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SYSTEMATIC INCLUSION OF MULTI-SPIN CORRELATIONS
IN THE SPIN-HALF TRIANGULAR ANTIFERROMAGNET

c. ZENG and R.F. BISHOP
Department of Mathematic., Unifler3ity of Manchester Ifl8titute of Science and Technology,

P.O. Boz 88, Manchester M60 lQD, United Kingdom
E-mail: chen@Ianczos.IlliLumist.ac.uk

ABSTRACT

Multi-spin correlations are crucial in determining the novel magnetic orderings
present in spin-lattice models with strong quantum spin fluctuations; but they
are difficult to deal with. By applying the coupled cluster method to the spin-half
triangular antiferromagnet, we illustrate how a systematic inclusion of multi-spin
correlations can be made.

Multi-spin correlations and their competing effects undoubtedly playa crucial role
in determining the magnetic phase diagram of a system like solid 3He, where multi-
spin exchanges are expected to be important.' However, even for simple model sys-
tems such as two-dimensional spin-! anisotropic antiferromagnets with only nearest-
neighbour interactions, they are also of particular significance when quantum spin
fluctuations are strong enough to greatly reduce or totally destroy the corresponding
classical ordering. In this article we wish to illustrate how the multi-spin correlations
can be systematically taken into account within the framework of the coupled clus-
ter method'' (CCM)by examining specifically the spin-! triangular antiferromagnet''
within a particular type of CCM approximation scheme. The method described be-
low, however, will not only be easy to be implemented numerically but will also be
of general utility in dealing with lattice Hamiltonian problems.

The Hamiltonian under consideration can be written as:

H = L {-2SkS~ - 2.\(Sks~ - 2srs!:.) + 2v'3.\(SkS~ - SkS~)} , (1)
kp

where {S",SIl,SZ} are the spin-l operators defined with respect to local quantization
axes, which are chosen to orient along the spin direction of the classical ground state.
Here the summation over k runs over all triangular-lattice sites, while the summation
over p is over the three nearest-neighbour vectors that point from A to B, B to C, or
C to A for a given three-sublattice partition of the triangular lattice with the three
sublattices being denoted by A, B, and C respectively. We also henceforth follow a
specific convention: m == k + p throughout this paper to ease the notational burden.
It is easy to show that H describes the conventional Heisenberg antiferromagnet when
the anisotropy parameter becomes unity (.\ = 1). -

The CCM ansatz for the ground ket state Iw} is given by: Iw} = eSI~) where the
reference state I~)for the present model is chosen to be the fully aligned ferromagnetic
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configuration in the local spin coordinates, i.e., sil~)= -tl~) for any arbitrary site
k, Here the spin correlation operator S is decomposed wholly in terms of spin-raising
operators, st == sk + is% ,

(2)

where [ill, [ili2] and so on stand for the corresponding (symmetric) spin-correlation
coefficients specified by the sets of site indices {il}, {i}, i2} and so on. Implicit
summations over double indices are also assumed. Furthermore, the spin-correlation
coefficients in Eq. (2) are to be determined by a set of CCM nonlinear eqations:

o = (~Is-: s-: ... s-: e-sHeSI~)
1132 1M '

(3)

where s; s'h ... S7Mis the Hermitian conjugate of the corresponding multi-spin cor-
relation string s];.sJ; ... sjM (and see Ref. [2] for details). It should be noted that
the multi-spin correlations that are identical by lattice symmetries, translational and
rotational alike, are counted as one single distinct correlation. The implementation
of the CCM consists of enumerating the distinct multi-spin correlations retained in
a desired approximation and generating the corresponding set of CCM equations. It
is on the latter that we will focus in this article. Equation (3) reveals that there are
essentially two computational aspects involved in obtaining all possible nonzero con-
tributions to its right-hand side. The first is to calculate the similarity-transformed
Hamiltonian whiclt then acts on the reference state, and the second is to select terms of
the similarity-transformed Hamiltonian that match exactly the string of spin-lowering
operators represented by the set of site indices {i}'i2,' . ·iM}. The first aspect is in-
trinsically related to the noncommutative nature of quantum spin operators, and the
second to the geometric considerations of the triangular lattice on which the Hamil-
tonian is defined. We address these two aspects in more detail below.

