K,v,0) C (L,w,0) be valued-differential fields. Let
T be a (K, J)-Taylor morphism for (L, d). We say that T is valued, if, for any
differential ring A, ring homomorphism ¢ : A — K and a € A, we have that

w(p(a) —Ty(a)) > vK.

Alternatively, we will say that T is a valued (K, v,d)-Taylor morphism for
(L,w, ).

Proposition 4.8.2. Let (K, v,0) be a valued-di [erential field. Then, the stan-
dard twisted Taylor morphism 7* for (K ((t)),v o v,,d + 43 is valued.

Proof. This follows by direct computation. Let (A, d) be a differential ring,
let ¢ : A — K be a ring homomorphism, and let a € A. Recall that T(a)
is given by the series >, b;t", where the coefficients b; are determined by the

following formula:
1 VAN
b= 5 S0 () )
il £ J
J<t
Observe that by = ¢(a), and thus T(a) — ¢(a) = .., bit*. Since vy (T (a) —

¢(a)) > 0, we have that (vowv;)(T(a) — ¢(a)) > vK, as required. O

Lemma 4.8.3. Let (K,v,6) C (L,w,0) be valued-di Lerkntial fields, where
(K,v) is henselian as a pure valued field. Suppose that (K, v,¢) is existen-
tially closed in (L, w,0) as valued-di Cerential fields, and that (L, w, d) admits
a valued (K, v,d)-Taylor morphism. Then (K, v,0) is di [erentially henselian.

Proof. Let f(x) € K{z} be a differential polynomial of order n, and suppose
that a is an algebraic root of fu, with s(f)ag(a) # 0. Let v € vKK.

141



Chapter 4. Differential Henselianity

Let A be the differential ring K{xz}/I(f). Define the ring homomorphism
¢ : A — K by evaluation at a (as A is generated as a K-algebra by z, .., x(”)).
Consider T} : A — L. As T, is differential, T,,() is a differential root of
f. Since T is valued, we have that v(T,(zV) — p(z®)) > vK, in particular,

greater than ~y. Hence,
(L,w,0) = Jz(f(x) =0A Jet,(x) € B,(a)).

By existential closure of (K, v,d) in (L, w,d), we obtain b € K with f(b) =0
and Jet,(b) € B,(a) also. O

For a henselian valued field (K, v), we know that as K is large, K is exis-
tentially closed in K((t)) as a field. Let v o v, denote the composition of the
t-adic valuation v; on K ((t)) with the valuation v on the residue field. Then,

we have the following:

Proposition 4.8.4. Let (K,v) be a henselian valued field. Then (K, v) is
existentially closed in (K ((t)),v o vy).

Proof. This is a consequence of the proof of Theorem 5.14 of [30]. O

Theorem 4.8.5. Let (K, v, d) be a valued-di [erential field, henselian as a pure
valued field. Then, (K, v,¢) is dilerkntially henselian if and only if (K, v,0)
is existentially closed in (K((t)),v o v, 6 + ).

Proof. For the forward direction, suppose (K, v,d) is differentially henselian.
Then, it is existentially closed in any valued-differential field extension in which
it is existentially closed as a pure valued field, by Theorem [4.4.9] By Proposi-
tion (K, v) is existentially closed in (K ((t)),vow;), we have that (K, v, )
is existentially closed in (K ((t)),v o vy, d + L.

For the backwards direction, suppose that (K, v, ) is existentially closed
in (K((t)),v0uv,6+ 4) as a valued-differential field. By assumption, (K, v)
is nontrivially henselian. By Proposition m, (K((t)),vou,d+ 4) admits a
valued (K, v,0d)-Taylor morphism. By Lemma we have that (K, v,0) is

differentially henselian, as required. O
Iterating this argument yields a version for iterated power series extensions:

Theorem 4.8.6. Let (K, v, d) be a valued-di Lerential field, henselian as a pure
valued field. Then, (K, v,0) is di Cerkntially henselian if and only if (K, v,0) is
existentially closed in (L, w,d) = (K ((to))...((tn_1)),v 0 vy 0 ...0 vy, , 0 + % +
o+ 3-) forany n < w.
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Proof. By applying Proposition[d.8.4repeatedly, we have that (K, v) is existen-
tially closed in (L, w) by transitivity of existential closure. Thus, by Theorem
4.4.9, (K,v,9) is existentially closed in (L, w, d).

