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This thesis consists of four parts. In the first part we recall some background
theory that will be used throughout the thesis. In the second part, we studied the
absolute continuity of the laws of the solutions of some perturbed stochastic dif-
ferential equaitons(SDEs) and perturbed reflected SDEs using Malliavin calculus.
Because the extra terms in the perturbed SDEs involve the maximum of the so-
lution itself, the Malliavin differentiability of the solutions becomes very delicate.
In the third part, we studied the absolute continuity of the laws of the solutions of
the parabolic stochastic partial differential equations(SPDEs) with two reflecting
walls using Malliavin calculus. Our study is based on Yang and Zhang [YZ1], in
which the existence and uniqueness of the solutions of such SPDEs was estab-
lished. In the fourth part, we gave the existence and uniqueness of the solutions

of the elliptic SPDEs with two reflecting walls and general diffusion coefficients.
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Notations

Through this thesis, I numbered equations, lemmas, theorems, etc., separately

per chapter.

Table of Symbols

A° the complement of A

C contained in

N, U intersection, union

2%, z max(z,0), —min(z,0)

sup supermum

inf infimum

= equal to by definition

lim sup superior limit

lim inf inferior limit

P(),E(") probability, expectation

N (i, 0%) the normal distribution with mean p, covariance o
R¢ the d-dimensional Euclidean space

R, or R* the set of all the non-negative real numbers
R+* the set of all strictly positive real numbers

almost surely, almost everywhere
with respect to

the empty set

summation

product
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LP(U: H)
C(X;Y)
C(X)
Cy(X)

COO

o

IRV

1p

11

the space of all the p-integrable mappings from U to H
the set of all the continuous mappings from X to Y
the set of all the real continuous functions defined on X
the set of all the bounded functions with continuous
derivatives up to order k£ on X

the set of all infinitely continuously differentiable
functions such that the functions and their derivatives
have polynomial growth

the set of infinitely continuously differentiable functions
with compact support

first, second derivatives, and gradient of f

the indicator function of set B

I close all the proof with the symbol [I. I give all the references by number

enclosed within square brackets.



Chapter 1

Introduction

1.1 Motivation and Contribution

This thesis is devoted to the study of the existence and uniqueness of the solutions
to some stochastic differential equations(SDEs) and stochastic partial differential
equations(SPDEs) and Malliavin calculus of the solutions.

There now exists a considerable body of literatures devoted to the study of
perturbed SDEs, see e.g.[CPY],[CD],[D],[RD],[DZ],[IW],[GY1],[GY2],[PW],[W1].
The idea of perturbed SDE originated from the following equation:

X, :BH—CMSLgt)XS. (1.1.1)
The solution of the above equation behaves like a Brownian Motion except when
it attains a new maximum: it is called an a-perturbed Brownian Motion. The
first of this arose in a study of the windings of planar Brownian Motion in [GY2].
And in [CD], it was proved that for a < 1, Equation (1.1.1) has a pathwise unique
solution and is adapted to the filtration of B. Furthermore, it was proved in [DZ]
that perturbed SDE and perturbed reflected SDE with general diffusion admit
unique solutions under some conditions.

In Chapter 2, we will establish the absolute continuity of the laws of per-
turbed diffusion processes as well as perturbed reflected diffusion processes under

appropriate conditions. The absolute continuity of the laws of the solutions is of

12



CHAPTER 1. INTRODUCTION 13

fundamental importance both theoretically and numerically. The absolute con-
tinuity of the laws of the solutions to stochastic differential equations has been
studied by many people in Book [N] and [S]. The tool we use is naturally Malliavin
calculus. Because the extra terms in the equation involve the maximum of the so-
lution itself, the Malliavin differentiability of the solutions becomes very delicate.
For the absolute continuity of the laws of the solutions, we need a careful analysis
of the time points where the solution X reaches its maximum.

Malliavin calculus extends the calculus of variations from functions to stochas-
tic processes. The Malliavin calculus is also called the stochastic calculus of varia-
tions. In particular, it allows the computation of derivatives of random variables.
Malliavin ideas led to a proof that under some conditions the probability law of
the solution to stochastic differential equations and stochastic partial differential
equations are absolute continuous with respect to Lebesgue measure.

For stochastic partial differential equations, Malliavin calculus associated to
white noise was also used by Pardoux and Zhang in [PZ], Bally and Pardoux
in [BP1] to establish the existence of the density of the solutions to parabolic
SPDEs. The case of parabolic stochastic partial differential equations with one
reflecting wall was studied by Donati-Martin and Pardoux in [DP]. The existence
and uniqueness of the solution to parabolic stochastic partial differential equations
with two reflecting walls was proved by Juan Yang and Tusheng Zhang in [YZ1].
In Chapter 3, we focus on the existence of the density for the law of the solutions
to parabolic SPDEs with two reflecting walls using Malliavin calculus. But we
still leave the absolute continuity of the law of the solutions in the case of hitting
the reflected walls as open questions.

For the elliptic SPDEs, R. Buckdahn and E. Pardoux in [BP2] established the
existence and uniqueness results for nonlinear elliptic stochastic partial differential
equations when the diffusion coefficient is constant. Based on this, nonlinear
elliptic SPDEs with one reflected wall has been studied by David Nualart and
Samy Tindel in [NT], in which the diffusion coefficient is still constant. In Chapter

4, we give the existence and uniqueness of the solutions to nonlinear elliptic SPDEs
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with non-constant diffusion coefficient and two reflecting walls. This is the first
time that the case of non-constant diffusion coefficients is studied. We will use
the technique developed by Nuarlart and Pardoux in [NP] and Tiange Xu and
Tusheng Zhang in [XZ].

1.2 Background

In this section, we recall some background material which will be used in the

following chapters.

1.2.1 Malliavin calculus

Let W = {W(h),h € H} denote an isonormal Gaussian Process associated with
the Hilbert space H. We assume that W is defined on a complete probability
space (€, F, P), and that F is generated by W.

We denote by C°(R") the set of all infinitely continuously differentiable functions
f:R™ — R such that f and all of its partial derivatives have polynomial growth.
Let S denote the class of smooth random variables such that a random variable

F € § has the form
where f belongs to C°(R"), hi, ..., h, are in H, and n > 1.

Definition 1.2.1 The derivative of a smooth random variable F' of the form is

the H-valued random variable given by
DF =%" ,0,f(W(hy), W(ha), ..., W (hy))hs, (1.2.2)
Define its norm by
I1F1l2 = [E(F?) + E(IDFI[3)]-. (12:3)

Let D2 be the completion of S under the norm ||.||; 2.

The following result is from Nualart [N].
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Theorem 1.2.1 (Theorem 2.1.3 in [N]) Let F € D2, If || DF||g > 0 a.s., then
the law of the random variable F is absolutely continuous with respect to Lebesque

measure.

Theorem 1.2.2 (Lemma 1.2.3 in [N]) Let {F,,n > 1} be a sequence of random

variables in DY? that converges to F in L*(Q)) and such that
sup E(||DF,||3) < oc. (1.2.4)

Then F belongs to DY2, and the sequence of derivatives { DF,,n > 1} converges
to DF in the weak topology of L*(Q; H).

Theorem 1.2.3 (Proposition 2.1.10 in [N]) Let X = {X(t),t € S} be a contin-
uous process parametrized by a compact metric space S. Suppose that

(i) E(sup X(1)?) < o0,

(i1) fO;ecfnyt € S, X; € DY? and the H-valued process {DX (t),t € S} possesses a
continuous version, and E(sup||DX (t)||%) < oo,

Then the random variable ]\tfsz sup X (t) belongs to D2,

tesS

1.2.2 Stochastic Integration with Respect to White Noises

The following content is from Walsh [W2].

Let (E,&,v) be a o-finite measure space. A white noise based on v is a random
set function W on the sets A € £ of finite v-measure such that

(i) W(A) is a N(0,v(A)) random variable;

(i) if AN B = 0, then W(A) and W(B) are independent and W(A U B) =
W(A) + W(B).

We see that it is a mean-zero Gaussian process with covariance function
E{W(A)W(B)} =v(ANB). (1.2.5)

White noise can be thought of the derivative of Wiener process. The Brownian
sheet on R? is the process W (x,t) := W((0,z] x (0,¢]). This is a mean-zero

Gaussian process.
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In the classical case, one constructs the stochastic integral as a process rather than
as a random variable. One can then say that the integral is a martingale. The
analogue of "martingale” in our setting is ”martingale measure”. Accordingly, we

will define our stochastic integral as a martingale measure.

Definition 1.2.2 Let (F;) be a right continuous filtration. A process { M(A), Fy,
t>0,A €&} is a martingale measure if

(i) Mo(A) = 0;

(11) if t >0, My is a o-finite L*-valued measure;

(11 ){ M (A), Fi,t > 0} is a martingale.

Definition 1.2.3 A martingale measure M is worthy if there exists a random
o-finite measure K(A x Bx Ciw),Ax BxC € EXxExB,B=B(R"),weN
such that

(i) K is positive definite and symmetric in A and B;

(i) for firted A and B, {K(A x B x (0,t]),t > 0} is predictable;

(1)) E{K(E x E x [0, T])} < oo,

(iv)for any rectangle D,|C(D)| < K(D), where C' is the covariance functional of
M:

C(A X B x (s,t]) =< M(A),M(B) > — < M(A), M(B) > . (1.2.6)
We call K the dominating measure of M.

A function f: E x [0,00) x Q@ — R is elementary if it is of the form f(x,s, w) =
X(w)lap(s)la(zx), where 0 < a <t, X is bounded, F,-measurable and A € £. f
is simple if it is a finite sum of elementary functions, we denote the class of simple

functions by S. Define a martingale measure f - M by
f-M(B) = X(w)(Mipo(AN B) — Myna(AN B)). (1.2.7)

A function is predictable if it is P-measurable, where the predictable o-field P
on {2 x /' x R, is the o-field generated by S. Py be the class of all predictable f
for which |[f||a = [E([g, ger, |f(2, $)|2K (dzdyds))]2 < co. S is dense in Py;.
From Walsh [W2], we have the following theorem:
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Theorem 1.2.4 If f € Py, then f- M is a worthy martingale measure. It is

orthogonal if M is. Its covariance and dominating measures respectively are given

by

Qrudadyds) = f(,5)(y, s)Qu(dwdyds): (1.2.8)
Ky (dedyds) = | f(x,s)f(y, s)| Ku(dedyds). (1.2.9)

Moreover, if g € Py and A, B € £, then

< [ M(A),g- M(B) >= / f(x,8)9(y, ) Qur(dzdyds);  (1.2.10)

AxBx[0,t]
E{(f- M(A)*} < [Ifll3-  (1.2.11)

Definition 1.2.4 A martingale measure M is orthogonal if, for any two disjoint
sets A and B in &, the martingale {M;(A),t > 0} and {M;(B),t > 0} are orthog-

onal.

If the integrator M is orthogonal, the covariance measure (),; sits on the
diagonal and is positive, so that @)y = K. Instead of having two measures on
E x E x R,, we need only concern ourselves with a single measure v on £ x R,

where v(A x [0,t]) = Qu(A x A x [0,¢]).

Corollary 1.2.1 If M is an orthogonal martingale measure and f € Py, then f-
M is an orthogonal martingale measure. Its covariance and dominating measures

respectively are given by

Qr.m(dxdyds) = f(x,s)f(y, s)v(dxdyds) (1.2.12)

Moreover, if g € Py and A, B € £, then

< f-M(A),g- M(B) >= / f(z,8)g(y, s)v(dxdyds); (1.2.13)

AxBx|0,t]

E{(f - M,(A))?*} = E/ f(z,8)*v(dzds). (1.2.14)

Ax]0,t]
Theorem 1.2.5 Let M be an orthogonal martingale measure, and suppose that
for each A € E,t — M(A) is continuous. Then, M is a white noise if and only

if its covariance measure C' is deterministic.



CHAPTER 1. INTRODUCTION 18

Consider the following Parabolic SPDE:

ou  0%u .
a_ﬁ f(w,t,u)—l—a(x,t,u)W(x,t)
w(0,8) = 0,u(1,t) =0, fort>0, (1.2.15)

u(z,0) = ug(x) € C([0,1]),
where f, o are Lipschitz continuous functions and ug is a continuous function on
[0, 1], which vanishes at 0 and 1.
Several authors, including Walsh [W2], have shown that (1.2.15) has a unique
continuous solution, in the sense that u is the unique continuous adapted process

which satisfies:

Vi € R*, o € C2([0,1]) with ¥(0) = (1) = 0,
(ult), ) + / (uls), Ap)ds  + / (f(uls)). 6)ds = (un, )
—l—/o /0 Y(z)o(u(z, s))W (dzds)a.s.

or equivalently u(x,t) satisfies the integral equation
1 !
u(z,t) = /Gt(x7y)u(>(y)dy+//Gt_s(x,y)f(U(y,S))dyds
0 0o Jo
t 1
s [ [ Grwataty, )Widyds)
0o Jo

where G is the Green’s function associated to the operator A = —% with Dirich-
let boundary conditions.

The following comparison theorem is from C. Donati-Martin and E. Pardoux [DP].

Theorem 1.2.6 (Comparison Theorem) (Theorem 2.1 [DP]) Let the two pairs
of coefficients f, o and g, o be Lipschitz, with f < g. We denote by u(resp.v) the
solution of (1.2.15), corresponding to f(resp.g) with the same initial condition.

Then, a.s. for all (x,t) € [0,1] x Ry, u(z,t) < v(z,t).

1.2.3 Useful Lemmas

In this subsection, we list some lemmas which will be used frequently in the

following chapters.
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Lemma 1.2.1 (Gronwall Inequality) Let I denote an interval of the real line
of the form [a,00) or [a,b] or [a,b) with a < b. Let o,  and u be real-valued
functions defined on I. Assume that [ and u are continuous and that the negative
part of « is integrable on every closed and bounded subinterval of I.

(1)If B is non-negative and if u satisfies the integral inequality
u(t) < aft) + /tﬁ(s)u(s)ds, tel,
then
u(t) < a(t) + /toz(s)ﬁ(s)efst Adrgs, te 1.
(2) If, in addition, the function aais non-decreasing, then
u(t) < aft)eda PO 4 e .

The following lemma is an elegant result of Garsia-Rodemich-Rumsey(see Corol-

lary 1.2, P.273 in [W2]).

Lemma 1.2.2 (Kolmogorov) Let R be a unit cube in R™ and {X,,o € R} be
a real valued stochastic process. Suppose that there exist constants k > 1, K >
0, > 0 such that

E|X, — X" < K| — ™",
then (1) X has a continuous version.

(2) there exist constants a,~y depending only on n,k and € and a random variable

Y such that a.s. for all (o, 8) € R?,

ESIN

X = X < Vi = 81 (tog ()

and EY* < aK.
The following lemma is from P.166 in [KS].

Lemma 1.2.3 (The Burkholder-Davis-Gundy Inequalites) Let M be a con-
tinuous local martingale. For every m > O there exists universal positive constants

kp, K (depending only on m), such that

knE(< M >3) < E[( sup |M])*"] < K, E(< M >F) (1.2.16)

0<t<T

holds for every stopping time T.
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Lemma 1.2.4 (Theorem 1.6.11 in [A]) If i is a o-finite measure on o-field F of
Q, g and h are Borel measurable, [, gdu and [, hdp exist, and [, gdp < [, hdp
for all A€ F, then g < h a.e. [u].