The similarity-transformed Hamiltonian acting on I~),HI~) == e-SHeSI~}, can be
obtained straightforwardly; and all its terms are further classified into three categories,
i.e., HI~) = (HI +H2 +H3)1~), as indicated below:

{
I v'3,\ 3'\ }HI = f -2 - -2-(Fm - Fk) - T(Hkm +FkFm)

"'{[ v'3,\ 2),\] + [ v'3'\( 2),\] +}L Fm---(l-Fm +"2FkSm+ Fk+-2-1-Fk +"2FmSk
kp 2

+ L'\ {V3(Hkm +FkFm)(st - s;!",)+ ~(Hkm + 2FkFm)(Fms;!",+Fkst)} (5)
kp

f {-2(Hkm + FkFm) - 3; +V3'\(Fk - Fm)(l + 2Hkm +FkFm)} sts;!",

'" { x (2 2 2 3'\ 2 2} + + ( )+ f;;: -"2 Fm +Fk) - 3,\Hkm - 6'\HkmFkFm - TFkFm SkSm , 6

(4)
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Figure 1: All 7 independent spin correlations retained at the level of L8UB3, where
the shaded hexagons mark the relative positions of the sites of the triangular lattice
on which the spins are Hipped with respect to the reference state.

where F" == E,Z[kil ... i'-l]st ... st., with a similar definition for Fm, and Hkm ==
E,Z(Z-1)[kmil ... i,-2]st ... st2.

The reason for such a classification becomes clear when we consider the second as-
pect of generating the CCM equations. Thus, for example, in ila all of the site indices
of its terms, including both k and m, are completely fixed up to permutations by the
set of indices {jl,h,··· jM} under consideration in evaluating Eq. (3). By contrast,
neither index k nor m need belong to the set {jl>h,··· jM}in (the last term of) ill>
and in il2 only one need do so. The terms il2 and ill hence require more computa-
tional effort for their evaluation. Nevertheless, for a class of approximation schemes
usually used in CCM applications, e.g., the systematic L8UBm scheme described be-
low, both k and m must lie within a finite set of indices for which {jl,h,··· jM} is a
subset. The search for all k and m that give rise to nonzero contributions from each
of the terms in ilz and ill is then readily implemented, since all of the terms and
their explicit structure are completely given in Eqs. (4) and (5).

In the so-called L8UBm scheme, all multi-spin correlations over all possible dis-
tinct locales on the triangular lattice defined by at most m contiguous lattice sites are
retained. We find that the corresponding number of distinct multi-spin correlations
for the sequence of LSUBm with m = 2,3,4, and 5 is 2,7,21, and 89 respectively.
For example, all 7 distinct correlations for L8UB3 are shown in Fig. 1.

In Fig. 2 we show the ground-state energy per spin, eg(A) == Eg(A)/N, as a
function of the anisotropy parameter A for L8UB2, LSUB3, and SUB2 (all two-spin
correlations are retained in SUB2). In particular, SUB2 yields eg(A = 1) = -2.015 for
the isotropic Heisenberg point" (which should be compared with the corresponding
classical value of -1.5, the value -2.028 obtained by variational calculations where
the nearest-neighbour two-spin correlations are retained", and the value -2.21 ± 0.01
extrapolated from the series expansion''}, while L8UB3 is found to yield an improved
value of -2.078 (which should be compared with the value -2.112 obtained by a
variational wa.vefunction where only nearest-neighbour two-spin and three-spin cor-
rela.tions are included"]. Clearly the CCM results compare well with those from
variational methods when the levels of multi-spin correlations retained are compara-
ble. Moreover, the CCM calculations can be easily extended to higher orders. The
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Figure 2: Ground-state energy per spin obtained from SUB2, LSUB2, and LSUB3
approximations. Note that the ground-state energy as a function of the anisotropy
parameter A terminates for both SUB2 and LSUB3 approximations.
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CCM equations of higher-order truncation schemes such as LSUB4 and LSUB5 have
been generated, and the results of more detailed studies, including the nature? of the
ground-state energy critica.lities observed here already in SUB2 and LSUB3 approxi-
mations, will be reported elsewhere.

Acknowledgment

One of us (R.F.B.) gratefully acknowledges a research grant from the Engineering
and Physical Sciences Research Council (EPSRC) of Great Britain.

References

1. M. Roger and J.H. Hetherington, Phys. Rev. B 41 (1990) 200;
2. R.F. Bishop and H. Kiimmel, Phys. Today 40(3) (1987) 52; R.F. Bishop,

Thear. Chim. Acta 80 (1991) 95, R.F. Bishop, J.B. Parkinson, and Y. Xian,
Phys. Rev. B 43 (1991) 13782; 44 (1991) 9425; J. Phys.: Condens. Matter 4
(1992) 5783.

3. R.R.P. Singh and D.A. Huse, Phys. Rev. Lett. 68 (1992) 1766.
4. C. Zeng, I. Staples, and R.F. Bishop, UMIST preprint (1995).
5. S. Miyashita, J. Phys. Soc. Jpn. 58 (1984) 44.
6. D.A. Hnse and V. Elser, Phys. Rev. Lett. 60 (1988) 2531.
7. R.F. Bishop, R.G. Hale, and Y. Xian, Phys. Rev. Lett. 73 (1994) 3157, R.F.

Bishop, Y. Xian, and C. Zeng, article in this volume.