Conversely, (L, w,d) admits a valued (K, v)-Taylor morphism, as we can
take the inclusion of (K ((ty)),v o vy, 0 + dito) in L. We conclude by Lemma
[1.8.3 (K,v,9) is differentially henselian. O

We now generalise the characterisation of differential largeness in Theorem
2.3.16{(iv), which says that a differential field is differentially large if and only if
it is large as a pure field, and every differentially finitely generated K-algebra

with a K-rational point also has a differential K-rational point.

Theorem 4.8.7. Let (K, v, d) be a valued-di [erential field, henselian as a pure
valued field. Then, (K, v,9) is diLerkntially henselian if and only if for every
di Cerkntially finitely generated K -algebra A with a finite di Lerkntial generating
set (a;);<n, and a K-rational point ¢ : A — K, there is, for any v € vK, a
di Cerential K-rational point ¢» : A — K such that v(p(a;) — v¥(a;)) > v for
each i < n.

Proof. Suppose (K, v,d) is differentially henselian. Let A be a differentially
finitely generated K-algebra, @ = (a;);<, a finite differential generating set for
A. Suppose A has a K-rational point ¢ : A — K, and let v € vK.

By assumption, A is isomorphic to a differential K-algebra of the form
K{zg,...,xn_1}/I, where I is the kernel of the map 7 which evaluates x; at a;.
Write Z = (zg, ..., Tn-1).

Applying the standard twisted Taylor morphism to ¢, we obtain a differ-
ential K-algebra homomorphism 77 : A — K((t)). By Proposition {4.8.2} for
any f € A, we have that (v o wv)(¢(f) — T3(f)) > vK. So, in particular,
T:(a) € By(¢(@).

Let p denote the preimage of ker(7T7;) under 7 in K{z}. Clearly, p is a
differential prime ideal of K{z}, thus by the Ritt-Raudenbush basis theorem, it
is finitely generated as a differential radical ideal of K{z}. Let fo(Z), ..., fr_1(T)
be such a generating set.

By construction, we now have that 77 (a) is a solution to the system of
differential polynomials fo(Z) = ... = fr_1(Z) = 0. As (K, v,0) is differentially
henselian, it is existentially closed in (K ((t)),v o vy, 6 + 4 by Theorem .

Applying existential closure, there is some tuple b € K with f;(b) = 0 for
each i < k, and also b € B,(p(a). Equivalently, the differential prime ideal p

vanishes on b, and so in particular, vanishes on I.
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Thus, the map K{Z} — K defined by evaluation at b factors through
K{z}/I = A, thus A has a differential point ¢ : A — K with ¢(a) = b.
Further, 1 (a) = b € B,(¢(a)), as required. O

From the proof above, it is easy to see that we may reduce to the case
where the differentially finitely generated K-algebra A is a domain. Another
variation on this condition is that we may require the image of the differential
generators a to be ‘close up to order n’ for some finite n. We state these more

precisely as follows:

Proposition 4.8.8. Let (K,v,0) be a valued-di Lerkntial field, henselian as a
pure valued field. The following are equivalent:

() (K,v,d) is diLerkntially henselian.

(if) For any dilerkntially finitely generated K-algebra A with a finite dif-
ferential generating set @ and K-rational point ¢ : A — K, for any
~v € vK, there is a dilerbntial K-rational point ¢ : A — K such that
(@) € B,(p(a)).

(iii) For any diLerkntially finitely generated K-algebra A, which is a domain,
with a finite di Lerbntial generating set a and K-rational point ¢ : A —
K, for any v € vK, there is a di[erkntial K-rational point ¢ : A — K
such that ¢ (a) € B,(¢(a)).