Chapter 2

Absolute Continuity of the Laws
of Perturbed Diffusion Processes

and Perturbed Reflected

Diffusion Processes

2.1 Introduction

Let (2, F, {F:}t>0, P) be a filtered probability space with filtration{F; };>¢ satisfy-
ing the usual conditions. {B;}:>¢ is a one-dimensional standard {F; };>o-Brownian
Motion. Suppose that o(z),b(x) are Lipschitz continuous functions on R. There
now exists a considerable body of literature devoted to the study of perturbed
stochastic differential equations(SDEs), see e.g. [CPY],[CD],[D],[RD], [DZ],[IW],
[GY1],[GY2],[PW],[W1]. It was proved in [DZ] that the following perturbed SDE:

t t
Y, =yo+ / o(Y;)dBs + / b(Y;)ds + a max Y. (2.1.1)
0 0 0<s<t
and the perturbed reflected SDE:

t t
X = fo o(Xs)dBs + fO b(Xs)ds + a(}g?%{t Xs+ Ly

X, >0 (2.1.2)
I3 Xix.=oydLs = L.

21



CHAPTER 2. ABSOLUTE CONTINUITY OF THE LAWS OF DIFFUSION PROCESSES22

admit unique solutions, where L; in (2.1.2) denotes a local time at zero of X.
Perturbed Brownian motion arose in a study of the windings of planar Brownian
motion, see [GY1]. Perturbed diffusion processes are also continuous versions of

self-interacting random walks.

The purpose of this chapter is to establish the absolute continuity of the laws
of perturbed diffusion processes as well as perturbed reflected diffusion processes
under appropriate conditions. The absolute continuity of the laws of the solutions
is of fundamental importance both theoretically and numerically. The absolute
continuity of the laws of the solutions to stochastic differential equations has been
studied by many people. We refer the reader to the books [N], [S] and references

therein.

The tool we use is naturally Malliavin calculus. Because the extra terms
in equation (2.1.1) and (2.1.2) involve the maximum of the solution itself, the
Malliavin differentiability of the solutions becomes very delicate. For the absolute
continuity of the laws of the solutions, we need a careful analysis of the time points
where the solution X reaches its maximum. The local property of the Malliavin
derivative and a comparison theorem for stochastic differential equations play a

crucial role.

This chapter is organized as follows. In Section 2.2, we collect some results of
Malliavin calculus to be used later in this chapter. In Section 2.3, we prove that the
perturbed diffusion process is Malliavin differentiable and establish the absolute
continuity of the laws of the perturbed diffusion processes. In Section 2.4, we
study the reflected perturbed diffusion processes. The Malliavin differentiability

and the absolute continuity of the solutions are obtained.

2.2 Preliminaries

Let Q@ = Cy(R4) be the space of continuous functions on R, which are zero at

zero. Denote by F the Borel o-field on 2 and P the Wiener measure. Then the
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canonical coordinate process {B;, t € R} on Q is a Brownian motion. Define
F? = 0(Bs,s <t). Denote by F; the completion of F; with respect to the P-null
sets of F. Let h € L*(R,). W(h) will stand for the Wiener integral as follows:

W (h) = /Ooo h(t)dB,. (2.2.1)

{W(h),h € H} is a Gaussian Process on H := L*(R,,B, ), where (R,,B) is a
measurable space, B is the Borel o-field of R, and p is the Lebesgue measure on

R..

We denote by Cp°(R") the set of all infinitely continuously differentiable func-
tions f : R® — R such that f and all of its partial derivatives have polynomial

growth. Let S be the set of smooth random variables defined by

S ={F = f(W(hy),W(hy),...; W(hy)); h1,....;hn € L*(Ry),n > 1, f € C°(R™)}.

(2.2.2)
Let F' € S. Define its Malliavin derivative D,F' by
DiF = S50, f(W (), W (ha), .. W () (1), (223)
and its norm by
1712 = [E(F]*) + E(|DF[3)]=. (2.2.4)
Let D'? be the completion of S under the norm ||.||12. The following result is

from [N].

Theorem 2.2.1 Let F € DY2. If ||DF||g > 0 a.s., then the law of the random

variable F is absolutely continuous with respect to Lebesgue measure.

2.3 Absolute continuity of the laws of perturbed
diffusion processes

Let o(x),b(x) be Lipschitz continuous functions on R, i.e., there exists a constant
C such that
lo(x) —a(y)] < Clz =y, (2.3.1)
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|b(x) = b(y)| < Clo —yl. (2.3.2)

For a < 1, yp € R, consider the following stochastic differential equation:
t t
Y=y + / o(Ys)dBs + / b(Y;)ds + o max Y. (2.3.3)
0 0 0<s<t

It was shown in [DZ] that equation (2.3.3) admits a unique, continuous, adapted

solution. We have the following result.

Theorem 2.3.1 LetY; be the unique solution to equation (2.5.3). ThenY; € D'?
for any t > 0.

PROOF. Consider Picard approximations given by

Y;):lyo L 0<t < oo (2.3.4)

For n > 0, define Y"™ to be the unique, continuous, adapted solution to the

following equation:

t t
Y/ =y + / o(Y")dB; + / b(Y™)ds + o max Y"1, (2.3.5)
0 0

0<s<t

Such a solution exists and can be expressed explicitly as

t t
Y;n—i—l _ Yo ‘l‘/ O'(Y;n)st +/ b(Y;n)dS
1l—« 0 0
o 521?%(/0 o(Y)dB, + /0 b(Y.")du) (2.3.6)

It was shown in [DZ] that the solution Y; is the limit of ¥;* in L?*(Q).

We will prove the following property by induction on n:

(P) Yy € DY2 E[f)||DY"||}du] < oo, t > 0.

Clearly, (P) holds for n=0. Suppose Y;* € D'? and E[[] || DY;"||%du] < co. Ap-
plying Proposition 1.2.4 in [N] to the random variable Y* and to o and b, we
deduce that the random variables o(Y*) and b(Y") belong to D"? and that there
exist adapted processes 7" (s) and b’ (s), which are uniformly bounded by some

constant K, such that:

Dy (o(Y))) = () DoY) Iy (2.3.7)

s
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and
Dy (b(Y]") = b"(s) D (Y [r<s).- (2.3.8)
From (2.3.7) and (2.3.8) we get
1D (o(Y")| < K|D(Y{)], (2.3.9)
and
1D (0(Y")] < K[Dn(Y)]- (2.3.10)

By Lemma 1.3.4 in [N], we conclude that
¢
/ o(Y")dB, € D' (2.3.11)
0

For r < t, by Proposition 1.3.8 in [N],

t t
Dy / o(Y™)dB) = o(Y™) + / Dy(o(Y™))dB, (2.3.12)
0 r
Similarly, we have
t
/ b(Y™)ds € DY, (2.3.13)
0
t t
D, / b(Y)ds] = / D, (b(Y™))ds. (2.3.14)
0 r
Let Z! = [ o(Y)dBy, X' = [; b(Y,")du. Then
7"+ X' e D2 (2.3.15)
and
Elsup (Z] + X)?] < E[sup 2((Z))* + (X])?)] < 2E[sup (Z])’]
0<s<t 0<s<t 0<s<t
+2E[sup (X")?] < o0 (2.3.16)
0<s<t
Since
Elsuw (2:7) = Elsuw ([ o(V)aB.))
0<s<t 0<s<t Jo

< KlE[/Ota(Yu”)Qdu]

< et oz
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< 00,
and
Elsup (X = E[sup ( / b(Y)du)?]
0<s<t 0<s<t Jo

< E[t / tb(Yu")Qdu]

< KstE| /O t(Yu”)Qdu]

< 0
Next we show that
E[sup ||D(Z" + XM)||3] < oo. (2.3.17)
0<s<t
Now
E[sup ||[D(Z! + X)) = Elsup [ [D.(Z] + X7)[*dr]
0<s<t 0<s<t Jo

IN

3E{sup/ (Y, +\/ D,( ))dB,|*

0<s<t

+|/ D, (b(Y,}"))du|*)dr} <3E/ o (Y™ 2dr

0

+3 [ Bl | [ Doyl

’I"<S<t T

+3E/ / D, (b(Y,"))|du]?dr

3/ Elo(Y")? dr+3C// [2dudr
+3// )2 du(t — r)dr

3 / E[o(Y")?dr + 3CK? / / A dudr
+3K? / / V|du(t — r)dr

3/ Y2 dr

+(3CK? + 3K*t) / / 2| dudr < oco.
(2.3.18)

IA

IA

IN
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So we have proved (2.3.17).

From (2.3.15),(2.3.16) and (2.3.17), and by Proposition 2.1.10 in [N], we conclude
max (Z! + XI') € D"?, (2.3.19)

0<s<t

and

n n 2 n ny||2
E{|ID(ax (22 + X)) < Elmax [1D(Z2 + X213 (2:3.20)

It follows from (2.3.6) that Y;"*' € D''2. Moreover,

t
B [ 1D

o] [ o0

v [ [ e / D, (o(Y;")dB, ) drdu

+4 / t / o / " DY) dv]2drdu
) [ B P
4t/tE[ (V")2dr

—|—4K2t—|—1 /// (Y1) dedrdu

/ / (sup (Z) + XI))?drdu

IN

+4(

IN

1—a

0<v<u
t u
< 4t/ Elo(Y")?|dr +4K*(t + 1) /[E/ ID(Y,™)||3,dv]du
0 0 0
() / E||D( sup (20 + X)) ydu
— 0<v<u

IN

t
4t/E (v dr+4K2t+1/ /||D Y| doldu
0

+

1" [ B 192+ XD

0<v<u

< 00, (2.3.21)

where (2.3.17) has been used. Property (P) is proved.
Now we prove

sup E(||DY/"||3) < oo. (2.3.22)
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Note that

DY) = o(¥™ )+ / D, (o (Y Y))dB, + / D, (b(Y"))ds

+1TD [maX(Z” 1+Xn 1)]

E(||DY,"(7)

= / |D,Y;"|*dr

e[ o= + 6 | [ Do as. i

5] / I / D0 sl

/ D, max / o(Y"Y)dB, + / by dul2dr}
/Eya(yn—l)mr+4/ /|D (Y1) 2ds)dr
+4t/ /yD (b(Y"")Pds)dr

(s a)? s 10 [ o0 dB,+ [ )

0<s<t

/ o (V") |2dr] +4K2/ / |D,.(Y1)|?ds]dr
AR / | / |D,(V ) [2ds]dr

e >{3/ E(o(Y"))2dr

+(3CK? + 3K*t) // Y dudr}

IN

IN

IN

< O / Elo(Y"™ 1)|2dr+02/ E|| DY |3, du. (2.3.23)
0 0

Where (2.3.17) and (2.3.20) were used.

Note that A = sup [; Elo(Y,"")[?dr < Csup [; E(1 + [Y,;""'[*)dr < oo, because
Y,, converges to l; uniformly w.r.t time parz:meter from [DZ].

Iterating (2.3.23) gives sup E||DY}"||% < oo.

Thus by Theorem 1.2.2n(Lemma 1.2.3 in [N]) we deduce that Y¥; € D"? and
DY™ — DY; weakly in L*(Q; H). O
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Theorem 2.3.2 Assume that o(-) and b(-) are Lipschitz continuous, and |o(z)| >
0, forallx € R. Then, fort > 0, the law of Y; is absolutely continuous with respect

to Lebesque measure.

PROOF. According to Theorem 2.2.1, we just need to show that || DY;||% > 0
a.s..

Note that,

/D

a(Y;)
/ ds +aD(max ¥,), r <1 (2.3.24)

<t

Using inequality (a + b)? > 1a? — b%, we have

(DY) > éam?—[ /tm DB+ [ D000 +aD (e V)
> 3{/ D ( BSPH/ D (b(Y.
+a?[D, (5naXtY)

Since o(Y;)? is continuous w.r.t 1, it follows that

1 t
lim= [ o(Y,)%dr = o(Y;)*. (2.3.25)

e—0 € l—e

E{/ /D ))ds)*dr}

Now,

< / /|D )Rds(t — rY]dr
< K2/ E|D |*(t — r)dsdr
t T
< 26/ /E|DTYS|2dsdr
t—edJr
t s
= K%/ / E|D,Y,|*drds
t—e Jt—e
< K?Mé?,

where we used Holder inequality in the fist inequality, used (2.3.10) in the second

inequality and we used E||DY;||%, < oo and its continuity in the last inequality.
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t t
/ /D NBJ2dr < / E[/ Dy (0(Y2))2ds]dr
t—e . r .
< K? / E] / (D, Y.)2ds]dr
t;& sr
< K? / / E(D,Y,)*drds
t;e t—se
< K? / / E(D,Y,)*drds.
t—e Js—e

Next we show that [ _E[(D,Y,)]*dr < Ce, where C is independent of s. Because
Dry;n — Yn 1 / D Yn 1 B

n—1 n—1 n—1
# [ Dby D (20 4 X

we have,
E / (D, Y")?dr
< 4E / (V" )2dr + AE / [ / Dy (o(Y1))dB.2dr
+4E / [ / D,b(Y." 1) du]*dr
Ry ° n—1 n—1y\2
(2 / (D (724 X0 (2.3.26)
< 4 / Elo(Y™")]dr + 4 / E / Dy (oY) dudr
L4 / [ / Dy (b(Y1))2du(s — r)]dr
+4( )2E sup / [D.(Z2 ! 4+ X H]Pdr (2.3.27)
1—a 0<u<s Js_e
< 4/ Elo(Y"™h) dr+4K2/ / YY) dudr
+4K%e / / (YD) dudr
A"V sup / Dy / (V" 1)dB, + / b(Y ) dv)2dr
IL—a’  ocussJsc 0 0
<

4 / Elo(Y"" Y Hdr + (4K?% + 4K?%€) / / E(D, Y, 2dudr
SRy ’ n—1\2
MG [ Bl P
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+(30C1K? + 3K%¢) / / E(D, Y, "2dvdr}

— i) [ By

+AK? + 4K % + 4(1 )2(3C1K? + 3K?¢)]
«

/ / Y”1 dudr
= c’/ Elo(Y"H dr—i—C/ / D, Y YYdrdv

< c’/ Elo(Y"H) dr+0/ / D, (YY) 2drdv,

where we have used Theorem 1.2.2 (Proposition 2.1.10 in [N]) from (2.3.26) to
(2.3.27).

Let ¢n(s) = E [0 (D, Y")*dr, and ¢(s) = E [7__(D,Y,)?dr, then ¢, (s) < C*e +
C" [7  ¢n_i1(v)dv. Tterating it, we get

l—«

bn(s) < Ce(1+Ce4+ (C"e)+..+(C" (2.3.28)
1
< fe———— 3.
< C ‘T o (2.3.29)
< 20%, (2.3.30)

when ¢ is sufficiently small. Then by Fatou lemma:

o(s) < liggiorgf on(s) < 2C"e. (2.3.31)
So
/ / D, (0(Ys))dB,)dr < K2/ P(s)ds < 20" K22 (2.3.32)
Therefore

lim — E{/ /D /D s]*)dr} = 0.
e—0 €
Hence, there exists €, | 0, such that

lim —/ / D, ( / D,( sP)dr =0 a.s.. (2.3.33)
en—0 € Sy
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Set
A, ={w: max Ys(w) = max Yi(w)},

0<s<t 0<s<t—en

and

A={max Y; =Y}

0<s<t
It is clear that Q@ = (J°_, A, J A

For w € A,,, Vn > m, we have

t
/ o@’D,( max Y,(w))*dr = 0.
t—en

0<s<t—em

By the local property of the Malliavin derivative (Proposition 1.3.16 in [N]) on

A,,, we have

1 t
lim —/ o?(D,(max Y,(w))*dr
t—en

n—00 €, 0<s<t
: 1 ! 2 2
= lim — a’(D,( max Yi(w))*dr
n—o0 €, t—en 0<s<t—em
= 0. (2.3.34)

Since m is arbitrary, by (2.3.33) and (2.3.34), we conclude that

1 1 >
61;2105 /t_en(DrYt)er > §U(Yt)2 >0 a.s. 01(17531 A,

For w € A, according to (2.3.24), we have

(-aDYi = o)+ [ Do+ [ Do)as

(1 - OZ)Q(Drift)2 > O-(}/T)Z - [/ Dr<0-(}/s))st +/ Dr(b<Y;>>d8]2a

Since a < 1,

(DY) 2 grmasso ) = sl [ Didotian.+ [ Dovis

Here on A,

lim — /t (D,Y;)%dr > ! lim /t (Y,)%d
m — - > — llm — r
t—en v 2(1 - a)? t—en 7 '

en—0 €,
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o(¥:)®
= 7 _>0. 2.3.35
2(1 — a)? ~ ( )
Therefore
t
||DY,||3 = / (D,Y,)?dr >0 a.s.. (2.3.36)
0

By Theorem 2.2.1, we conclude that the law of Y; is absolutely continuous with

respect to Lebesgue measure. O

2.4 Absolute continuity of the laws of perturbed
reflected diffusion processes
Consider the reflected, perturbed stochastic differential equation:
t t
X, = / o(Xs)dBs + / b(Xs)ds + a max X + L. (2.4.1)
0 0 0<s<t

Definition 2.4.1 We say that (Xy, Ly, t > 0) is a solution to the equation (2.4.1)
of

(i) Xo=0,X; >0 fort >0, a.s.

(ii) Xy, Ly are continuous and adapted to the filtration of B,

(iii) Ly is non-decreasing with Ly = 0 and fg X{Xs =0}dLs = Ly,

() (X, Ly, t > 0) satisfies the equation (2.4.1) almost surely for every t > 0.

we need the following lemma which strengthens the result of Theorem 1.2.3

(Proposition 2.1.10 in [N]).

Lemma 2.4.1 Let X = {X,,0 < s <t} be a continuous process. Suppose that
(i) E( sup X?) < oo,

0<s<t
(ii) for any 0 < s < t, X, € D? and E(sup ||DX,||%) < oo,
0<s<t

Then the random variable M; = sup X, _be_longs to DY2 and moreover,
0<s<t
[|DM]|3 < sup ||DX,||% a.s..
0<s<t
PROOF. Consider a countable and dense subset Sy = {t,,n > 1} of

[0,t]. Define M, = sup{Xy,,..., X, }. The function ¢, : R* — R defined by
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on(x1, ..., ) = max{xy, ..., x,} is Lipschitz. Therefore, we deduce that M, be-
longs to D2, Moreover, the sequence M,, converges in L*(Q2) to M;. In order to

evaluate the Malliavin derivative of M,,, we introduce the following sets:

Al = {Mn = Xh}a

Ak = {Mn 7£ th ceey Mn 7é th—l’ Mn = th}, 2 S k' S mn. (242)

By the local property of the operator D, on the set A, the derivatives of the

random variables M,, and X, coincide. Hence, we can write
DM, =%} _114,DX,, (2.4.3)

Consequently,

E(IDM,}) < E(sup [IDX.|ff) < o0 (244

Then, M, = sup X, belongs to D%? and DM, weakly converges to DM, in
0<s<t

L*(Q, P; H).

Now we want to show that
[|IDM,||3 < sup ||DX,||}; a.e.. (2.4.5)
0<s<t

According to Lemma 1.2.4 (Theorem 1.6.11 in [A]), it is equivalent to prove that

for every non-negative bounded random variable &,

E(IDMi|f4€) < Elsup |[DX.I[38), (246

ze/ [|[DM,||3€dP < / sup ||DX,||5£dP. (2.4.7)
Q Q 0<s<t
Define pu(A) = [,£dP, YA € F, then (2.4.6) is equivalent to
Juioatiidn < [ [sup 10X, ldg (2.48)
Q Q 0<s<t

For h € L*(Q, u; H), because £ is bounded, éh € L*(Q, P; H).
Consequently, by the weak convergence of DM,,,

/Q[(DMmh)H]du = /Q(D]\/[n,,fh)HdP
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— /(DMt,gh)HdP
Q
= U/QCEUMQ,h)dﬂ.
Q
This shows that DM, — DM, weakly in L?(Q, u; H).

Hence, we have

/ (IDM)dp < limint / (DM du < / (sup [|DX,|Ey)du < o0, O
Q n—oo  Jo Q 0<s<t

Theorem 2.4.1 Assume 0 < o < % Let (Xy, Ly, t > 0) be the unique solution to

the equation (2.4.1). Then X; belongs to DY? for any t > 0.

PROOF. Consider the Picard iteration, X = 0, V¢ € [0,T], T > 0, and let

(X7 L7t be the unique solution to the following reflected equation:
t t
Xt = / o(X:)dBs + / b(X™)ds + a max X + Lt (2.4.9)
0 0 0<s<t
By Skorohod problem:

Lt = 1nf{(/ o(XdB, +/ b(X,)du + «a max X) A0} (2.4.10)
0

s<t 0<u<s

It was shown in [DZ], there exists a unique solution X; to (2.4.1). Next we are
going to show that
lim E[sup | X" — X,[*] =0. (2.4.11)

n—oo 0<s<t

Now Eqs(2.4.1) and (2.4.9) imply the following:
t
IX - X,| < ]/ (0(XD) — o(Xs))dBs| + 2 max | XD — X,
0

+|/0 (b(X?) — b(Xs))ds| + max |/ (X)) —o(X,))dB,|

0<s<t

+ max | /0 “(X™) — b(X,))dul,

0<s<t

where we have used the fact:

0<s<t

L, =— inf {(/ o(X,)dB, +/ b(X,)du + a max X)) A0} (2.4.12)
0 <u<s
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Consequently,

max [ X" — X,| < 2max|/ (0(X]) —o(X,))dB,|
0

0<s<t 0<s<t

+2 max | / (B(X™) = b(X))du| + 20 max | X" — X,|.
0 0<s<t

0<s<t

(2.4.13)

For any € > 0, using the elementary inequality, (a + b)*> < (1 + C.)a® + (1 + €)b?,

we obtain

max | X" — X,]? < 4(1+C)) max\/ (X]) —o(X,))dB,|

0<s<t 0<s<t
s | [ 00X — 806l
<t Jo
+(1 + €)(2a)? max | X — X,[?

IN

8(1+ C) max\/ (XM — 0(X,))dB,|?

0<s<t

—|—max|/ (X™) — b(X,))dul?]

0<s<t

+(1+€)(2c )gnaX\X” X2

By Burkholder inequality,

n+1 2 ’ ny __ 2
Elmax [XI — X)) < 8(1+Co{E[max | / (0(X1) = 0(X.))dB,["]
ny 2
+E[max | / (X7) = b(X.))dul?)}
n 2
+(1+€)(20)? Elmax | X; — X[
t
< 8(1+ CH(K,C* + TCQ)E[/ | X" — X, | dul
0

2 n __ 2
+(1 +€)(20)" B max [ X — X,[7].

Let gn41(t) = E[max | X7t — X,|?]. The above inequality implies

Gni1(t) < 8(K,C* +TC?)(1+C.) /t Gn(8)ds + (14 €)(2a)%gn(t). (2.4.14)

Summing the above equations from 1 to M:

Zgn+1 < 8(K,C? +TC*(1+C.) /Zgn
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+(1+€)(20)* ) galt). (2.4.15)
And then,
Y gt —gi(t) < D guna(t) (2.4.16)

< C*/O Zgn(s)ds+62gn(t), (2.4.17)

where 8 = (1 + €)(2a)?, C* is a constant. Choose € > 0 sufficiently small so that
B=(14+¢€(20)*<1.
It follows from (2.4.17) that

M t M
1=5)3 gult) < u(t) + C° / S gu(s)ds. (2.4.18)
n=1 0 =1
By Gronwall inequality,
M
T *
3 gult) < a(@) &r (2.4.19)
n=1 1- 5
Let M — oo to get
Y Elmax [X]' — X,|’] < oc. (2.4.20)
— 0<s<t

which yields that X7* converges to X; in L*(Q).

Let Y]' = lnax X]'. We will prove the following property by induction on n.
n o~ 2 ni|2 n||2

(P). X € DV, E(max || DX|[5) < oo, E(max ||DY|[5) < oo.

Clearly, (P) holds for n = 0.

Suppose (P)holds for n. We prove that it is valid for n + 1.

Now we note that
t t
/ o(X™)dB, € }D)LQ,/ b(X™)ds € D', (2.4.21)
0 0
and

D[ o148 = o(x2) + [ DitolX2)B.
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D[ wxas) = [ D0,

Next we prove max X" € D'2.
0<s<t

As
max | X7 < 2max|/ (X' 1dB, |+2a max |X" d
0<s<t 0<s<t
+2 max | / b(X™ ),
0<s<t 0
we get

0<s<t - 0<s<t

E(max |[X"*) < 12E] max|/ (X1dB,| ]—|—12a2E(maX | X1

0<s<t

+12F[max |/ b(X" N dul?]

IN

12K1E[/ o(X12du] + 120 E(max | X 1)?)
0 0<s<t

t
+12TE| / b(X" 1) du)
0

IN

t
12(K, + T)C2[E / (14 (X37))d] + 1207 B(max [X77?)
0 S8

< 12(K; + T)C?*T + [12(K; + T)C*T + 12a°]E(max | X 1?).

0<s<t

By interation, we see that

E(max | X"|?) < co. (2.4.22)

0<s<t

By the induction hypothesis E(&laé ||DX"||%) < oo and Proposition 2.1.10 in
[N], it follows that o
max X" € D2 (2.4.23)

0<s<t
Now we want to show

L+ = max{—(/ O'(Xg)dBu-f-/ b(XZ)d“+O‘OE1a§ X" VO0} € DY, (2.4.24)
0 0 SUSS

0<s<t
Let
V= —(/ o(X™"dB, +/ b(X,)du + « max X]}) V0. (2.4.25)
0 0

0<u<s

Firstly, V* € D2 by (2.4.21) and (2.4.23). Secondly,

0<s<t - 0<s<t 0<s<t

E(max (V")?) < 3E[max(/os o(X™")dB,)?] + 3a° E[max (X")?]
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+3E[max(/os b(X7)du)?]

0<s<t

I IAIA

A\

Q.
Thirdly,

E(max [[DV][[5;) =

0<s<t

IN

IN

<

3C°T (K1 +T)+ [3C*(K; +T)T + 3a2]E[&1a§t(X”)2]

t t
3K, / o(X7Vdu] + 30” Elmax (X7)] + 3TE] / b(X)2ds
0 S5% 0

t
3(Ky + T)C2E/ (1+ (X)) du + 3a2E[0n<1aé(X§)2]
0 =5=

2 n\2 2 n\2
3C (K1+T)(T+TE[(¥I§1§§(XS) ]) + 3 E[gggé(Xs) ]

s

(2.4.26)

E(max / (D(V)Rdr)

0<s<t

t
< 3(1 +06)E/ o(X")2dr
0

+3(1 + C.) E| max /O N / "D, (o(X™)dB,)dr]

0<s<t

+3(1 + C.) E[max /0 N / D, (b(X™))du)2dr]

0<s<t

+(1 + €)a? E[max /OS(DT(YSn))QdT]

0<s<t

3(1+ C)E / (X2
+3(1+C) /O B / (D, (0(X™)))2du]dr
1301+ )t / B / (Db(X™)duldr

0 r
+(1+ Qo Elmas || DY 3

t
3(1+ C.)E / o (X™)2dr
0

t
+3(1+C€)(1+t)K2/ E||DX"||3du
0
2 n||2
+(1+ )’ Elmax | DY [3]

. (2.4.27)

By Proposition 2.1.10 in [N], (2.4.26) and (2.4.27) yield that L}*' € D'2. Thus,

we conclude X/ € D2,
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Moreover,

D,(X"h = o(X") /D (X™)dB, /D (XM)

+aD, (Omax X™ 4+ D, (L"),

and

DX = /OS<DT<X:H>>2CZT

< 5 [otxrpdr+s [ 1] Dilotxm)an.ar
0 0 r
15 / [ / (D, (b(XT)))duldr
0 r
50| DY + 5| DL 3. (2.4.28)

So

E[max [[ DX [

0<s<t

IN

5E[/t (X™)2dr] +5E/ max[/s D,(o(X™))dB,)*dr

0<s<t r

+5TE / / dudr + 502 Elax [| DY
+5E[maX HDL?HHH]

5E / o(X")?dr + 5K, / / )2 dudr

+5TE/ / dudr+5a2E[maX IDY||3]
n+1
+5E[ggg§tHDLs I3

IA

IN

t t
5E/ a(Xf)er+(5K1K2+5TK2)/ E|| DX Fdu
0 0

2 n||2 n+17|2
+502 Blax ||DY?|[3) + 5E[ma || DL 3]

To prove
n+1
E[ggazit [|[DX™3] < oo, (2.4.29)
we only need to prove
n+1
E[ggaé [|DL™ 3] < oo. (2.4.30)

According to Lemma 4.1,

DL < sup 1DV (2431)
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Thus we have

max ||[DL" |3, < maX( sup ||DVM||3) = max |DV|[3, (2.4.32)

0<s<t 0<s<t 0<u<s

and by (2.4.27),

E[max ||[DLY |5 < E[Osup 1DV[5] < 0. (2.4.33)

0<s<t

Again by Lemma 4.1,
IDY; |5 < sup [[DXGH[G (2.4.34)
0<u<s
Hence,

E[max || DY""|3] < E[ sup HDX”“HH] < 0. (2.4.35)

0<s<t

We’ve proved property (P).
Next we prove

sup E||DX[ |3 < oo. (2.4.36)

Because, for any € > 0,

DX < (14 C)Bo(XM)? +3( / DL (0(X1))dB.)? + 3( / DL (b(X1))du)?
+(1+ €)[2a*D, (max XM?2 42D, (LM

We have

1DX 1%

IN

3(1+0)/s (X“)er+3(1+C)/s[/sDT(a(X{j))dBu]2dr

1+C//D b(X™))du)2dr

+2(1 + €)av / D (Omax X™M2dr 4 2(1 + ¢€) / D, (L™)2dr
0

- 3(1+C€)/SU(X]}) dr+3(1+06)/ [/ Dy (o(X™))dB,]2dr

+3(1+(J€)/ [/ D, (b(X™))du)*dr
0 r
+2(1+ €)a®||DY (|5 +2(1 + )| [ DL |3

3(1+C.) /0 a(X")?dr + 3(1 + C,) /O[/ D,a(X™")dB,)*dr

IN
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+31+0//D (X™))du]*dr

+2(1+€)a” sup ||[DXJ|[5 +2(1+€) sup [[DV]]E,

0<u<s 0<u<s

where Lemma 4.1 was used in the last step. Hence, using [to’s I[sometry we have

E( sup [[DXI*[;)

0<s<t

t
< 3(1+C)E / o(X")2dr + 3K, K*(1 + C,) / / X)) dudr
+3TK*(1+ C.) / / )2dudr
+2(1+e)a’El sup ||[DXJ|[3] +2(1+¢)E [ sup 1DV |I3]

0<u<t <u<t

t
= 3(1+ Ce)E/ o(X™M)2dr + 3(K, + T)K*(1 + OE)/ E||DX"||3du
0 0

t
+2(1+ 9a’E sup DX +2(1+ {31+ CIE [ a(xp)dr
0

0<s<t

#601+ COR? [ EIDXfdu+ 1+ 0Bl sup (1Y)}
t

t
3(1+c€)/ E[U(Xf)2]dr+3(K1+T)K2(1+Ce)/ E||DX||%du
0 0

IA

t
+2(1+ 9aE[sup |IDXII[E) +6(1+ 1+ CE [ a(xpPar
0

0<s<t
t
+12(1 4+ €)(1 + Ce)K2/ E||DX"|3du
0
+(1+ €)*a’E[sup ||DX?[|3]

0<s<t

= (9+66)(1+C.) /t Elo(X™")*dr
+2(2 4 €)(1 + e)aE(sup [|[DX]][%)

0<s<t
t
+12K%(1+€)(1+ Co) + 3K* (K, + T)(1 + C.)] / B||DX3|5du.
0
(2.4.37)

Note that sup,, [, E[o(X™)?]dr < C'sup, [s E(1+ |X??)dr < oc.
Let

Yu(t) = E(sup [[DX?[[).