(iv) For any dilerentially finitely generated K -algebra A with a finite di Lert
ential generating set @ and K-rational point o : A — K, for any v € vK
and n < w, there is a di[Lerential K -rational point ¢) : A — K such that

Y(Jetn(a)) € By(p(Jetn(a)))-

Proof. The equivalence of (i) and (ii) is given by Theorem [4.8.7] The implica-
tions (ii) = (iii) and (iv) == (ii) are trivial. It remains to show (iii) =
(ii) and (i) = (iv). For (iii) = (ii), as in the proof of Theorem [£.8.7]
we may replace A with K{z}/m~"(ker(T})) and proceed. For (ii) = (iv),
we simply observe that Jet,(a) is also a finite differential generating set for A,

and apply (ii). O

An interesting corollary of this result is that isolated K-rational points of

differentially finitely generated K-algebras must be differential:

Definition 4.8.9. Let (K, v,d) be a valued-differential field, and let A be a
differentially finitely generated K-algebra. We say that a K-rational point
¢ : A — K is isolated (with respect to the valuation topology) if there is a
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finite differential generating set a = (a;);<, and v € vK such that for any
K-rational point ¢ : A — K with ¢(a) € B, (y(a)), we have that ¢ = 1.

Corollary 4.8.10. Let (K,v,d) be dilerkntially henselian, and let A be a
di Cerkntially finitely generated K-algebra. Let ¢ : A — K be an isolated K-
rational point. Then ¢ is di Lerkntial.

Proof. As ¢ is isolated, there is a finite differential generating set a = (a;);<p
of A and v € vK such that there is no K-rational point ¢ : A — K with
Y # 9 and Y(a) € B,(p(a).

Theorem [4.8.7 there is a differential K-rational point y : K — A with
x(a) € B,(p(a)). By the above, we necessarily have that ¢ = x, thus ¢ is
already differential. m

4.9 Differential Weil Descent on Valued Fields

In the paper [33], Léon Sanchez and Tressl use a differential version of the
Weil descent to show that algebraic extensions of differentially large fields are
themselves differentially large. In this section, we will adapt some of their
machinery to prove a corresponding result for differentially henselian fields.

We first recall the corresponding result for differentially large fields:

Theorem 4.9.1 (|33, Theorem 6.1]). Let (K, ¢) be a diCerentially large field,
and let (L,0) be a dilerkntial field extension where L/K is algebraic. Then,
(L, 0) is dilerentially large.

We are able to obtain a partial result in the case where the field is not real

closed using previous results:

Proposition 4.9.2. Let (K, v, ) be a di Lerkntially henselian field, where K is
not real closed. Let (L, w,d) be an algebraic valued-di Lerential field extension
of (K,v,0). Then, (L,w,0) is di Lerkntially henselian.

Proof. It suffices to show that every subextension of finite degree is itself dif-
ferentially henselian. Thus we may assume that L itself is an extension of finite
degree of K.

Since (K, v) is henselian, the extension w of v to L is uniquely determined.
In particular, (L,w) is also henselian. Further, as K is not real closed, L
is not algebraically closed. Further, (L, 0) is differentially large by Theorem
[1.9.1] We then conclude by Theorem that (L,w,d) is differentially

henselian. O
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We will reprove this later as Theorem without restriction. To do
this, we will require the use of the differential Weil descent. We begin by con-
structing the classical Weil descent, closely following the setup of [33]. For full
details and algebraic technicalities, we direct the reader to the aforementioned
paper.

Let K be a ring, and L be a K-algebra. Let

F: K-ALG — L-ALG

be the ‘extension of scalars’ functor, given by F(A) = A ®x L on objects,
and for a morphism ¢ : A — B, F(¢) = ¢ ®k id;. We assume that tensor
products are taken over K, unless otherwise stated, and suppress the relevant
subscripts. The Weil descent functor W : L-ALG — K-ALG we construct
shall be the left adjoint of F.