0<s<t
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Then from (2.4.37), we have

Grar(t) < e+ catn(t) + 3 / ()l
0

where ¢y = 2(2 + €)(1 + €)a? < 1 when € > 0 is sufficiently small, according to
o< 3.

Iterating this inequality, we obtain
SUp Y11 (t) < oo, ie. sup E[max |[DX"|3] < oc.
n n 0<s<t

According to Theorem 1.2.2 (Lemma 1.2.3 in [N]), X; € D'2. O
To study the absolute continuity of the law, we need the following comparison

theorem.

Lemma 2.4.2 Assume 0 < a < % Let X; be the solution to the perturbed,

reflected stochastic differential equation
t t
X, = / o(X)dBs + / b(X)ds + o max X, + L.
0 0 0<s<t

Let Y, be the solution to the reflected stochastic equation Y; = fOtU(Y;)dBS +
fg b(Y,)ds + L;. Then, we have that Y; < X, a.e..

PROOF.

T t t
Let Ay = Vi—X; = Li— L+ [, (0(Ys) =b(X,))ds+ [, (o(Ys)—0 (X)) dBs—a max X.
There exists a strictly decreasing sequence {a,}2>, C (0, 1] with ay = 1,

=t Lodu = n, for every n > 1. For each n > 1, there exists
CU

lim,, o @, = 0 and fan

a continuous function p, on R with support in (a,, a,_1) so that 0 < p,(z) < ﬁ

holds for every = > 0, and faa:’l pn(x)dxr = 1. Then the function

lz|  pry
o) = [ [ puttudyTio (o). € R

is twice continuously differentiable, with 0 < ¢, (v) < 1 and lim ¢, (x) = z* for
n—00

r € R.

By the Ito rule:

0<u<s

bul(B) = / 6.(A)dL — / 6.(A)dL, — o / 6.(A)d(max X,)
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4 / 6. (A (B(Y2) — b(X.))ds + / 6.(A)(0(YVa) — 0(X.))dB,

/ 6 (A ~ o(X.))2ds
< /¢ JdL, +C/ Gn(Ao) Iy, x| Ys — Xsds
/ o1 — (X,))dB,

+3 / SLA@(Y,) - a(X,) s
Hence,
Blou(A)] < / B+ OB [V, X' ds
5B / bl(A ~o(X.))ds
< C /0 E(Y, - X)+ds+3

Letting n — oo, we get EA} < C' [J EAtds. By Gronwall Inequality, EA; = 0.

Hence Y; < X, a.e.. O

Theorem 2.4.2 Assume 0 < a < % Let X; be the solution to the equation
(2.4.1). Suppose that o(-) and b(-) are Lipschitz continuous and |o(x)| > 0 for
x € R. Then fort > 0, the law of X; is absolutely continuous with respect to

Lebesgue measure.

PROOF. It is sufficient to prove || DX;||% > 0 a.s. according to Theorem 2.2.1.

Now,

t t
X = / o(Xs)dBs + / b(Xs)ds + a max X + Ly,
0 0 0<s<t

Let
Vs = —(/ o(X,)dB, +/ b(X,)du 4+ o max X,) V0.
0 0 0<u<s

Then, by reflection principle,

L, = max[—(/ o(X,)dB, —|—/ b(X,)du + o max X,) V0]
0 0

0<s<t 0<u<s

= max Vj,
0<s<t
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D.X, = a(XT)+/ D.( ))d B +/D

+aD, (maXX)+D (maXV

(DX > So(X,) | / DAo(XaB,+ [ D,0(x))ds
+aD, (maXX ) + D,(max V;)]?

0<s<t

Similar as in Section 3, we have

g%eE{/ /D /D S2)dr} = 0.

Hence, there exists €, | 0, such that

lim —/ / D, ( / D, ( s)*)dr =0 a.s.. (2.4.38)
en—0 €y Ji

Let
A, ={w:max X, = max X},
0<s<t 0<s<t—ep
A=A{w rggau%{th = X}
Then,
QO =U_ A, UA. (2.4.39)
Let
B, ={w: max V; = max V},
0<s<t 0<s<t—en
B:{w:%l?él/;:‘/}}.
We have,

Q=U>,B,UB. (2.4.40)

Firstly, if w € A, (| By, for [ > m,n, we have
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This gives
t t

1 1
lim — o?(D, &mzctX Y2dr =0, lim — (D,(max V;))*dr = 0,

l—o0 €] =00 €] —q 0<s<t

t—e;

a.e. on A, N B,,.

Hence,
1
lim — (D, (Xy))?dr > 5o(Xt)2 > 0, (2.4.41)

on A, N B,.
Secondly, if w € A, B, for fixed m > 1,

t t
X, = / o(Xs)dB, + / b(X)ds + o max X
0 0 0<s<t

—l—[—(/OtU(Xs)st + /Ot b(X;)ds + a max X;) V0]

0<s<t

If f(f o(X st—i—fO d8+a max X, >0, then X; = fg o(X st—i—fo s)ds+
a ggsai(t X. In this case, we can see from the proof in Section 2.3 that || DX;|[% > 0.
Iffo s)dBs +f0 ds+amaXX <0, then X; = 0.

But {X; = 0} is an event with probablhty zero. Indeed, according to Lemma 2.4.2,
0 <Y; < X;. According to Proposition 4.1 in [LNS], the law of Y; is absolutely
continuous with respect to Lesbegue measure, and then we have P(Y; = 0) = 0.
Therefore, P(X; = 0) < P(Y; = 0) = 0.

Thirdly, if w € A By, for fixed n > 1,

D, X; =0o(X /D ))d B +/ D, ( ))ds + aD,.(X:) + D, (0<m<a}x Vi).
Hence,
(1-a)D,.X; =0(X /D ))dBs +/D ds—l—D(<m<%x V).

Thus, for [ > n,

1
L / (1 - a)2(D, X,)dr
€l Jt—¢

> golx -2 / [ Doo(X))aB.
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¢
/ /D ))ds] er—i/ [D,( max V,)|*dr.
€ Ji—q 0<s<t—en

This implies,

1 [ 1
lim — (1 —a)*(D,Xy)%dr > éa(Xt)z >0 onae ANB,. (2.4.42)

=00 El t—e;

Finally, let w € A B. Then

t t
X, = / o(Xs)dBs + / b(Xs)ds + aX; + Ly, (2.4.43)
0 0
t t
L, = —(/ o(X,)dBs +/ b(X,)ds + aX,) V0. (2.4.44)
0 0
If fo s)dB, + fo s)ds +aX; > 0, then L; = 0, and X; = fo s)dB, +
fo s)ds + aX;. In this case we see that ||[DX¢||% > 0 from the proof in section
3.
If fo s)d By —|—f0 s)ds+ aX; <0, then L; = fo s)d B —1—f0 s)ds +

aXy), and X; = 0. But X; < X; for 0 < s <t on A. Therefore we deduce that
X,=0,for 0 <s<t.
Note that
X, = /S o(X,)dB, + /S b(Xy)du + aXs + Ls. (2.4.45)
0 0

Thus we have

_/080<Xu)d3u _ max{—(/oua(XU)dBv+/Oub(XU)dv+oqu)\/O}

0<u<s

—1—/ b(Xy,)du, s <t. (2.4.46)
0

Notice that the right side is a process of bounded variation, so the equation (2.4.46)

is not possible. Combining all the cases, we get ||[DX;||%, > 0. a.s. O



Chapter 3

Absolute Continuity of the Laws
of the Solutions to Parabolic

SPDEs with Two Reflecting Walls

3.1 Introduction

Parabolic SPDEs with reflection are natural extension of the widely studied deter-
ministic parabolic obstacle problems. They also can be used to model fluctuations
of an interface near a wall, see Funaki and Olla [FO]. In recent years, there is a
growing interest on the study of SPDEs with reflection. Several works are devoted
to the existence and uniqueness of the solutions. In the case of a constant diffu-
sion coefficient and a single reflecting barrier Ay = 0, Naulart and Pardoux [NP]
proved the existence and uniqueness of the solutions. In the case of a non-constant
diffusion coefficient and a single reflecting barrier h; = 0, the existence of a min-
imal solution was obtained by Donati-Martin and Pardoux [DP]. The existence
and particularly the uniqueness of the solutions for a fully non-linear SPDE with
reflecting barrier 0 have been established by Xu and Zhang [XZ]. In the case of
double reflecting barriers, Otobe [O] obtained the existence and uniqueness of the
solutions of a SPDE driven by an additive white noise.

The existence and uniqueness of the solution to a fully non-linear SPDE with

48
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two reflecting walls was proved by Yang and Zhang [YZ1]. We focus here on
the existence of the density of the law of the solution, using Malliavin calculus.
Malliavin calculus associated with white noise was also used by Pardoux and
Zhang [PZ], Bally and Pardoux [BP1] to establish the existence of the density of
the law of the solution to parabolic SPDE. The case of parabolic stochastic partial
differential equation with one reflecting wall was studied by Donati-martin and
Pardoux [DP1].

This chapter is organized as follows: Section 2 is devoted to fundamental
knowledge of parabolic stochastic partial differential equations with two reflecting
walls and Malliavin calculus associated with white noise. In Section 3, we recall
some results obtained by Yang and Zhang [YZ1] about the existence and unique-
ness of the solution to parabolic SPDEs with two reflecting walls and we prove
the Malliavin differentiability of the solution. Finally, we give the existence of the

density of the law of the solution.

3.2 Preliminaries

Notation: Let Q = [0,1] x Ry, Q7 = [0,1] x [0,T], V = {u € H'([0,1]),u(0) =
u(1) = 0} where H'(]0,1]) denotes the usual Sobolev space of absolutely con-
tinuous funcitons defined on [0,1] whose derivative belongs to L*([0,1]), and

A=_2

-Z.
Consider the following stochastic partial differential equation with two reflect-

ing walls:

ou  O*u ;

E_@+f(:c,t,u)+0(x,t,u)w(337t)+77—5v
w(0,t) = 0,u(1,t) =0, fort>0, (3.2.1)

u(z,0) = ug(x) € C([0,1]),

R (z,t) < u(x,t) < h*(x,t), for(z,t) € Q, a.s.

where W denotes the space-time white noise defined on a complete probability
space (2, F,{Fi}i>0, P), where F; = o(W(x,s) : x € [0,1],0 < s < t), up is a

continuous function on [0, 1], which vanishes at 0 and 1.



CHAPTER 3.ABSOLUTE CONTINUITY OF THE LAWS OF SOLUTIONS TO SPDE50

We assume that the reflecting walls h'(z,t),h?(z,t) are continuous functions
satisfying h'(0,¢), h'(1,¢) <0, h%(0,¢),h*(1,t) > 0, and
(H1)h' (z,t) < h*(z,t) for z € (0,1) and t € Ry;
(H2) 2" + 27 € L2([0,1] x [0, 7)), where 2

5 and ‘9 5.z are interpreted in a distribu-

tional sense;
(H3)2h'(0,t) = 2h'(1,t) = 0 for t > 0;
(H4) (W —h') > 0.
We also assume that the coefficients: f,o(z,t,u(z,t)) : [0,1] X Ry Xx R — R are
measurable and satisfy:
(F) : f,o are of class of C* with bounded derivatives with respect to the third
element and o is bounded.
The following is the definition of the solution to a parabolic SPDE with two

reflecting walls k!, h%.

Definition 3.2.1 A triplet (u,n,&) defined on a filtered probability space

(Q, P, F;{F:}) is a solution to the SPDE(3.2.1), denoted by (ug;0,0; f,o;h', h?),
if

(i) u = {u(x,t); (x,t) € Q} is a continuous, adapted random field (i.e. u(z,t) is
Fi-measuralbe ¥Vt > 0, z € [0, 1]) satisfying h' (x,t) < u(z,t) < h*(x,t), u(0,t) =0
and u(1,t) =0, a.s.;

(ii) n(dx,dt) and £(dx,dt) are positive and adapted (i.e. n(B) and £(B) are Fi-

measurable if B C (0,1) x [0,t]) random measures on (0,1) X R, satisfying

n((0,1—6) x[0,T]) < 00,&((0,1 —0) x[0,T]) < a.s. (3.2.2)

f07"0<9<% and T > 0;
(i) for allt > 0 and ¢ € C((0,1) x (0,00)) (the set of smooth functions with

compact supports) we have

wo.o) - | (u(s). ¢ )ds — / (Pl s, ). )ds — / / po(y, 5, )W (dz, ds)

= (uo, &) + //¢ndxds //gb§dxds

(3.2.3)
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(iv) fQ(u(x,t) — WMz, t))n(dz, dt) = fQ(hz(x,t) —u(z,t))é(dx,dt) =0 a.s..

Remarks: We note that the stochastic integral in (3.2.3) is an Ito integral with re-
spect to the Brownian sheet {W (x,t); (z,t) € [0,1] x R} defined on the canonical
space £ = Cy([0,1] x R,) (the space of continuous functions on [0, 1] x R, which
are zero whenever one of their arguments is zero). The Brownian sheet is equipped
with its Borel o-field F, the filtration F; = {o(W (z,s)),z € [0,1], s < t} and the
Wiener measure P.

Next, we recall Malliavin calculus associated with white noise:

Let S denote the set of ”simple random variables” of the form
F=f(W(h),..,W(h,)),n € N,

where h; € H := L*([0,1] x Ry) and W (h;) represent the Wiener integral of
hi, f € C’;O(R”). For such a variable F', we define its derivative DF', a random

variable with values in L*([0,1] x R, ) by

@af

DzﬂgF - 21:1 %

(W(hy), ..., W(hy)) - hi(z,1).

We denote by D'? the closure of S with respect to the norm:
1 1

1F]l12 = (BE(F?))2 + [E(IDF|[72(0.1x 5]

D*'? is a Hilbert space. It is the domain of the closure of derivation operator D.

We go back to consider the following parabolic SPDE:

ou  O*u '
5 = g2 T /@ tu) ol t W,
u(0,t) = 0,u(1,t) =0, fort >0, (3.2.4)

u(z,0) = ug(x) € C([0, 1]),

where f, o satisfy (F).

According to [XZ], we know u also satisfies the integral equation:

we) = [ Gty [ [ s s
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N / t / Gy y)o(uly, )W (dyds)

And we have the following result from [PZ].

Proposition 3.2.1 [PZ] For all (x,t) € (0,1) x Ry, u(x,t) is the solution to
(3.2.4), Then u(z,t) € D% and D, su(z,t) is the solution of SPDE:

D, su(z,t) = Gi_s(x,y)o(u(y, s)) +/ /0 Gir(z,2) f'(u(z,7)) Dy su(z, r)dzdr

—i—/s /0 Gir(z,2)0" (u(z,7)) Dy s(u(z, r))W (dzdr).

3.3 The Main Result and The Proof

We consider the penalized SPDE as follows:

%) €,0 82 €,0 .
WD WD | (1)) = o, )W (2. 1)
—i—%(ue"s(x,t) R e )) — %(ue";(x, D-RE
u’(0,t) = u°(1,t) = 0,¢t > 0,
L ue"s(x, 0) = ug(x),

and we can get the following proposition.

Proposition 3.3.1 If we have (H1),(H2), (H3), (H4) and (F). Then for any
p>1,T >0, sup_s E(|[u’]|X) < 0o and u® converges uniformly on [0,1] x [0, T
tou as e, § — 0, where u,us® are the solutions of SPDE (3.2.1) and the penalized
SPDE (3.3.1).

PROOF. Let u® be the solution to the penalized SPDE (3.3.1).

Step 1: we prove that there exists u(x,t) such that

w = limu® = limlim u“°a.s. (3.3.2)
cl0 cl0 840
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First fix e,
let v be the solution of equation:

( Ov(x,t) 0P (w,t)

ot T g2 + f(0(z, 1) = o(u(z, t))W (z,1)

—l(uﬁﬁ(x, t) — R (z,t)", (3.3.3)

€

v (2,0) = up(z),v°(0,1) = v°(1,t) = 0.

\

Then 2%° = v*% — 4% is the unique solution in L2((0,T) x (0,1)) of

62’56 €,0 €,0 1 €,0 -
= + AZ 4 f0f0) — f(uf )= —5(u (w,8) = h' (2, )", (3.3.4)

29%(2,0) = 0,29°(0,t) = 2%°(1,t) = 0.

Multiplying Eq(3.3.4) by (2¢°)* and integrating it to obtain:

b 029z, s b 029z, s 29 (x, s))t
/O(—(9 a(s’ ),(2675(37,3))+)d3+/0(8 6(58’ )78( éx, ) )ds

+/O (f(0 (2, 5)) = f(u™(w,5)), (°(x,5))")ds

1

= ‘;A“””%ﬁ—%%%@rmf%a@ﬁm& (3.3.5)

According to Bensoussan and Lions [BL] (Lemma 6.1, P132), (25°)* € L2(0,T; V)N
C([0,T]; H) a.s

[ Gt s = 51
0 Os s 1 \~“s 2 t H
and similarly

t t
d €,0 d €,0\+ / d €,0\+|2
— ) = — ) >
/(8[E Zg Ja (’Zs ) )dS o ‘8x(zs ) | ds = 07

and by Lipschitz continuity of f, we have

Aoﬂw%a@»—ﬂwﬂxgxwﬂww»ﬂwz—fA|@“uw»ﬂ@m

and we deduce that

(=5 (e, ) + /W |mu—c/r (59, 5))* Py ds
!@“@J»ﬂ%—c/!f%%ﬁﬂéw-
0

o
Y

N = DN~

>
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Hence,
t
1
[ 1 o) fuds = 51ty (336)
0

From Gronwall’s Lemma: |(2%°(z,t))*|% = 0, Vt > 0.a.s.

Then,
u’(x,t) > v (x,t), Ve € [0,1],¢ > 0.a.s. (3.3.7)

From Theorem 3.1 in [DP], we get that the following equation has a unique solution

{w(z,t);z € [0,1],¢ > 0}:

[ ow(z,t)  O*w(x,t _
@8 Fw@) | eie iy sp w6y s) — W s))
ot 0z s<t,yel0,1]

— o (u (2, )W (2, ) — %(ueﬁ(x, £ — K2z, 1)),

w (-, 0) = ug, w(0,t) = w°(1,t) = 0.

\

We set

@6’5(93,25) = w6’5(x,t) + sup (wE"S(y, s) —h'(y,s))” = wg"s(x,t) + <I>§’6 (3.3.8)

s>t,y€[0,1]

w0 (z,t) — hi(z,t) > 0 and ®° is an increasing process.

For any T > 0, %% = u® — w*’ is the unique solution in L2((0,7); H'(0,1)) of

( €,0

dd;
dt

(UE’(s(I‘,t) - hl(xvt))ia
E676('70) =0,

—66
aa—(t) +AZ (@, 1) + f(u (2, 1) — f(@(2,1)) +

Sl

79(0,) = 29°(1,t) = —B°.

\
Multiplying this equation by (25°(x,s))", we obtain by the same arguments as

above:

t oz (x, s t oz (z, s z“sxs
/0(—3 L ),(Eev‘s(x,s))ﬂds—l—/o(a ) OETEI g,

/ (a2, 8)) — @ (x,5)), (2 (z, 5)))ds

// (Z°(z, 5)) Tdxd®S°
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1 t

= 5/ (<u676($a S) - hl(m7 S))_7 (2676(Ia S))+)d8 (339)
0

The right-hand side of the above equality is zero because (2¢°(x, s))* > 0 implies

u(x,s) — h(z,s) > w(x,s) — h'(z,s) > 0.

Hence we again deduce from Gronwall’s Lemma:
u’(2,t) < W (x,t) (3.3.10)
By (3.3.7),(3.3.10),

ul (@, 1)) < Pz, )|+ [w (2, 6)[+  sup  (w(y,s) — h'(y,s)”
s<t,y€[0,1]

<z, ) +2 sup [wl(y,s)| + Ay, ). (3.3.11)
s<t,y€[0,t]

From Lemma 6.1 in [DP], for arbitrarily large p and any 7' > 0, consider that
(v (z,t) = f(v°(x,t)) + L(u™’(x,t) — h*(x,t))" is Lipschitz continuous with
respect to v<° and f'(w®(x,t) + supszwe[m](we"s(y, s)—hl(y,s))”) =
P05 (1) + 5P, yepo (05 (1, 5) — B (g, 9)) ) + L(u iz, £) — h3(z, £))+ is Lips-
chitz continuous with respect to w*’(x, ) +supys, e o1 (W (y, 8) = h' (y, 5)) ", we
have that sups E[sup, ;<. |09 (, t)|P] < oo and supy Elsupg, pea, |w° (z,t)|P] <
0,
which imply

sup B[ sup |u®’(x,t)|P] < oco. (3.3.12)

0 (zeQr

So u€ = supg u®® is a.s. bounded on Q.

Let
e o Wz, t) = h(x, 1)
=l ;

(3.3.13)

Similar as the proof of Th4.1 in [DP], u¢ is continuous and u€ is the solution to:

ou®
ot

In addition, by the definition of u¢, u¢ > h'and using Theorem 1.2.6 (Comparison

b AU F(E) = o ()W (2, 8) + (s ) — %(ue(x,t) SR )t (3.3.14)

Theorem), u¢ decreases when € — 0.

Hence, there exists u(x,t) such that

u = limu = lim lim u%a.s. (3.3.15)
cl0 el0 510
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Step 2: Next we prove u(z,t) is continuous.

Let 7% be the solution of

0 ~e.6 S\
T + A0 = a(u“’)W, (3.3.16)
and let 0 be the solution of
00 R .
T + Ab =o(u)W. (3.3.17)
Remember
ou(z,t)  OPud(w,t) e 6 :
1 1
—FS(UE’(S(ZL‘,t) - hl(xa t))_ - _(ue,(s(xvt) - h2<l‘,t))+,
€

Let 399 = 4%% — 99 then 2%° is the solution of

8"’6,5
;t _I_Age,é_’_f(ge,é_i_@e,cs)
1 1
— 5(26,6 + ,176,5 . hl)f . _(2676 + @6,5 _ h2>+. (3318)
€

Let 299 be the solution of

(9;;,5 + A 4 f(2 - 0) = %(2675 +o—h')" — %(2675 o BT (3.3.19)

We have
1129° = 29100 < |7° = 0]|700- (3.3.20)
249 is continuous. According to proof of Theorem 2.1 in [O] , 2%° — 2 (continuous).

It means

3 = lim 2¢ = lim lim 2°.
e—0 e—06—0

Fix €, 25° 1 2¢(continuous), and from Dini theorem, 25° uniformly converges to
26 ie|299 = 2|10 — 0, 0 — 0.

Since 2¢ | 2, and from Dini theorem, 2¢ uniformly converges to 2. i.e.||2 = 2|1« —
0.

Then we get

26,6

129 = Zllro0 = 120 = 2+ 2 = 2||100 < 127 = 2lImy00 + |12 = Zll100 = O
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(0 = 0,e —0). (3.3.21)

i.e. 2% — 2 uniformly.

Next we prove 9° — © uniformly with respect to s,t as € — 0,5 — 0:

Let I(z,t) = 0%°(z,t) — 0(x, 1) fo fo Gis(z,y)(0(u®) — o(u))W (dyds), from
the proof of Corollary 3.4 in [W2],

tVs pl
Ell(z,t) —I(y,s)])" < CTE/ / (lo(us®) — o (u)|)Pdzdr|(z,t) — (y, s)|172,
0 0
and following the same calculation as in the proof of Theorem 2.1 in Xu and Zhang
[XZ], we deduce

E( sup |I(z,t)])P < C’TE/O /0 (Jo(u®) — o(u)])Pdxdt.

x€[0,1],t€[0,T]

Again according to u := lim._,o lims_,ou® and o(z,t,u(x,t)) is Lipschitz contin-
uous and bounded, we can have

E(  sup  |I(x,t)|)P <C’TE/ / (Jo(u®®) — o (u)|)Pdtdx

z€[0,1],t€[0,T

Then we have that 74° — 9 uniformly a.s. and again from (3.3.20) and (3.3.21)
we deduce that 2¢° — 2 uniformly a.s..

So
limlimu® =u=2+1%
€060

is continuous.

Step 3: Next we prove u(zx,t) is the solution of

ou

o+ Aut f(u) = oW (z,t) +n(e,1) - £(,1). (3.3.22)

For ¢ € C§°((0,1) x [0, 00)),

~ [ ntonas = [t avds+ [ () ois

// W (dz, ds) + //th “(dx,dt) — £ (dx, dt))

(3.3.23)
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( e,é_hl)— . (ue_h2)+
a _zlsl—r>r(l) ) &= € ’

Let € — 0,

_/Ot(u(g,s),@zjs)ds—/t( (z,5), Aw)ds+/t(f( ),1)ds

;o i [ [t 0 ) - 0.

Then it is clear that, under the limit € — 0, lim._,o(n° — £°) exists in the sense of
Schwartz distribution a.s..

Because u¢ uniformly converges to u, similarly as Theorem 3.1 in [YZ1] we get
n® — n and & — £. Let € — 0 to see that (u,n, &) satisfies condition (iii) of Def
3.2.1.

Multiplying both sides of Eq(3.3.23) by € and letting € — 0,

lim/ / Y(x,t) ehm — W) — (u = AN (dz,dt) =0  (3.3.24)

e—0 5

then [ fo z,t)(u—h?)*(dz,dt) = 0, and we can get u < h?. And since u¢ > h',
then u > h'. Combining these two inequalities, we have h! < u < hZ.

Finally, we can show that fQ — hYdn = fQ (h? —u)d¢ = 0.

For e < €, ut > uel therefore supp(n®) C supp(vf ), we get supp(n) C supp(n°).
we know u¢ — ht < 0 on suppn. So fQ — hYdn <0. Thean u—h')dn = 0.
Because £ = L(u — h*)T, then 0 > fQT u€ — h?)dé€ > 0. And since £€ — &, then
S, (u— h2)dE = 0.

By taking ¢ € C§°((0,1) x (0, 00)) such that ¢» = 1 on (suppn)N((5,1—0) x[0,T7])
and ¥ = 0 on supp. Hence, in view of (3.2.3),

n([0,1 — 6] x [0,77) :/0 /0 U(x, t)n(dx, dt) —/0 oz, t)€(dx, dt) < oo

for all 0 < § < § and 7" > 0. Similarly we can get £([6,1 — 8] x [0, T]) < oo for all

O<5<%andT>0. O
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Set ky(us® — hl(x,t)) = arctan|(u® — h*(z,t)) A 0]? and ko(u® — h2(x,t)) =
arctan[(h?(z,t) — u®) A 0]2. Consider the following penalized SPDE:

) _ O .
ot ax + [ (2, 1) = o(u(z, 1)) W (2, ¢)

k(B 0) ~ T~ (1), (332)
€

u(x,0) = up(w).

Notice that the corresponding penalized elements in Proposition 3.3.1 are (u®® —
hY(x,t))” and(us® — h2(x,t))*. It was shown in [DMZ](also in [DP1]) that the
choice of ki, ks does not change the limit of u“°, but makes ki, ko differentiable

with respect to u®?’.

Proposition 3.3.2 For all (z,t) € [0,1] x R, u(x,t) € D;, and there exists
a subsequence of Du’(x,t) that converges to Du(w,t) in the weak topology of
LP(Q; H) and H = L*([0,1] x RY).

PRrROOF. Let u¢° be the solution to the following SPDE:

( Ousd (x ?usd (x .
a(t =k 8552 Y + f(w (2, 1) = o (u (a, )W (x, 1)

< b n ) = L ), (3320
€

u™’(2,0) = up(x).

\

Then it can be expressed as,
ue’é(x,t) = / Gi(z,y)uo(y dy+/ / Gi_s(z,y)o(u 65(95 )W (dyds)
/ / Gis(x,y)[—f(u® (x,t)) + Skl — Ekg]dyds,

where Gy(x,y) is the heat kernel.

And we also know from Section 3.2 that:

Dy su(z,t) = Jo(u™(y, ))
/ / Gi_r(x,2)0 (u(2,7)) Dy (u (2, 7)) W (dzdr)

, ;1
T / /O Gorl,2)[=f + 5k, = TR Dy (i (2, ) dedr
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Let
D, cu(x,t) = o(u™(y, s))S;:‘z(x, t) (3.3.27)
and then S59(x,t) is the solution of
S;”g(x,t) = Gi_s(z,y) / / Gi_r(z,2)0 (u™(2, r))SE‘S(z )W (dzdr)
€ 6 1 ! 1 / € 6
Gt c(, ) [ f (W (z,7)) + Skl — —ky] S5 (2, ) dyds.
. :

According to Theorem 1.2.6 (the comparison theorem of SPDE), we have the

following properties:

(i)Sg3 > 0,
(i)0 < Sgi(x,t) < A; (x,t) and §;:i(x,t) is the solution of SPDE:
5’\;”‘; = Gi_s(z,y) / / Gy_r(z,2)0 (u™(2, 7’))565(2 r)W (dzdr)
+/ / Gt_r(x,z)[—f/(ue"s(z,r))]Sjli(z,r)dzdr. (3.3.28)
s JO
Consequently,

Dy (. 0)] = [0 (y, )15 (2.1) < lo (e (, DISGAw0). (3:3.29)
According to Proposition 2.1 in [YZ2], we already have the following:
sup E[  sup [u (y, 5)[P] < oco. (3.3.30)
€68 (y,5)€[0,1]x[0,T

We just need to prove
supE / / |S€6\2dyds < oo,Vp > 1, (3.3.31)

according to Theorem 1.2.2 (Lemma 1.2.3 in [N]).
We know from (3.3.28):

1560 (. 1) 2
< A|G_s(z,y))? —|—|/ / G (z,7)0 (u(z, r))Sea(z )W (dzdr)|?
H/ / Gi_r(,2) ( (2 ,T))]S;f;(z,r)dzdr\z}.
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Then,

\// 1S53 (2, 1) [ dyds|”
< ol / / G (z,y) dyds)?
// //G”f” 0 (2,1)) S5 (2, 1YW (dzdr) Pdyds)?
/ / / / iy, 2)[=f (W (2, 7)) Sgh =, r)dedr[*dyds)"}.