We assume that L is a free and finitely generated K-module of dimension [
over K. Fix a basis by, ..., b; of L as a K-module. For each 7, define \; : L — K
by

>\i <Z Cijj) = a;,
J
i.e. A;j(z) is the ith coordinate of z with respect to the basis by, ...,b;. For a
K-algebra A, define A\ =idy @\ : AQL - A® K = A.

Definition 4.9.3 (33, Definition 2.3]). Let T be a set of indeterminates.
Define a K-algebra

Fori=1,...land t € T, write
ti)=19.010te1e..01e K[T]*

where the t occurs in the ¢th position. Define the L-algebra homomorphism
Wi« LIT) = F(W(L[T])) = K[T]*" ® L by setting for each t € T

Wam(®) = Y (10 @ ).

Define Fyp : W(F(K[T))) = K[T]®" — K|[T)] by setting, for each t € T and
1=1,...L:
Fin (1) = ML
We may choose W (L[T]) to be the Weil descent of L[T], and Wy to be
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the unit of the adjunction at L[T]. We then obtain, for any K-algebra A

7 =7(L[T], A) : Homy.a.o(K[T]®', A) — Homy_p.e(L[T], A® L)
¢ = F(p) o Wi

a bijective map. We can explicitly compute, for ¢ : K[T]®' — Aand t € T

T(p)(t) = Z o(t(i)) @b € A® L.

Conversely, if ¢ : L|T] - A® L is an L-algebra homomorphism, we obtain the
corresponding K-algebra homomorphism ¢ : K[T]®! — A by setting, for each
teT, i=1,..,1:

p(t(0)) = A (¥(1)).
Now, we may construct the Weil descent of an arbitrary L-algebra B. Let
ma @ L|T] — B be a surjective L-algebra homomorphism for some set 1" of
indeterminates. Let I be the ideal generated in W (L[T]) = K[T|®" by all

elements of the form
A (W (£))

)

where ¢ = 1,....], and f € ker mg. Define

and set
W(rg): W(L[T]) - W(B)

to be the residue map.

Then, for any K-algebra A, the bijection 7(L[T], A) from above induces a

bijection
7(B,A) : Homg ao(W(B), A) — Homy ac(B, F(A))

such that the following square commutes:

Hompae(W(B), A) —LY Homy ao(B, F(A))

l—oW(ﬂ*B) lfowB

T(L[T],A
Hompgae(W(L[T]), A) "X Homy a,o(L[T], F(A)).
From the commutativity of the above diagram, for ¢ € Homg_a.(W(B), A)
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we obtain the following:
T(B, A)(p) o mp = 7(L[T], A)(p o W(mp)) = ((p o W(mp)) ®idr) o Wiy

Explicitly computing Wg = 7(B, W (B))(idws)), for any t € T', we obtain:
Wa(rs(t) =Y W(rp)(t(i) @b = > (t(i) + 1) ®@b;.

)

We will now show that, where L/K is a finite algebraic extension of valued
fields, B an L-algebra, and ¢, : B — L are L-rational points, then ¢ and
Y are ‘close’ if the corresponding K-rational points of the Weil descent W (B)

are also ‘close’.

Notation. Let B be an L-algebra, and let a € B. Let mp : L[T] — B be a
surjective L-algebra homomorphism, and assume there is ¢t € T with 75(t) = a.
Write

a(i) = W(rp)(t(i)) € W(B).

Equivalently, a(i) = )\;/V(B)(WB(@)).

In particular, we should note that the definition of a(z) has no dependence

on the choice of indeterminates 71" or the surjective homomorphism 7.

Theorem 4.9.4. Let (K,v) be a valued field, let (L, w) be a finite algebraic
extension of (K, v), and fix by, ...,b, a basis of L as a K-vector space. Let B
be an L-algebra, let « € B and fix v € wL. Then, for any pair of K-algebra
homomorphisms , 1) : W(B) — K satisfying the property that

v(@(ali)) — Pla(i)) >y —e,
for each i =1, ...,1, where £ = min; w(b;), we have that

w(p(a) —¥(a)) >,

where o, : B — L denote the images of ¢ and ) under 7(B, K), respectively.