We shall use Burkholder’s inequality for Hilbert space (see [BP1] Inequal-
ity(4.18) P41) to get the following:

E|/ / |S€5 (z,t)]*dyds|?

< oM
/ / / / Gro (2, 2)0 (5 (2, 1)) 850 (2, 1) W (dedr) Pdyds)?
+E// //Gt (@, 2) = f (u(2,7))) 558 (2, r)dzdr [Pdyds)P }
< o{M
+KE( / / / / G2 (2, 2) (0 (u(2,7)))2(S58 (2, 7)) dyds) dzdr)?
B 1 G e P sarl sy
< o k8 [ [ [ 6@ sy

t 1
- cp{M—i—KE(//G xz// S“;zr ))?dyds]dzdr)P}
0 Jo
t
< cpM—i-cpKE{(/ / G*® dzdr)a // 2= 6)p// Se‘szr ))?dyds|Pdzdr},
0 Jo

where e € (1 — = ——%,)AI:;%

Then,
E|/ / |S“S (z,t)|*dyds|?

< cpM—i-cpKM// tlrEpE// Se‘szr ))?dyds|Pdzdr

1
cpM—l—cpKM/ supE/ / S“S (2,7 2dycls)p(/o G2 ) dr

IN
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< cpM—l—cpKM/ supE// Se‘szr 2dyds)P(t — r)"dr

where a = 5 — (1 — €)p.

It’s equivalent to

supE// S“S:Ct ))?dyds]?

< cpM+cpKM/ supE/ / 565 (z,7))*dyds|P(t — r)*dr (3.3.32)

Let
= supE/ / S“S (z,1))*dyds]P. (3.3.33)
Then,
t
ft) <e,M + cpKM/ (t—r)*f(r)dr (3.3.34)
0

According to Gronwall’s Inequality, we have,

t

ft) < M+ /Ot cpMe, KM (t — r)“e:cp(/ (t — s)*ds)dr

r

t
= C +/ Ct —r)e mt"" gp
0

= C+C(emt" —1)
< ©oQ.
It shows that
supE/ / (550, 1))2dyds]P < C + C' (e — 1), (3.3.35)

We can deduce from (3.3.35) that:

supE/ / S“S (z,1))2dyds]P < oo, ¥p > 1
O
Theorem 3.3.1 Ifu is the solution of SPDE with two walls (ug;0,0; f,o; ht, h?)

and ¢ > 0 on [h*,h?]. Then, for all (zo,ty) € (0,1) X R™, the restriction on

(W' (o, to), h* (o, to)) of the law of u(xg, ty) is absolutely continuous.
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we will show that, for all a > 0, the restriction on [h'(z, ty) +a, h?(zg, ty) —b], the
law of u(xg,to) is absolute continuous. From Proposition 2.2 in [BH] and Propo-
sition 3.3 in [DP1], it remains to prove if ¢ > 0, then, ||Du(zo,to)||z2(o1xr+) > 0
on

Qap = {u(zo, to) — h' (20, t0) > a, h*(wo,to) — u(wo,t0) > b}.

And,

to 1
|[Du(xo, to)||L2(r+x[0,17) > 0 & / / |Dy.s(u(xo,t))|dyds > 0 a.s.  (3.3.36)
o Jo

if 0 > 0, then D, su®°(z¢,ty) > 0 by Eq(3.3.27). By weak limit, D, su(zg,to) > 0,
for (y,s) € [0,1] x [0,t0]. Inequality (3.3.36) is equivalent to

to 1
/ / D, su(zo, to)dyds > 0 on Qg (3.3.37)
o Jo

To demonstrate (3.3.37), we will give a lower bound of D, su(xo, o).
(xo,t0) € (0,1) x R, for y < zg and s < to, we note {w(y, s;x,t);x € [y,y =
(2x9 —y) A 1],t > s} is the solution of SPDE:

ow(x,t)  Pw(x,t) - )
ot o o2 =0 (u(m, t))w(x, t)W(ZE, t) + f (u(x, t))w(x, t)?

w(z,s) =o(u(z,s)),y <z <y, (3.3.38)

w(y,t) =w(y,t) =0,t > s.

(We have omitted the dependence of w of y, s for abbreviation.)

Proposition 3.3.3 Suppose a > 0 and (xq,to) € (0,1) x R™. Fory < xy and

s < tg, we define

B,s={w € Q, inf (u(z,s) —h'(z,s)) > g and inf (h*(z,s) —u(z,s)) > g},

2€[y,Y] z€[y,y]

B, s is Fs-measurable. If T, s is stopping time defined by

. . a , b
Tys = lnf{t > S, anzé[y,f]] (u(z,t)—hl(z,t)) = § or anze[y,?j](h?(za t)—U(Z,t>> = 5}
(3.3.39)
Then,

J
/ D, su(xo, to)dz > w(y, s; o, to) {7, ,>t,1a-5. (3.3.40)
Yy

w(y, s;x,t) is the solution of (3.5.38) and w(y, s;xg,tg) > 0 a.s.
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Lemma 3.3.1 v*’(y, s;x,t) > w(y, s;2,t),Vt > 5,2 € [y,7]. a.s
Lemma 3.3.2 There exists a subsequence of w*® (we still note it w°) such that
we,é(ya S5 Xo, tO A Ty,s)IBy,5 — w(i% 5o, tO A Ty,s)IB

y,s?

and w(y, s;x,t) is solution of SPDE(3.53.38) which can be written as integral:

w(y, s;x,t) = /yGt_s(:v,z)a(u(z,s))dz

n / t /y T (e, 200 (e g, s: 2. r) W (dadr)

t oy ,
+ / / Gir(z,2) f (u(z,7))w(y, s; z,r)dzdr,t > s,y < x < 7.
s Jy

We leave the proofs of Lemma 3.3.1 and 3.3.2 to the end of this section.
Demonstration of Proposition 3.3.1: Observe first that B, ; = {7, > s}
by continuity of u and

a
Tys > to} = {w, inf u(z,r) — h*(z,7)) > = and
(> to} = {w _ int(uler) = () > 5

inf R (z,r) —u(z, 7)) >
Ze[y,myre[&to]( (z,7) —u(z,7))

2

fix (y,s) € [0,x0) % [0,tp). According to Proposition 3.3.2, fygDZ,su(a:O,to)dz is
the weak limit in LP(Q2) of the subsequence of fy‘g D, qu®(zq, to)dz.

Note v(y, s;z,t) := fygDz,su(x,t)dz, and v (y, s;x,t) = fygDz,sue"s(x,t)dz, for
s <t.

099 is the solution of linear SPDE:

“(y,s;3,1)

- /Gt o, 2)o(u (2, 8))dz
“f
]
fes(u®
= [f(u?(z,r) + kl——k'z]

/0 G ( )al(ue‘s(z v (y, 532, 7)W (dzdr)

Gy, 2) fLs(u (2,7)v (y, 85 2, 7)drdz, t > s

o
=S
~—~
R
<
\_/
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Introduce w*’(y, s;,t) to be the solution of the same SPDE as v*’(y, s;x,t)

restricted in the interval [y, y] with Dirichlet conditions at y, .

( Owed(x, 1) B O*wd (z, 1)

It 972 = o (ue"s(x, t))w€’5(ac, t)W(x, t)

Ll O )

w(z,5) = o(u(z,8)),y <z <Y

w (y,t) = w(y,t) = 0,t > s.

(We have omitted the dependence of w®? of y, s for abbreviation.)

We have the integral form:

Y
we"s(y,s;x,t) = /Gt_s(x,z)a(ue"s(z,s))dz
y

t o /
+ / / Gi_r(z,2)0 (U (2,7))w (y, s; 2, 7)W (dzdr)
s Jy

t o /
b [ [ G e s ),
s Jy

t>s,y<x<y,

where féa(ue"s(z, r)) = [f(ud(z,7)) + 3k — Lks]'.

G denotes the fundamental solution of the heat equation with Dirichlet conditions
on y and j](é depends on y).

Next we will use Lemma 3.3.1 and Lemma 3.3.2 to get our result:

Note: v(y, s; zo,to) = fyngu(:po,tg)dz >0,

v(y, s;T0,t0) > (Y, 870, t0) I {r, >t0}
— T €,6 .
- E%I—I}O v (y7 S5 X0, tO)I{Ty,s>to}
’Ueﬁ(ya §; Xo, tO)[{Ty,s>to} > we,é(y7 S5 Zo, tO)[{Ty,S>t0}
and
W (Y, 820, 10) L fr, o>t} — WY, 8370, 0) [, 310} 0-5- (3.3.42)
w(y, s; o, to) > 01is a consequence of the result in Pardoux and Zhang [PZ](Proposition

3.1). O
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Demonstration of Theorem 3.3.1: By Proposition 3.3.3, for all s < t; and
y < 9, there exists a measurable set €}, s of probability 1 such that Vw € Q, q,

we have:

v(y, 8320, to) (W) = w(y, 5520, t0) L7, >t (W) (3.3.43)

and w(y, s; xg,tg) > 0. (3.3.44)

We define €, = Nyef,20)n@¢2y,s and then P(9,) = 1. In order to prove (3.3.37), we
need the following estimate.
By continuity of u, there exist two random variables Sy and Yy such that Yy < z,

and Sy <ty on €2, and

b ~
u(z,s) — h'(z,s) > g, h*(z,5) — u(z,s) > 5 Vr € [So, to], z € [Yo, Yola.s.onQq
(3.3.45)
A sufficient condition to prove (3.3.37) is

to 1
/ ds/ D, su(zo,to)dz > 0 on Qqp (3.3.46)
So 0

Note k(s) = fol D, su(xg,t9)dz, (3.3.46) can be verified if we show k(s) > 0 a.s.
on g, V5o < 5 < ty.
On Qa,b N QNS?

k(s)

IV

U(yu 55 X0, tO) \V/?/ € Q (3347)

> w(y, 820, to) I{r, . >to}- (3.3.48)

Take y € [Yo, o) N Q, then
Iy o>ty = 1
and

k(s) > w(y, s; o, to) >0

according to (3.3.44).0
Demonstration of Lemma 3.3.1:

The proof of Lemma 3.3.1 is the same as Proposition 5.1 and Corollary 5.1 in

Appendix of [DP1].
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Demonstration of Lemma 3.3.2:

Step 1: we introduce the intermediate solution w®® of SPDE which is similar as

wed:
v
Y (y, s;2,t) = /Gts(x,z)a(uﬁ"s(z,s))dz
+ // Gi_p(m, 2)0 (U (2, 7)) w (y, s; 2, 7)W (dzdr)

+ //Gthz Oz, rNw (y, 85 2,7)dzdr,t > s,y <x <Y

so that w*(y, s;x,t) — w(y, s;x,t) satisfies the following PDE with random

coefficients:

’

/ / Gir(z,2) 65( 5(2,7”))106’5(3;,5;2,7”) — f (u“s(z r))we (y,s z,r)|dzdr
(3.3.49)

Next we will show that for t > s,z € (y,7),
[we’a(y, S;TENTys) — we";(y, s;x,t AN 1ys)dp,, — 0. (3.3.50)

Fix a trajectory w € B, ; and consider the previous equation (3.3.49) at t A7, s(w),
V(z,7) € [y, J) X [s, t ATy s(w)], we have u(z,7) —h'(z,7) > %, h?(z,7) —u(z,1) > L.
Since u® uniformly converges to u on [0, 7] x [0, 1], then there exists ey(w) > 0
such that € < €y, u™(z,7) — h'(z,r) > %; and there exists do(w) > 0 such that
§ < &g, h*(z,7) — u®(z,1r) > .

Then for (z,7) € [y,y] X [s,t A T,], we have f;’a(uﬁ"s(z,r)) = f'(u(z,1)), for
€ < €p,0 < 0p.

For t > s,z € [y, 7],
"y, 50, ATy s(w) = @y, 532, 8 ATy (w)) (w)
/tmyé/ Gz, 2)[f (u (2, 7)) (W (y, 5; 2, 7) — W (y, 5: 2, 7)) d2dr-.
Then,

W (y, 5.2, t ATys(w) — @ (y, 532, A 7y s () (w) 2
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tATy,s
G A e s5r) = 02

tATy, s tATy,s 5
K/ / Gi_r (a:,z)dzdr/ / |w (y, s, 2,7) — W (y, s; 2, 7)|*dzdr.
s y s y

We deduce that

IN

sup [w (y, 832, A Ty o(w)) — 0 (y, 852, A Ty o(w)) (w)]?
’ tATy, s
< KM [ sup s ) = 0y 0) (T - )
According to Gronwall’s Lemma:
sup [w (y, s;2,t A 7y (w)) — 0 (y, 830, t A7y o(w))(w)|? = 0.a.s.  (3.3.51)

T

Then,

W (y, 832, A Ty o (W) (W) — 0 (y, 852, E A Tys(w))(w)] =0 for e < ey, d < do.
(3.3.52)
We have proved (3.3.50).
Step 2: W — w

Note that the sequence of w® and w*? are bounded in LP(£2; LP([y, 3] x [s,t])) i.e.

supE/ / Oy, s;2,7))Pdrdz] < oo, (3.3.53)

supE/ / 0 (y, 83 2,7))Pdzdr] < oo, (3.3.54)

The convergence a.s. obtained in (3.3.50) together with Inequalities (3.3.53) and

(3.3.54) obtained for p, ensuring the convergence of

[w676(y> S5 A 7_y,s) - we,d(y’ S50 A Ty,s)]IBy,s to 0

in LP(QY; LP([y,y] x [s,T])), that is to say

TATy,s
/ / Ay, s;2,1) —w(y,s;2,7))Pdzdr] — 0, €0 =0

w(zx,t) — (x t)
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_ / "G, 2)lo(u(z 5)) — o (u (=, 5)))dz
+/s /y Gir(z, 2)[o (u(z,m))w(z, 1) — 0 (u°(2,7))w(y, s; z,7)|W (dzdr)

o ' — (w2, r)) 0 (y, s; 2, 7)|dzdr
- / Goy (. 2 (), ) — ' (u (2, )@y, 552, )| ddr,

for t>sy<zx<y

Let
FO®t) = sup Eljw(z,t A7ys) — 0 (2, t ATy )P B, ) t > s (3.3.55)
z€[y,] '
Following the similar steps as P.417 in [DP1], we can show

t
F(t) < K (C° + / F(r)dr) and C%° — 0 (3.3.56)

From Gronwall Lemma: F“°(t) — 0, ¢,§ — 0

So we have a subsequence of w®? (still denote it w°) such that

lw(z, t ATys) — 0 (2, t A1y )[PIp,, — 0 (6,6 = 0). (3.3.57)



Chapter 4

Existence and Uniqueness of the
Solutions of Elliptic Stochastic
Partial Differential Equations

with Two Reflecting Walls

4.1 Introduction

In this chapter we will consider the following elliptic stochastic partial differential
equations (SPDEs) with Dirichlet boundary condition on a bounded domain D of
RF k=1,2,3.

—Au(z) + f(z;u(z)) = n(z) — £(x) + o(z;u(x))W(z), =€ D, (4.1.1)

where {W(z), = € D} is a white noise in D. We are looking for a continu-
ous random field u(z), x € D which is the solution of equation (4.1.1) satisfying
h'(z) < u(z) < h%*(z), where h' and h? are given two walls. When u(zx) hits
ht(z) or h?(x), the additional forces are added to prevent u from leaving [h', h?].
These forces are expressed by random measures £ and 7 in equation(4.1.1) which
play a similar role as the local time in the usual Skorokhod equation construct-

ing Brownian motions with reflecting barriers. SPDEs with two reflecting walls

70
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can be used to model the evolution of random interfaces near two hard walls, see
T. Funaki and S. Olla [FOJ]. For nonlinear elliptic PDEs with measures as right
side or boundary condition, we refer to Boccardo, Gallouet [BG] and Rockner,
Zegarlinski [RZ].

For elliptic SPDEs without reflection, R. Buckdahn and E. Pardoux in [BP2]
established the existence and uniqueness of the solutions of nonlinear elliptic
stochastic partial differential equations driven by additive noise. Based on this,
elliptic SPDEs with reflection at zero driven by additive noise, have been studied
by David Nualart and Samy Tindel in [NT].

In our present chapter, we will study the elliptic SPDEs with two reflecting
walls driven by multiplicative noise. This is the first time to consider the case
of multiplicative noise. We will establish the existence and uniqueness of the
solutions. A similar problem for reflected stochastic heat equations has been
studied by Nualart and Pardoux in [NP], Donati-Martin and Pardoux in [DP],
Yang and Zhang in [YZ1] and by Xu and Zhang in [XZ]. Our approaches were
inspired by the ones in [NP], [NT], [O] and [XZ].

The rest of the chapter is organized as follows. In Section 2, we lay down the
framework of the chapter. In Section 3, we study deterministic reflected elliptic

PDEs and obtain some a priori estimates. The main result is established in Section

4.

4.2 Framework

Let D be an open bounded subset of R, with k& € {1,2,3}. Consider a Gaus-
sian family of random variables {W = W(B),B € B(D)}, where B(D) is the
Borel o-field on D, defined in a complete probability space (2, F, P), such that
E(W(B)) =0 and

EW(AW(B)) = |AnB|, (4.2.1)

where |AN B| denotes the Lebesgue measure of the set AN B. We want to study

a reflected nonlinear stochastic elliptic equation with Dirichlet condition driven
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by multiplicative noise:
—Au(z) + fz,u(z) = o(z;u(z)) W (), (4.2.2)

where z € D while h'(z) < u(x) < h*(z), W(z) is the formal derivative of W
with respect to the Lebesgue measure and the symbol A denotes the Laplace
operator on L*(D) . If u(z) hits h'(x) or h?(x), additional forces are added in
order to prevent u from leaving [h', h?]. Such an effect will be expressed by adding
extra(unknown) terms £ and 7 in (4.2.2) which play a similar role as the local time
in the usual Skorokhod equation constructing Brownian motions with reflecting
boundaries.

C5°(D) denotes the set of infinitely differentiable functions on D with compact
supports. We will denote by (-,-) the scalar product in L?(D), and by || - ||«
the supremum norm on D. Let f,o : D x R — R be measurable functions. We
will also denote by f(u) the function f(u)(z) = f(x,u(x)), o(u) the function

o(u)(x) = o(z,u(x)). We introduce the following hypotheses on f and o:

(F1) The function f is locally bounded, continuous and nondecreasing as a

function of the second variable.

(3 1) The function o is Lipschitz continuous:

lo(z,21) — oz, 22)| < Cylz1 — 29].

(H1) The walls hi(z),i = 1,2, are continuous functions satisfying h'(z) <

h%(z) for x € D and h'(z) < 0 < h?(x) for z € ID.

The solution to Eq(4.1.1) will be a triplet (u,n,¢) such that h'(x) < u(z) <
h?(x) on D which satisfies Eq(4.1.1) in the sense of distributions, and n(dz), £(dz)
are random measures on D which force the process u to be in the interval [h!, h?].

More precisely, a rigorous definition of the solution to Eq(4.1.1) is given as follows:

Definition 4.2.1 A triplet (u,n, &) defined on a complete probability space (2, F, P)
is a solution to the SPDE (4.1.1), denoted by (0; f;o;h', h?), if
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(i) {u(x),z € D} is a continuous random field on D satisfying h'(z) < u(z) <
h*(x) and ujgp =0 a.s.
(i) n(dx) and £(dx) are random measures on D such that n(K) < oo and {(K) <

oo for all compact subset K C D.
(111) For all ¢ € C°(D), we have

—(u, AG)+ /¢ W (da)+ /¢ m%lﬁ@dmle&

(4.2.3)
(iv) [p(u(x) = hi(z))n(dr) = [,(h*(x) — u(x))¢(dz) = 0.

4.3 Deterministic obstacle problem

Let h', h? be as in Section 2, and f satisfies (F'1). Let v(z) € C(D) with v|sp = 0.

Consider a deterministic elliptic PDE with two reflecting walls:
—Az+ f(z+v)=n-¢
M <z4+0<h? (4.3.1)
Z‘&D = 0.
Here is a precise definition of the solution of equation (4.3.1).
Definition 4.3.1 A triplet (z,n,€) is called a solution to the PDE (4.53.1) if
(i) z = z(x);z € D is a continuous function satisfying h'(zr) < z(z) + v(z) <
h*(z), z|lop = 0.
(ii) n(dz) and &(dz) are measures on D such that n(K) < oo and £(K) < oo for

all compact subset K C D.
(111) For all ¢ € C3°(D) we have

(5, A0) + (f(= +v), 6 (/¢ d@—La@&m. (4.3.2)
(1) [ (=( () = W (2))n(dx) = [,(h*(2) — z(x) — v(2))E(dr) = 0.

The following result is the existence and uniqueness of the solutions of the

PDE with two reflecting walls (4.3.1).
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Theorem 4.3.1 Equation (4.3.1) admits a unique solution (z,n,§).

We first consider the problem of a single reflecting barrier, denoted by (0; f; h'):

—Az+ f(z+v) =n(x)
z+v>ht

(4.3.3)
Z|6D =0

\ /D(z + o — hn(dz) = 0,

where the coefficient f satisfies (F'1) and h' satisfies (H1) in Section 2.

In the next lemma, we give the existence and uniqueness of the solution of
(0; f;h1), and it follows from Theorem 2.2 in David Nualart and Samy Tindle

[NT] using similar methods.

Lemma 4.3.1 Let v be a continuous function on D such that vlop = 0. There
exists a unique pair (z,mn) such that:

(i) z is a continuous function on D such that z|sp = 0 and z +v > h'.

(ii) n is a measure on on D such that n(K) < oo for any compact set K C D.
(i1i) For every ¢ € Ci°(D), we have

—(2,00) + (F(= +v), /¢
(i0) [, () + v(x) — BN (x))n(dz) = 0.

Theorem 2.2 from David Nualart and Samy Tindel:
Let v be a continuous function on D such that v|sp—g. There exist a unique pair
(z,m) such that:
(i) 2 is a continuous function on D such that z|sp = 0 and z > —wv.
(ii) n is a measure on D such that n(K) < oo for any compact set K C D.
(

iii) For every ¢ € Ci°(D), we have

—(z,A¢) + (f(z +v), /¢
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(iv) [, (z(z) + v(x))n(dz) = 0.

Next lemma is a comparison theorem for the PDE with reflection.

Lemma 4.3.2 (comparison)
Let (z1,m) and (z2,m2) be solutions to single reflection problems (0; f1,h1) and
(05 fa, ha) respectively as in (4.3.3). If fi < fa, and hy > hy, for every x € D,

then we have z(x) > zo(x).

PROOF. Let z{ and 25 be the solutions of the following PDEs:
( 1
—Azi(x) + filz1 o) (@) = (1 + v =) (2)
€ (4.3.4)
\ ZﬂaD =0.
( e ¢ L. -
—Azy(x) + fa(z +0) (@) = —(2 + v —h) " (2)
€ (4.3.5)
\ Z§|3D = 0.
According to [NT], 2§ — z; and 25 — 2o uniformly on D as € — 0.
Let ¢ = 25 — 27, then
1
—AP+ falz ) = filzi +v) = [z +v—he)” = (2 +v = ha)7]
€ (4.3.6)

¥]op = 0.

Multiplying (4.3.6) by ¥, we obtain

(=8, 67) + (e +0) = fulaf o), %) = ~(((5+ v = )™ = (35 + 0 = hn) ], 9)

Note that,

—(Ap, ) = (Vi) vt) = (it vt = || VYT [72 ) > 0. (4.3.8)

If T (x) # 0, we have z§(x) > 2£(x). Because f, is increasing and f; < fa, we

also have

(fa(25 +v) = fi(z] +0),¥7) > 0. (4.3.9)
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Since hy > hy, we have 25(x) + v(x) — ho(x) > 25(x) + v(z) — h' () and then
%([(ZS(%) +o(x) = ha(z))” = (21(2) + v(z) = I (2)) 7], 97 (2)) < 0. (4.3.10)
Thus it follows from (4.3.7),(4.3.8),(4.3.9) and (4.3.10) that:
VY[ Z2(p) = 0.

Hence, by the boundary condition ¢¥*|gp = 0, we get ™ = 0 and then 2§ < zf,

for every € > 0. Hence, the lemma follows immediately by taking ¢ — 0. O

Lemma 4.3.3 Let v and © be given continuous functions and let 2 be a unique

solution to the following deterministic PDE:

—A2(w) 4 (0 +0)(@) = 5 () + ol@) — K@)~ () +vla) ~ @),
Z€’5|3D =0.
(4.3.11)

We also denote by 29° the solution to the above PDE replacing v by ©. Then we

have, ||2%° — 2| < [Jv = D]oo, where [[w]|o = sup,ep [w(@)].

PROOF. Define w(x) = 29%(x) — 29%(x) — I, where | = ||t — || .

Then, w satisfies the following PDE:

[(26,6 Ly — hl)— . (26,(5 + O — hl)—]

SR

—Aw+ f(z° +v) — fE+0) =

1
__[(26,6 4oy — h2)+ o (26,5 T O — h2)+]
€

(4.3.12)

Set

1

Figw) = f(u) = 5(u—h1)™ +

€
Now we note that, if w*(z) > 0, we have 2%°(z) + v(z) > 2%°(z) + d(x) and hence

Lu— 2yt

(

F +w)(@) > f(2°0 +0)(x)
[(2° +v—h")"(z) = (22 + 9 —hY) " (2)] <0 (4.3.13)

SR

(2% +v = h*)F(2) = (2°° + 0 = )" ()] > 0,

a |
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Consequently, on the set {z € D;w*(z) > 0}, we have
F.5(2%° +v)(x) — F5(2%° +0)(2z) > 0 (4.3.14)
On the other hand, multiplying (4.3.12) by w™, we obtain:
—(Aw,wT) + (F.5(z°° +v) — F.5(3*° +0),w?) = 0

Because

—(Aw,w™) = HVUJJFH%?(D) >0,

it follows from (4.3.15) that
‘|Vw+||%2(D) =0

and

(F.5(2° +v) — F5(3%° +0),w") =0

Taking into account the fact w* = 0 on 9D, we deduce wt = 0. Hence 260 260 <

[. Interchanging the role of z%° and 2°, we prove the lemma. O

The next lemma is a straight consequence of the above lemma.

Lemma 4.3.4 Let v and 0 be given continuous functions and let (2°,n°) and
(2¢,7°) be the unique solutions to single reflection problems (0; f + M; h')

and (0; f + M, h'), respectively. Then we have ||2¢ — 2¢||o0 < ||V — 0]oo-

Sketch of Proof: Let 6 — 0 in Lemma 4.3.3, we will get the result.

Proof of Theorem 3.1:

Denote by z¢ the solution of the following single barrier problem:
( € € 1 € 2\+ €
—Az + f(z +v)—i—€(z +ov—h%)"T=ng
2 +v>h (4.3.15)

/D(z6 +v — hY)n(dx) =0,
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By the construction in [NT], it is known that n(dz) = lims_.g %(dx)

b )7 6*2 h) (dz) converges to n°(dz) in the sense of

and it means that the measure
distribution on D. According to lemma 3.2(comparison): z¢(z) is decreasing as
€ 1 0. Since 2¢(z) > h'(x) — v(x), 2°(x) converge to some function z(z) as € — 0.
Using similar arguments as in the proof of Lemma 3.2 in [NT], we can show that

the function z(x) is also continuous.

Next we prove that z(z) is a solution of the reflected PDE with two reflected walls

(

—Az+ f(z+v)=n—=¢

4 W <z+ov<h? (4.3.16)

\/D(erv—hl)n(dx):/D(h2_z_v>§(dx):0'

Stepl:

Now for ¢ € C3°(D), z¢ satisfies the following integral equation:

—(AzWH(f(zf+v),w)+(1(z +u— /w “(dz)  (4.3.17)
— (25 AY) + (f(z° +v), /w (n° — €9)(dx), (4.3.18)

where ¢ = E4=PT  The limit of the left hand side of (4.3.18) exists as € — 0.

Therefore lim,_,o(n° — £°) exists in the space of distributions, i.e.

—(2,A9) + (f(z +v),¥) = lim(n° — £, 9) (4.3.19)

Next we want to show that both lim._,o n° and lim._, £¢ exist. By Dini theorem, we
know that z¢(z) — z(x) uniformly on compact subsets of D. For ¢(z) € C§°(D),
denote by K = supp(¢), the compact support of ¢. As h'(x) < h?*(x) in D, there
exists Ok > 0 such that h?(z) — h'(x) > 0k on K .On the other hand, there exists
€0 > 0, such that for e < €, [°(z) — z(z)| < % on K. Let 0 be chosen as above.

Since
suppn® C {x : 2°(z) + v(z) = h'(z)},
and

suppe® = {x : 2(x) + v(x) > h*(x)},
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we have for € < ¢,

suppy N K C {z 2 2(0) = = +o(z) < M (z)}NK = A,
and
6
suppé N K C{x: z(z) + IK +v(x) > h*(x)} N K := By,
for € < €.

By the choice of Ay, we see that Ax N Bx = @. Thus, we can find ¢(z) € C°(D)
such that ¢ = ¢ on Ag, suppd N Bx = @ and suppd N suppts = & for € < e.
Hence, lim,_o(n°, ¢) = limo(n¢, é) = lime_,o(n° — &5, &) exists. Therefore n° —n
in the space of distributions. Similarly, (¢ — . Let € — 0 in equation (4.3.19) to

see that (z,7, &) satisfies the following equation:

Az + (flz 4 0), 1) = /D () (n — €)(do). (4.3.20)

Step 2:
Multiplying (4.3.17) by € and letting € — 0, we get

0=((z+v—h*").

This implies z +v — h? < 0, i.e. 2z +v < h?. Since h! < 2¢ + v, we see that
ht < z+wv. Soht < z+4+ v < h2.
Step 3:
Now let us show that
/ (z4+v—hYn(dz) =0
D
and

/D(z +v — h*)€(dx) = 0.

By the definition of £¢ = M, [ (z°+v—h*)E(dr) > 0, and the uniform
convergence of z¢ on compact subsets, letting € — 0, we have [, (z4+v—h?)¢(dx) >
0. Hence we must have [, (z+v— h?)&(dz) = 0. From the single reflecting barrier
problem (0; —M; h'), we know [, (2°4+v—h')n‘(dz) = 0. Then letting € | 0,

we get [, (z 4+ v —h')n(dz) = 0.
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Step 4:

For any compact set K C D, since

(@20 + (e + 00 = [ vl - [ v

Choose a non-negative function ¢ € C§°(D) such that ¢(z) = 1 on supp(n) N K
and ¢(z) = 0 on supp(§{) N K,

Az )+ (f(z 4+ v),0) = /K n(dz) — 0,

So we get n(K) < co. Similarly, {(K) < oo.