Proof. We compute (a) in terms of the a(i). Let 75 be a surjective L-algebra
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homomorphism L[T| — B, where there is t € T' with 7(t) = a. Then:

p(a) = (((poW(rp)) @idL) o Wir)(t)

= ((poW(rp)) ®idy) (Z t(i) @ bi)

i

= Yo Wmn)(t(i) © b,
= Z ¢(a(i)) @ bi.
Replacing ¢ with 1;, we obtain a corresponding result for v». Now, we see that
p(a) —(a) = Z(sﬁ(a(i)) —¥(a(i))) @ b

Taking w and applying the ultrametric inequality, we obtain

w(p(a) = ¢(a)) > min(w(@(a(i)) = (a(i))) +w(bi)).

7

Suppose that
v(p(a(i)) —la(i))) >y —¢
holds for each 7. Then,

w(p(a) = (a)) = minw(p(a(i)) — Y(ali))) + min w(b;)

>y —e+e=7.

This shows the desired inequality. O]

We will now show that the converse also holds in a restricted setting, where
we assume that the extension (K, v) € (L,w) admits a ‘separated’ basis. For

full details on separated extensions, we refer the reader to [13].

Definition 4.9.5. Let (K,v) C (L,w) be an extension of valued fields. We
say that a finite set of elements (b;);<, is separated if, for any (a;);<, € L™, we

have that
w <Z ain) = minw(a;b;).

We say that the extension (K,v) C (L,w) is separated if every finite dimen-

sional K-vector subspace of L admits a separated basis.

Remark. Clearly, any separated set of elements is linearly independent.
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Examples 4.9.6. 1. [I3| Corollary 7| Every algebraic extension (K,v) C

(L, w) of henselian valued fields of equicharacteristic 0 is separated.

2. [13], Proof of Corollary 7] Any finite algebraic extension (K, v) C (L, w)
with
[L: K] = (vL:vK)-|[Lw: Kv

is separated.

Proposition 4.9.7. Let (K,v) C (L,w) be a finite algebraic extension of val-
ued fields. Let by, ..., b, be a separated basis of L as a K -vector space. Let B be
an L-algebra, and let « € B. Let ¢,v : B — L be L-algebra homomorphisms,
and denote their images under 7(B, K)~! by ¢ and 1, respectively. Then, for
each 1,

v(@(a(@)) — P(a(@) = wlp(t) = $(t)) — w(b)-

Proof. We claim that

To see this, we define ¢ by setting @¢(a(i)) = A\i(¢(a)), and we apply 7(B, K):

(B, Z}o ®b_§:A ) @ b; = pla).

Thus ¢ = 7(B, K) " (¢).

Now observe the following:

As the basis (b;) is separated, we have that for any j,

w(p(a) — ¥(a)) = min(w(@(a(@)) — P (a(i)) +w(b:))

)

< w(@(a(f)) = d(a(5))) + w(by).

Rearranging, we obtain the inequality

w(@(a(s)) = ¥(a(f))) = wlp(a) = v(a)) —w(by).

as required. O

We now recall the main result on the differential version of the Weil descent.
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For a differential ring (K,0), we denote the category of differential (K, J)-
algebras by (K, 0)-ALG.