Uniqueness: Let (z,7,&) and (2,7, £) be solutions to a double reflection prob-
lem (0; f; k', h?). We set ¥ = z — z. For any ¢ € C°(D), we have

- [ w@av@an+ [ 16+ o) - 1+ ol

/D $(@)n(dz) — /D ()€ (d) — /D (@)i(dz) + /w E(dw)4.3.21)

From here, the following is similar arguments as that in the proof of Theorem 2.2
in [NT], and finally we can show that z = Z.

We are going to approximate ¥ by functions of Cp°(D) and substitute this ap-
proximation in (4.3.21).

Step 1: Let € be an infinitely differentiable function with support included in
[—1,1]%, (which is the kernel of a nonnegative integral operator),

and f[—LI]’“ €(r)dr = 1. Consider the approximation of the identity €,(z) =
n*e(nz). Fix 6 > 0, let K as in lemma 3.4 in [NTJ, and for 2 € K; and + < 4.
Set Dy (z) =z + [+, =]F.

Let ¢ be an infinitely differentiable function whose support is contained in K5 and

set ¥, = (U * €,)¢ that is, for v € Ks, Yu(2) = ([, Y(Y)o(y)en(r — y)dy)d(x)
and v, (z) = 0 otherwise. As ¢, € C(D ), we can replace 1/1 by 1, in (4.3.21)

and study the asymptotic behavior of the different terms when n tends to infinity.

Step 2:

lim wn n(dx) / U (x
n—oo



CHAPTER 4. EXISTENCE AND UNIQUENESS OF THE SOLUTIONS TO SPDESsS81

- [ v - [ v

D

= /D(Z(:v) +u(z) — hl(z) — Z(x) — v(z) + I (2))¢"(2)n(dx)

by properties (i) and (iv) of Definition 4.3.1.
Similarly,

lim D@Dn(x)f(dx) — /Dwn(x)f(dx) <0 (4.3.22)

n—oo

Step 3:

lim [ [f(z4 ) = F(Z +0)|u(2)da

n—o0 D

- /D e +0) = 2+ 0))(2(x) — 2(2))d(@)de > 0,

because f is non-decreasing and, hence [f(z+v) — f(Z 4 v)] and (z — Z) have the

same sign.

Step 4: Suppose that U is a function in C°(D). We can write the following

equalities:

—(A?/)n, \Ij) = (V[(lllgb) N Engb]? VLII)L2(D,R1“)
= ([V¥9) * €]d, V) 12(p gty + ([(V0) * 0] VD, V) 12(piery

= [1+[2—|—[3

where

_[1 = ([gbV\I’] * €p, ¢VW)L2(D;RIC)

Iy = ([UVe] * €1, 9V V) 12, R
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I3 = ([(V0) * €,]V ), V) 12, gy
Let us study the sign of I;. We set, fori € {1,...,k}, f; = (g—i)qé. Then
W=k [ @@l - pdedy >0
because € is nonnegative definite. It follows that, if £ is a smooth function,
(—At,, V) > I + Is.
With the classical relation,
div(a?t) =< Va,v > +a divt
and the fact that (f x€,,9) = (f, g * €,) because ¢, is symmetric, we obtain
I3 = —(diwf[(¥¢) x &]Vo}, V)

= —([\Pgb] * €p, \Iqub) - ([QZSV\I’] * €p, \IJVQS)[;(D;Rk) - ([\I/ng] * €p, \IIV¢)L2(D;Rk)
= —([Vo] x €,, VAP) — I — ([¥VP] * €, \IJVQS)LQ(D;RIC)

and consequently,

— (A, V) > —([Vo] * €, WVAQ) — ([¥VQ] * €,, UVD) 12(p; ).
This formula still holds for any continuous function ¥, by approximation. Thus,

lim inf — (A, U) > — (U2 ¢A¢+ < Vo, Vo >) = —1(\112, Ag?). (4.3.23)

n—oo 2

As a conclusion, if we let n tend to infinity in (4.3.21) with ¢ replaced by 1, we
get

_(\1127 A¢2) <0
for any ¢ € C°(D). Setting h = —¥? and applying Lemma 3.4 in [NT], we
obtain that z = 2.

Recall that

suppn, supph C{x € D: z+v = h'} =: A,

supp, suppé C{x € D : z +v = h*} = B.
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Because AN B = @, for any ¢ € C{°(D) with suppy C suppn U suppr, it holds
that suppy N suppé = @ and suppy N suppé = &. Applying equation (4.3.21) to
such a function v, we deduce that n = 7. Similarly ¢ = £. Then the uniqueness

is proved. O

4.4 Reflected SPDEs

Recall

[ —Au(z) + f(o, ulx)) = o (e, ul@) W (z) + n(z) - ()

U|3D =0
(4.4.1)
R (z) < u(z) < h?(x)

/D (ulz) — 1 (2))(dz) = / (h(x) — u(x))E(dr) = 0.

D

Let Gp(x,y) be the Green function on D associated to the Laplacian operator
with Dirichlet boundary conditions. We recall from [BP2] (or [ST]) that if & = 2

or 3,
Gp(z,y) =G(z,y) — E.(G(B-,y)),z,y € D
with
Gla,y) = —logle —y|, if k=2
x,y —%OQZ‘ Y, 1 — &
1

G(m,y)z—gfﬂ?—y!*% if k=3;

and B, is the random variable obtained by stopping a k-dimensional Brownian

motion starting at z at its first exit time of D. For k = 1,if D = (0,1), then

Gp(z,y) = (v \Ny) — zy.

The main result of this chapter is the following theorem.

Theorem 4.4.1 Assume that (F1), (H1) and (31) with C, satisfying Ip > 1,

22 lqe, Briy ™ 1 2%~1c (Op)5]CP < 1, (4.4.2)
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where ¢, and a are uniwersal constants appeared in the Burkholder’s inequality, Ko-
mogorov’s inequality, rp is the diameter of the domain D (see(4.4.20), (4.4.21)),
Cp =sup, [, |Gp(z,y)|*dy. And B is the constant appeared in the estimate of the
Green function Gp in (4.4.13). And X is any number in (0, 1] when the dimension
k= 1; X is any number in (0,1) when the dimension k = 2; X is any number in
(0,3) when the dimension k = 3.

Then there exists a unique solution (u,n,&) to the reflected SPDE FEq(4.1.1).

Moreover, E(||ul|s)? < co.

PRroor.
Existence:
We will use successive iteration:

Let
vy () = /D G, y)o (4 0)W(dy). (4.4.3)

As in [BP2], it is seen that vi(x) is the solution of the following SPDE:

—Avi(z) = o(z;0)W (x) (4.4.4)

vilop =0
and v, (z) € C(D).
Denote by (z1,71,&1) be the unique random solution of the following reflected

PDE:

(

—Az () + f(z1 +v1) =m(x) — & (x)
z1lap =0

h'(z) < z1(z) +vi(x) < h*(2)

| [ (@) + o) = B @)m(d) = [ (10) = 510) = wle)aln) = o
(4.4.5)

Set u; = z; + v;. Then we can easily verify that (w1, n,&1) is the unique solution
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of the following reflected SPDE:

;

—Auy(2) + f5w) = oa; 0 (2) + mi2) - &(x)

uiop = 0
4.4.6
hi(w) < w(e) < B2 () 40

[ (@) = Hymdn) = [ (1) = ws(o)alde) =

\JD D
Iterating this procedure, suppose u,,_1 has been defined. Let
) = [ Gol.9)otys wn)W (), (147)
D

and (zy,, Nn, &) be the unique random solution of the following reflected PDE:

.

Az (1) + [z 0n) = 1) — En(2)

Zn‘ap =0

hl(:v) < zp(x) +v,(z) < hz(a:)

\ /D (2nl2) + 0n(z) — 1} (@) )a(d) = /D (h2(x) — 20(x) — va(2))Ea(d2) = 0.
(4.4.8)

Set u, = z, +v,. Then (uy,, Ny, &,) is the unique solution of the following reflected

SPDE:

—Aun () + f(@;un(2)) = 0 (25 un1 (€)W (@) + 10 = &n

un|8D =0
(4.4.9)
W (x) < un(z) < 1 (2)
[ (o) = B @)mdn) = [ (42(2) = wala)) (o) = .
\ JD D
From the proof of Lemma 4.3.4 (also Lemma 3.1 in [NT]), we have
20 = Zn-1lloc < |[tn = vn-1lls, (4.4.10)
hence
[tn — tn—1]]oo < 2||Vn — Vn-1]|oo- (4.4.11)
Namely,

([t = tn-1]loo)
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<2sup| [ Gp(@,y)(o(y;un-1) — o(y; un—2))W(dy)|.  (4.4.12)

xeD D

Set

1<x>:=‘/;<?D<x,y><a<y;un_1>-—(7<y;un_2>>wf<dy»
Then Vp > 1,
E(I(z) - I(y)P
=1ﬂ[}Gﬂxz)—GD@J»@wzw%n—wwzw%gﬂvuwv

< cpE[/ Gp(,2) = Gply, 2)* - 0(2; tnr) — (2 wns)Pd2]?
D

S%ﬂb@wwﬂ—awwwﬁw{/K%WJO—GM%@FMﬁ
D

where ¢, is a Burkholder constant only related to p.

Similarly as the proof of Theorem 3.3 in [ST], we have
1Go(e.2) - Gl 2y < Ble -yl (44.13)

where A = 1 when k = 1, A is arbitrarily close to 1 when k£ = 2, and A is arbitrarily

close to % when k = 3. Then,
Ell(z) = I(y)l" < Bllo(z;up-1) — 0(2;un-2)|[Bc, Blz =y (4.4.14)

We next show that wu, converges uniformly on D. Let K C D be any compact
subset of D. Vx,y € K, from Kolmogrov lemma (Lemma 3.1 in [DP] ), we deduce
that for Vp > ;,

@) = 1) < (Nw)Yle — g~ log( )" (44.15)

E(N?) < ac,BE||o(2;un—1) — 0(2; up—2)||%, (4.4.16)

where a is a universal constant independent of K. Choosing y = xg € K, we see
that

Elsup [I(z)|"] < 2'7'Elsup [I(x) — I(xo)["] + 2P~ E|I (o) "
zeK zeK

< PE(NP)r T + 207 BT () P
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< 2p_1achrgp_kE||a(z; Up_1) — 0 (25 Un_2)||%,
+2P7 B (z0) 7, (4.4.17)
where rp = sup, yep|r — y| is the diameter of D. Furthermore,

E|l(z)lP = E| / G (0, 9)(0(5; tnr) — 0 (13 Un—2))W (dy)?

b
2

IA

b /’GD Zo, Y |O(y;un—1)_0<y;un—2)‘2dy]
< ¢(Cp)BEllo(zunr) — 0(zunz)| [ (4.4.18)

where Cp = sup, [, |Gp(z,y)|*dy < co. So we have

Elsup [I(z)["]
zeK
< 2P~ 1achrAp kE||J(z;un_1)—U(Z;un—2)||go

+2P 71, (Cp)2 El|o (25 tn_1) — 0(2; tns)|[%.. (4.4.19)

Since the constants on the right side of (4.4.19) are independent of the compact
subset K, by Fatou’s Lemma we deduce that

Efsup |1(z)|"]

zeD

< 2P lachrAp kEHO'(Z;un—l)_U(Z;UH—Q)”ZO

+2P 71, (Cp)2 El|o (25 tn_1) — 0(2; tns)|[%.. (4.4.20)
Now it follows from (4.4.12) and (4.4.20) that

E(|Jun — tn-1]]s0)?
< [22p—1achTgp—k + 22p—1cp<CD)§]

X Elo(z;up-1) — (23 un—2)|[%
< 2% Yac, BrP T 4221 (Cp) | CF

X E|[un—1 — tn—2|[%

IN

< ([22p Lac, Bry* 4+ 22P—lcp(cD)%]og)" Ellur — P, (4.4.21)

Since

22 Lac, Bri? ™" 4+ 2%~ ¢ (Cp)2]CP < 1,
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we obtain from (4.4.21) that for any m > n > 1,
E([|um — unl|)” = 0,

as n,m — oo.

Hence, there exists a continuous random field u(-) € C(D), such that

E(([|ulls)") < o0, (4.4.22)
and
lim E(||u, — ulleo)? = 0. (4.4.23)
n—oo

Next we will show that u is a solution of Eq(4.4.1).
Set

ofa) = [ Gl p)olysu)W (dy). (1.4.24)

D

As the proof of (4.4.20), we have
lim El|lv, —v|[f, = lim E||u,—1 —ulf, = 0. (4.4.25)

From the inequality (4.4.10), there exists a continuous random field z(z) on D
such that

lim, o El|lzn — 2|[E, = 0. So z, converges to z uniformly on D. Similar to
the proof of Theorem 4.3.1, we can show that n(dz) = lim, . n,.(dz), {(dz) =
lim,, 00 £n(dz) exist almost surely and (z,7,&) is the solution of equation (4.3.1)
with the above given v. Put u(x) = z(z) + v(z). It is easy to verify (u,n,§) is a
solution to the SPDE(4.4.1) with two reflecting walls.

Uniqueness:

Let (u1,m1,&1) and (ug, 19, &) be two solutions of Eq(4.4.1). Set

v (x) = /D G, )0 (s wn )W (dy), (4.4.26)

V() —/DG’D(:U,y)J(y;ug)W(dy), (4.4.27)
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and z; = u; — vy and 2o = ug — v9. Then zy, 29 are solutions of the following

reflected random PDEs:

;

—Azi(z) + f(z1 +v1) = m(x) — & (o)

z1lop =0
4 (4.4.28)
hY(z) < z1(z) 4+ vi(z) < h?(x)

| [ (1@ + @) = R )mldn) = [ (47() = 21(0) = wla)ad) =0

D

(

—Azo(x) + f(22 + v2) = ma(x) — &)
22lop =0

4.4.29
h(x) < z(x) + va(z) < 512 )

\ /D (2a(2) + va() — 1A () o) = / (R2(2) — 25(x) — va(2))Ealda) = O,

D

Similar to the inequality (4.4.10), we have
HZl - ZQHOO < HUl - UQHOO. (4430)
Hence,

Jur — |8, < 2P[uy — waf[%

< 2°(sup | | Gp(z,y)(o(y;w) — o(y;u)) W (dy)[”)(4.4.31)
T€ D
As the proof of (4.4.21), we deduce from (4.4.31) that

Ellus —usll?, <[22 ac,C(p)r ™ 4+ 2% ¢, (Cp)3]C?

x Eju; — us|[7.. (4.4.32)

As
227 Lac,C(p)r? ™" + 2271, (Cp)2]CP < 1,

it follows that
U3 = Uy a.s. (4.4.33)

On the other hand, for ¢ € C§°(D),

—(u1(2) — ua(x), Ad(x)) + (f (2, ur () — [ (25 u2(x)), B(2))
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— /D[a(x;m(x)) — o(z;us(z))]p(x)W (dx)
+ [ d@)mldn) = mide) = [ oa)(Er(de) ~ Glan). (443

Therefore we have

AM@%M@—%W%—LM@@M@—MM»ZO (4.4.35)

Recall that

suppn, suppiy C {z € D 1 uy(z) = h'(z)} =1 A

suppéy, suppéy C {x € D - uy(x) = h*(x)} =: B.

Because A B =0, for any ¢ € C§°(D) with suppe C (suppm; | suppnz), it holds
that suppg () suppé, = 0 and suppo () suppés = (). Applying equation(4.4.35) to
such a function ¢, we deduce that 1, = 1. Similarly, &, = &. Then the uniqueness

is proved. O
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