Theorem 4.9.8 (|33, Theorem 3.4|). Let (K,6) be a dilerkntial ring, and
(L,0) be a dilerbntial K-algebra, finitely generated and free as a K-module.
Then:
(i) The functor F4 : (K §)-ALG — (L,0)-ALG which sends a di [erkntial
(K, 0)-algebra (A,n) to (A® L,n ®id, + ida ® 0) has a left adjoint
WAt (L 9)-ALG — (K, §)-ALG known as the differential Weil descent
from (L,0) to (K,J). The dilerkntial Weil descent sends a di Cerential
(B,d) algebra to (W(B),d"), where d" is uniquely determined in [33,
Theorem 3.2].
(ii) Let (A,n) € (K,d)-ALG and (B,d) € (L,0)-ALG. Then, the bijection

7(A, B) : Homg_a,o(W(B), A) — Homy_a,(B, F(A))
from the classical Weil descent restricts to a bijection
Hom(K,6)—ALG<WdiH(B> d)> (Aa 77)) — Hom(L,a)—ALG((Ba d)7 FdifE(Aa 77))

We apply this now to show that every finite algebraic extension of a differ-

entially henselian field is again differentially henselian.

Proposition 4.9.9. Let (K,v,d) be a dilerentially henselian field, and let
(L,w,0) be a finite algebraic extension of (K,v,d). Then, (L,w,?) is diLert
entially henselian.

Proof. Let f € L{z} be a differential polynomial of order n, and let @ € L such
that fag(a) =0 and s(f)ag(a) # 0. Fix v in wL. Let (B, d) be the differential
L-algebra L{z}/I(f), and ¢ : B — L be the L-algebra homomorphism given
by evaluation at a.

Observe that B is generated as an L-algebra by z, 2/, ...,2™ 1. We take
7g : Llto, ..., t,_1] to be the morphism which sends #; to z(?. Applying the Weil
descent, and the bijection 7(B, K), we obtain a K-algebra homomorphism
¢ : W(B) — K. We also have that W(B) is finitely generated as a K-algebra
by the t;(7), where i =0,...,n—1and j = 1,...,l. Let n € vK be an element
satisfying the condition in Theorem [4.9.4]

As (K, v,0) is differentially henselian, it is existentially closed in (K ((t)),vo
vi,0 + 4) by Theorem m and as (W (B),d") is differentially finitely gen-
erated by the t;(j) via the surjective homomorphism W (ng) : W(L[T]) — K,
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we may apply Theorem to obtain a differential K-algebra homomor-
phism ¢ : (W (B),dV) — (K, §) such that for each 7, j, v(p(W (75)(t:(5))) —
(W (mp) (t:(4)))) > n.

Write ¢ = 7(B, K)(¢)), and by Theorem , we have that ¢ : (B,d) —
(L,0) is a differential L-algebra homomorphism. Now, by Theorem we
have that w(p(mp(t;)) — ¥ (np(t;))) > v for each i.

Taking b = (mp(t)), we observe that f(b) = 0, and b = w(7p(t;)).
Further, by the above, w(a; —b;) > ~ for each . Thus, (L, w, d) is differentially

henselian, as required. O]
This extends simply to arbitrary algebraic extensions:

Theorem 4.9.10. Let (K, v,6) be a di[erentially henselian field. Then every
algebraic extension (L,w, ) of (K, v,J) is di Lerentially henselian.

Proof. By the previous proposition, every finite subextension is differentially
henselian. Let f € L{z} be a differential polynomial of order n, let a € L"*!
be such that fuz(a) = 0 and s(f)ag(a) # 0. Let v € wL. Let F be the
extension of K generated by the coefficients of f and a. Then, since F/K is
finite, (F, u,d) (taking the appropriate restrictions of w and 0) is differentially
henselian. Let p € uF with p > ~. By differential henselianity, there is b € F’
with f(b) = 0 and Jet, (b) € B,(a). In particular, b € L with Jet, (b) € B,(a).

Thus (L, w, d) is also differentially henselian, as required. ]

Finally, we observe that the algebraic closure of a differentially henselian
field must be a model of DCVEF":

Corollary 4.9.11. Let (K,v,d) be a dilerkentially henselian field of charac-
teristic (0, p), where p is a prime or 0. Then, its algebraic closure (K,©,0) is
a model of DCVF (g ,).

Proof. The algebraic closure (K,%) of (K,v) is a model of ACVF(y,), and
(K, ®,6) is differentially henselian by Theorem |4.9.10 O
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